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PREFACE TO THE FIRST EDITION 


The present work is designed to be а text-book for ‘the use’ o£ 
students preparing for the Intermediate Examinations of the. Indian 
Universites, especially the University of Calcutta. No pains have 
been spared to make the exposition clear and concise, without going 
into unnecessary details but at the same time making the treatment 


as much rigorous and up-to-date-as may be possible within the scope of 


an elementary work. 


Important formule and resulfs have been inserted in the beginning 
of the book for ready reference. A good number of typical’ examples 
have been worked out by way of illustrations and attempts have been | 
made to ensure variety and interest in the examples for exercise, which 
include many sot at the University Examinations. Calcutta University 
questions for the Intermediate Examinations of recent years are inserted 
at tho end of the book with a view to given an idea of the standard 


demanded of the student. 


Our thanks are due to several of our friends and colleagues— Prof. 
B. С. Das, M.Sc. of the Presidency College, Prof. N. Karforma, M. So. ` 
of the Scottish Church College, Prof. P. C. Bhattacharya, М.А, of 
the Bangabasi College, Prof. S. K. Ohatterjeé, M. Se. of the ` 
St. Xavier's College, Prof. M. Roy Choudhury, M. Ах of the Presidenoy 
College, for their helpful suggestions in the preparation of the work and 
also to Prof. H. K. Ganguli, M. A. of the Scottish, Church College for 
help in the verification of the answers of the examples. 


Any correction or suggestions for the improvement of the work will 


be thankfully received. š 
ОО } THE AUTHORS 


PREFACE TO THE FIFTEENTH EDITION 


This edition has been revised according to the new syllabus of 
the Calcutta University. Topics included in the new syllabus have 
been inserted in the proper places and in the two Appendices. 


Out best thanks are due to our pupils Prof. Jyoti Ohoudhury, M. Sc. 
of Lady Brabourne College and Sri. Tapen Moulik, M. Sc. for detecting 
certain misprints and helping us considerably in bringing out this 


edition in proper time. 1 


Our thanks aro also due to the authorities and the staff of 
Messrs K. P. Basu Printing Works for the efficient discharge of their 
duties, in spite of their various preoccupations. 


CALCUTTA : 
HORS 
Ist September, 1959 } THE AUTHO: 


` PREFACE TO THE SIXTEENTH EDITION 


This edition is practically a reprint of the previous edition, The 
text has been thoroughly revised. Our best thanks are due to our 
pupils Prof. Tapen Moulik, M.Sc. of the B. E. College, and Miss Kalpana 
Sarkar, B.Sc. for helping us considerably in bringing out this edition 
in proper time. Ë 


CALCUTTA : } 


Ist July, 1962 THE AUTHORS 
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IMPORTANT FORMULZE AND RESULTS 


2 Ікс 0 — 6. 
1. (i) It 5 = 77 then each = "EY. e 
opor 63 З a*b etd, 
(ii) Its d then ^y B= 
Еа 55 
Gii) If 5 ane , 


sum of all numerators 
sum of all denominators 


then each — 
= pa + qc + ze + + 
EP. 
Ií a+ Jb=ct+ Jd, then a=c and b — d. 
If a-- = c-t id, then a=c and b — d. 
am? bztc-0; 


-b+ 5/52 4ас 


2= 9a 


atf- - 25 p=" 


a 
5. ?P.-n(n-1(n-9)--(n—741) 
— 160, 
n-T - 
^p, — |n. i 
Permutations of things not all different = I 
Ila lr. 
-1(n- 2) (n r+ 1) 
ЕЕ an n 2 7 
In 


d [а= 
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^g, "On, 
no» an Opes Bah. 


"O, +O, +- +"О„=9"— 1. 


7. (i) When z is a positive integer, 


(a+a)"= a" --" Q1 a" 1g E ^ Q, QU 2a? +...... +g” 
S ss ag +++” 
(Lg) 1" Cao "Oa a 
n(n—1) a 


= 1 +a -+ Z° + ug. 


12 
(7 + 1)th term in the expansion of (a + 2)" 


= "Cg g= nn = Din = 9):--(n E +1) а" "д", 


(r+ 1)th term in the expansion of (1 + z)^ 


=n yr = n(n In- 9)---(n — r+ 1) y 
Cra ТЕАТРЫ a”, 


(ü) When n is fractional or negative, 


(1 +x)" = 1 + ne + m 1) a, + n — a =) gh «e 
provided т is numerically less than unity. 
(r+ 1)th term in the expansion of (1 + z)“ 
"nin — 3n - 2) ( — 71) PE 


Lr 


б 
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CHAPTER I 
RATIO AND PROPORTION 


1. Recapitulation. The following important result on 
ratios and proportions are quoted here for ready reference : 


(i) Commensurable and Incommensurable Quantities. 
Two quantities are said to be commensurable, if their 
ratio can be expressed exactly as the ratio of two integers, 


otherwise they are said to be incommensurable. Since 
1$: 2$—91: 32, 1$ and 9$ are two commensurable 


quantities. 

A single quantity is said to be incommensurable when 
it is incommensurable with unity. Thus 4/9, ,/3 are incom- 
mensurable quantities. у " 

(ii) Continued Proportion, 

Qflantities are said to be in continued proportion when 
the first is to the second, as the second is to the third, as 
the third is to the fourth; and so on. Thus, a, b, c, d... 
are in continued proportion when a: b=b : с=с: d=... 


If three quantities a, b, c be in continued proportion, 
b is called the mean proportional between a and c. 


(iii) Componendo and dividendo. 


а _ С a+b_c+a 
ЖОК hee ETT 
Let £ = g = then o=bk, c= dk. 


b 
+b_bkt+b_k+1.ct+d_dk+d_k+1 
=b bk-b k=1'c-d dk-d k-i 


whence, the result follows easily. 
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І 
(iv) Two Important Theorems. 


=---, then 


1 
"x n Р {п 
nns [ра ас + rent s: 
each ratio pb" + qd" + +f" + 


where p, q 7,... are any quantities whatever. 


We |) Boe RE 
d 


b f 
Then, a=bk, c= dk, e= fk,... 

ра" = pb" 1", ас“ =qd"k", ve = тр... 
/ pa” + qc? + те? e 
жы pb" + qd" t yf" +- 
Taking the nth root of both sides, 


=. 


1 
| na” + дс" MESE EA iod Woe Li 
pb" + qd” +rf” --- b d š 
Cor. If £ gn = than, N 
&--c--e-c:- _ sum of all the numerators , 


(a) koh ratio= b+d+f+-- sum of all the denominators 


joa Pat qo-t ret --- 
(b) each VOCE RETE 


(B) 1f A re 2...2 be a number of unequal ratios of 
Jie e 


which the denominators are all positive, then 


Oo tet see 
b+d+f+-- +q 


lies between the greatest and the least of them. 


Let = be the greatest of the ratios and let it be denoted 
by k; then a=bk. 
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Since 0.2. жЕ с айа < fh... 
(eh gy 


(a-Fc-Fet +p) <k(b+d+f+-* +a), 
since the denominators are all positive. 
а+о+ав+-:+ш 


M LO 
Pid et ENSE ie, < p'grentest of the 


ratios. 
Again suppose A is the least of the ratios and let it be 
denoted tok’; ~. p=k'q. 
i (a Cn , 
Since P > k, 


a > bk, oc > аЁ,.. 
(a cte + ep ak (ь+а+у+ +0), 


а+о+в+: 


шр 2, 
(ЖЕЛЕДЕ ОСАЛ 3:0; > a ' least of the ratios. 


2. Illustrative Examples. 


Ex. 1. If ay, aa... ап be in continued proportion, show that 


ГС. U. 1925] 
==: =" = k (suppose) ; 
yur 
аһ аһ 


E (а а (а am 
Also, К^ (es а E) 


Ex.2. Ifz(b-o*y Кыйан then 


фсе c—a a—b. (ii) = 0 Роса Gi. 
y-s se-z 2—1 urs Or—as ay—br 
We have (0—0 +0(с-а) +2 (a— 0) 0 У) 
also, identically (b—¢)+(c—a)+-(a—b)=0 Fi =e (2) 


and a(b-c)+b(c—a)+c(a—b)=0. + .. (ву 
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From (1) and (2), by the Rule of Cross Multiplication, we get the 
first result, and from (3) and (1) by the Rule of Cross Multiplication, 
we get the second result. 


Examples I 


1. (a) If a (y+z)=b (zt z) =с (Œ+ y), show that 
y-2 _ z2r + т-у 


a(b-c) b(c-a) c(a-)b) 


(b) It (m — p) : (n — p) is equal to (m + q) : (n + q), show 
that p+q=0, or, m=n. 


Ајаз татр c 
D M a= cta-b atb-c 


each ratio 71, and a=b=c it a-- bt c zé 0. 


' prove that 


2 b? 
-mtytz va +yb "+z 
а? t b? +c? a+b+c 
i-m m-n n—l 1+ +т 
т enr mec rr the: 
lytma mz+lzm nat+lz leot+my+nz n 
each of these ratios — аг if l+ m n > 0. 
rtytz 
Б. = В =“ , prove that 


ytz 8+@ “ty 


oy) 2 2 
a — qz му? — zz _ 
6. If ye onu b == W, then 
a c 


(ж + у + z (a bo с) = az + by + cz. 
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or 


Cie Ge = m: Zu 
=. = s =... = + prove that 
25 Cs. Va nii 


( q,- m. zeie Tı 
Ca tUg tdt Enea 


Vui 


Ear m + az т 
8. (a) п 2200.00 2 EDR, show that 
b-c с-а ab. - 


(a + b+ ce + у + z) = az + byt ez. 
(D If р: 9::7: 5, show that 
(2 ы 1\-(1 + 1]-ecdp-n. 
р 8 Geta? рат 
9. If (a? +b? +в®)(ш° +y? +2") = (аж + Ьу +02)", 


show that ove 
@ M bT 09 


10. If a (bj + са — аа) = (ов + az — by) = c (az + by — cz) 


u z 


@ zt u S =b z, 


G 


ҮКЕ 
then (i) — Т = 


СА 


Gri; rra atb 

11. Ifthe work done by т—1 men in rz 1 days is to 
the work done by 2+ 1 men in «+2 days be in the ratio 
of 5 : 6, find a. 

12. If four positive quantities are -in continued propor- 
tion, show that the difference between the first and last 
is at least three times as great as the difference between 
the other two. 

13. Ina certain examination, the number of successful 
candidates was 3 times the number of unsuccessful candi- 
dates. If there had been 16 fewer candidates and if 16 more 
would have been unsuccessful, the numbers would have been 
as 2 to 1. Find the number of candidates. 
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14. If a, a5,...a5 be in continued proportion, then 


aa e Mas" 2an); as m Mas Pan?) i 


ap (ау: n- Tia = zy 
15. If J(r-a)?4(y- b)2= Ја? +у?– Ja? +b, then 
LY=G: b. 
D Коч - NG 
16. (i) 1t TE ee БЕТЕ [рр that each of these 
fractions is equal to} or — 1. 
(ii) If a+b: b+ce=c+d:d+a, then either 
c=aorat+b+c+d=0. 


т ED = 
atc пава c+a-b тте 719108 


(a + b + с) (уг + zm + xy) = (z + + Me + by az). 


80+ 2y BUE 22 _ 3z E20, 
18. It 9b 35-95 3, gi then 


5@+ y + (5с + 45 — 3a) = (9x + Sy + 132)(a + b + c). 


1900020080 deas Sy doit Oye ' then 
a b с 
2 


к, Yi ое рО 5 
2b+2¢-a 92ct92a—b 9a49b-c 


20. (i) т by + cz = z tae zac 


b° +c cira? g c prove that ! 
[IO AN 
a b c 


a bz-cy _ cz + az + 
(ii) If PU a La cim , prove that 


E PIE VAT Q 
a (b° +o =) b (c* +a? — b2) c (a? +b? — c?) 


RATIO AND PROPORTION 7 
On Иле ыс шс лез сус 
1(тЬ + nc — la) m (nc + la — mb) na + mb — nc) 

prove that 


lin 24 m = E К 
m (bi + cz — az) у (са + az — by) z (am + by — oz) 


22. (i) It al ЕХ c, ДЕ cle+y)=z, then 


c? — ab 
= 
z 


O ®®-уа:у*—гт:з°-ту=а:®:0о; 
(Шилу а үш ак? OA 


ABs A Бе үү: мыса, 
24. It. Е b 0 and 


к ей + Z =0, then 


bto cta atb 


a ee a Яд ЖҮ. ЭСИ" 
(62 = c?Y(a? — bc) = (e? -a*)0* — ca) (a? –Ь°)(с° — ab) 
95. (i) It e= cy be, y =az+ cm, 2— bz + ay, show that 


(=o pilose 
(ü) If aw thy +92=0, he + by +fz=0, gz + fy + cz = 0, 


2 2 2 
T у ч 7 =. 2 
be-f? са- g ab-W 


then 


ANSWERS 
11. 16. 18. 136. 


CHAPTER II 
VARIATION 


3. Direct Variation. 


А quantity is said to vary direcily as another, if the two 
are so related that when one is changed, the other is also 
changed in the same proportion. 


The circumference of a circle—- 277 ; hence the circumference of 
a circle varies directly as the radius, for if the radius be doubled, 
trebled etc., the circumference is also doubled, trebled etc. Similarly, 
the area of a triangle of given base varies directly as the altitude ; the 


fee-income of a college varies directly as the number of students. 


The word ‘directly’ is generall 
brevity, so when we say 
directly 


y omitted for the sake of 
‘A varies as B’ we mean “A varies 
as B’ and the notation used to denote this is Ax B, 
the symbol « denoting ‘varies as’, 


From the aboye definition, it follows that 


If À varies as В, then A = В, where m is constant, 
Let А be changed to a and in consequence let B be 
change to b, then by the above definition, we have 


2672 £l Дун 


= 8 2 MD ; 
а pz Bi 4 p BmB; 
where m is equal to the constant quantity » 


. This constant m is called the constant of variation. 


The constant of variation can be determined 


if ату pair 
of the corresponding values of the variables are gi 


ven. 
Suppose it is given, '4« Band 4 =15, when B= 3. 
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The constant of variation can be determined thus : 
te PA Ug, Soo mB Se 152m.3; `. т=5. 
Conversely, if А = В, where m is a, constant, then A = B 


because if B is changed, 4 is also changed in the same 


proportion. 


4, Inverse Variation. 
is said to vary inversely as another, when 


Ohe quantity 7 
procal of the second. 


the first varies directly as the reci 
Thus, A varies inversely TE if А= io i.e. if А=т в р 


or, AB = т, where m is а constant. А 
Thus, it follows that if one quantity varies inversely as 
another, their product is constant, and conversely, 
if the product of two quantities be constant, then either of 
them is said to vary inversely as the other. 
Illustration: The number of days required to finish a piece of 
work varies inversely as the number of men employed. For а rectangle 
the length varies inversly as the breadth. If the 


of given area, 
tant, the price varies inversely as 


demand of a commodity be cons 
the supply. 
5. Joint Variation. 
One quantity is said to vary jointly as a number of others 
when it varies directly as their product. 
Thus, А varies jointly as D, C, 
if A—m.BO, where m is а constant. 


Similarly, À varies jointly as B, €, D, E, 
if A=m, B. C. D. E; etc. А 


One quantity is said to vary directly as a second and 


inversely as a third, when it varies jointly as the second and 


the reciprocal of the third. 
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Thus, A varies directly as B and inversely as C, if 
A= 2 i.e, it A ws where m is a constant. 


Illustration: The quantity of work done varies jointly as the 
. number of men employed and the number of days spent. The area of 
a triangle yaries jointly ‘as the base and altitude. The altitude of 
a triangle varies directly as the area and inversely as the base. 


6. Elementary Properties. 


It should be noted carefully that when two or more 
cases of variation occur її the same problem, different 
constants of variation should be used in different cases. 

(i) If A= В, then B « A. 
Since А < B, . A=mB, where m is a constant. 
1 З А 
BE m4 ; «^. B © A, since 2 is constant. 
m 


(ii) IfA ~ Band B < C, then A = C. 


Since A = B, .'. d=mB, where m is a constant. 


Since B < 0. .'. В=п0, where n is a constant. 

`. TA-7mnO, «^. А = О, for mn is а constant, 

(in) If A4 = C and B = O, then (A + B) < C 
and JAB < б. 

Since А о Q, ^. A=m(0, where m is а constant. 

Since B = Q, ~. B —nC, where n is a constant. 


(A4*B)-(mxm5)0, -. (45 B) = 0. 
Again, since AB—mnO?, ^. /Ap= „/тт.О. 
МАВ = O, since „mn is a constant. 
(iv) IfA = B, then A" e pu. 
Here 4—mB. Г. A™=m™B™ - A" = p 
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(у) ]А<= В and C: = D, then AG = BD and 4 ec 2. 


Here, d=mB and C=nD, where m and m are constants. 


-. AC=mnBD, -- AG = BD, since mn is a constant. 


ив Е 
Also diode SQ 207 = since 7, is a constant. 
(vi) If A = BO, then В = A nios #- 
b mo. B 
" MN EA de cp A 
Here, A=mBC, d DES C and C NB 


dede 4 and О = 2, since is a constant. 
7. Illustrative Examples. 
“Ex. 1. If ety 2—15 show that 
(i) 22 + 2 = 20. j 
(ii) az-+ by ec pz-- 07. [ C. U. 1936 ] 
(i) Since, mty =Y Bs gg om 2 m being a constant. 
.'. Squaring, qi y any m Gy? — 20), А 


n ms -aw + 92) = 302? + Dey, 
t 2 з= т? +1, а 3 Mtt 
MOOD. ais Ex ay = heey), SAY where k= Qe cu 


шр? ec ay, since I: is а constant. 


(ii) Since, 2+0 © 2—1, 257. 
2—1 
d = т m-l 
„'. By Comp. and Divd., d rb suppose. 


s. gm yl, (kisa constant, since m is a constant). 


az+by_aky+by atb : 
Nowy репу A 


`. autby ec pr+gy. 
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Ex.2. Ifa сс band bes c, prove that 
a+b+c е „/рс+ „/са+ lab- 


Hereb ecc, .. b=mc; anda c b, .'. a=nb=mmc. 


a-+b--c = _ e mm+m+1l) —— 
`` bct cat Jab (/т+ A/mn+ s/m?nje 
eminem EA _ 


[ES STET q, = const. 
m+ Ann smn 


2. @+-®с cc ict eat Jab. 


Ex. 3. If z, y, z be variables such that у+а—х@ is constant and 
(e+a—-y)(a-+-y—2) ec ys, prove that m+ +z e уз. 


Let y+z-r=k and (z-+z—w)(z-+#—z)= lz, where # and 1 are 


^ constants, 


Now, (zd g-- 2) (u--2—2) - (2x — nux y— sJ 
7-2) -- aM) 2) а) (у) (y—2)} 
«o7 2*-o Ee? -(y-2)2 > 
=(y+2)?=(y—2)? =4yz, 
oe (ety taht lyz= 4yz. 


(ауа) = Eye. 


scd y--z æ yz, since = Us constant. 


k 


Ex. 4, Two globes of gold have their radii equal tor and »' ; they 
are melted and formed into a single globe. Find its radius. (The 
volume of a globe varies as the cube of the radius.) ГС. U. 19311 

Let У and V’ be the volumes of the globes. 
varies as the cube of the radius, 

T- YS RES ‘ 

and UE. ] where x is the constant of variation. 


Then since the volume 


Let R be the radius of the single globe, whose volume is Y-4- Т". 


i OCHEY)SERS e. Kr? +r?) = k RS, 


+. (radius of the single globe)= 2/75 qs. 


. and О, and since т is constant wl 
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8. Theorem on Joint Variation. 


If A varies as В when C is constant and A varies as C 
when B is constant, then A varies as BC when both B and C 


vary. 
Suppose A has the value a, when B has the value b, 
and О has the value c;. 
Tet А change from a, to a’ when B changes from 
b, to be, and C remains constant at the value бу. 
V EGO 
7. by hypothesis, ere тд $ (1) 
Now, le& А change from а! to a, when О changes from 
сі to Ca, and В remains constant at the value Dae 
, 
. by hypothesis, Od tss e (2) 
аз Ce 
Multiplying (1) and (2), we get 
+ а Di „ба, one bior, 
Gg ba s аз bale 
Since ay, 01, су and аз, Ds, Co are two sets of simultane- 
ous values of A, B, € and we find that when BC changes 
from bıcı to баба, A changes from a, to Gg, in the same 
proportion, it follows, А = BO when both B and C vary. 


` Alternative Proof. 
Since À « B, when C is constant. 
(1) ^. A9 mB, when m is constant with respect to А 
and B (i.e. m is independent of the values of A and B). 


Again, since А © О, when B is constant, 


. mB = О, when B is constant, 


ie, т = C, when B is constant. 


(2) <. m=n0, when n is constant with respect to m 
th respect to A and B 


an is constant with respect to A, B and C. 
-. from (1) and (2), we get A=mB=nB0. 
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Since л is constant with respect to A, B and C. 
<. A < ВО, when both B and C vary. 


Illustration: The area of a triangle varies as the base when the 

. height remains constant, and the area varies as the height, when the 

base remains constant; hence when both the base and the height vary, 
the area varies jointly as the base and the height. 


The principle of the above theorem will be clear from the following 
illustration from Simple Interest. 


Interest (4) Principal (B) Time (О). 
Rs. 5 (a) Rs. 100 (b,) 1 year (ci) 
Rs. 95 (a^) Rs. 500 (ba) 1 year (с) 
Rs. 100 (a.) Rs. 500 (b) 4 years (ca) 


Cor.1. If А œ B when О and D are constants, А =C when B and 
D are constants, A © D when В and C are constants, then А « BCD 
when B, C, D all vary. 


А cc B when С is constant and А œ C when B is constant. .*. by 


the preceding theorem, А < BO when both B and C vary and by 
Hypothesis D is constant in this case. 


Thus, А сє BC when D is constant. 
Also, A œ D when BC is constant. 
«. А œ ВСР when B, C, D all vary. 


This is a generalisation of the preceding theorem and it can be still 
. further generalised. Thus, 


Tf A depend upon А,, A5,.........A«, and on these alone, and vari 


as any one of these when the rest remain constant, then Ace A. A....... A. 
when all vary. 


Сог. 2. If А е B when О із constant and Acc E when В 1з cons- 


tant, then А cc Š when both B and C vary. 


C, 
Hence, -by the application of the preceding theorom 
the required result follows. 


S 


When C is constant, 5 is also constant and when C varies, 
also varies. 
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Ex. Apply the principle of variation to find how long 25 men will 


take to plough 30 acres, if 5 men take 9 days to plough 10 acres of land. 
[ G. U. 1934] 


d=the number of days and a=the 


Let m=the number of men, 
; varies directly ава, when 


Then it is clear that m 


number of acres. 
y as d, when a is constant. 


d is constant and inversel 


S. moe =? when both а and d vary. 


SO mak А » when / is constant of variation. 


Now, when m=9, we have a— 10, and d=9. «+ 5=k.2#. 
SS Se 39:104 
.. ыс? 9 oe т 2 1 


.. when т= 95, and a= 90, we have 


9 30 
Бн 
25-5 Ga 


Examples II 


ries directly as V and inversely as 2 and 


1. If c va 
=c, find the value of т, when 


if e=a, when y-b and 2 
4 — b? and g=c*. 

9. If A varies as B and О jointl 
l find C. when 4-84 and B-$. 


pat, C=" 
3. Ifa? = ys y? < sand 2° cU, find the relation 


e three constants of variation. 


y and ií 4-9, when 


between th 


m Ty 

i) H M < g—y, show that 

Жш ААТ 2 = y, show tha; 

(x? — 9?) is invariable. 

(i) Itc = llu, prove that œ +y is least when т = y. 
К IET 

fad АА Б 

(ui) It z +в ^s 


1 
»then y * x 
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5. (i) If z=a+B+?, when ais a constant, В = y and 
у = y? and if z=6, 17, 34 when y=1, 2, 3 respectively ; 
find the equation connecting z and y. 

(ü) If y varies as the sum of two quantities of which 
one varies directly as т and the other inversely as т; and if 
y=6 when z—4 and y=15 when z—8 ; find the relation 
between z and y. 


6. Ifz < yand y = z and if a, b, c and а,б, c be 
two sets of values of v, y, z, show that 
аЗ tb to? aa bb toe. 
аа «bb rcc a^ +b +c" 


7. (i) Ito e y coi y * z,show that 
E yat e m^ by a. 
(ii) If y is equal to the sum of two quantities of which 
one varies directly as z and the other inversely as z^, and 
if y = 49, when c —3, or 5, express y in terms of 2. 


8. (i) If z = 1/у, when z:is constant z © 1/2, when 

y is constant, prove that æ о 1/yz, when both y and гате 
variable. 

(ii) If» = y, when z is constant and z = z, when y is 
constant, prove that when y © z, then will z = y*, or 2°. 

(iii) If z = y+z, when y —z is constant and z = y — 2, 
when y+zis constant, then will z = y? – 2°, when both 
y and z vary. 


9: Given that ety = z+ L eire 2-1, аһа 


the relation between z and z, if 2 — 2, when z= 3 and у = 1. 
P ' 1 


w moe SS mag e Se itn ad с 
y c y # 


11. (i) Ifan+by = ct +dy, then z e y. 
(ii) Itam? + by? = ca? +dy*, then z = y. 
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12. Іх +у? = ш – у?, then 

(i) zy = 2-7. (i) z = y. 
18. Ife+y < т-у, then 

(i) sè +y? = a уз. (№) z° y? © ay(ety). 
14. Ife+y = z and y+z zv, prove that 2+2 = y. 


15. Ifa © y and y = z, prove that 
(i) 22 +y? +z? = уг +в + у. 
(ii) c? +y? +z? e Bayz, 
(iii) et y" tz" e 29-2 + zot Буп, 


(iv) ахз Ьу+ сг = lA yz m JJ zo t n Jay. 


16. If a+y = z, when y is constant, and 2+2 e y, 
when v is constant, show that when both y and z vary, 
then aty+z yz. [ C. U. 1941] 


17. The volume ofa sphere varies as the cube of the 
radius and the surface of а sphere varies as the square of 
the radius. Show that the square of the volume varies as 
the cube of the surface. [ C. U. 1924] 


18. It is given that tho illumination from a source of 
light varies inversely as the square of the distance ; how 
much further from a table-lamp must a book, which is now 
6 inches off, be removed so as to receive just half as much 
light ? 


19. Three globes of gold whose radii are 3, 4 and 
5 inches are melted and formed into a new globe; find the 
radius of the new globe, given that the volume of a globe 
varies as the cube of its radius. 


20. The distance through which a heavy body fells from 
rest varies as the square of the time it falls ; also а body 
falls 64 feet in 2 seconds. How far does a body fall in 
6 seconds ? 


2 
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21. The time of oscillation of a pendulum varies as the 
square root of its length. If the pendulum of length 
40 inches oscillate once in a second, what is the length of 
the pendulum oscillating once in 2'5 sec. ? ` 


22. Apply the principle of variation to find how long 
will 15 men to mow 80 bighas of grass, if 10 men take 
18 days to mow 60 bighas. 


23. The expenses of a boarding house are partly constant 
and partly vary as the number of boarders. When the 
numbers of boarders are 450 and 990, the expenses are 
Rs. 1485 and Rs. 2895 respectively. Find the expenses for 
1000 boarders. 


24. The pressure in a liquid varies as depth, when the 
density is constant and it varies as density, when the depth 
is constant, The pressure is 1, when the depth is 39 and 
density is 1. Find the depth at which the pressure is 9, 
when the density is 16. [ C. U. 1921] 


25. The value of a silver coin varies as the square of its 
diameter, when its thickness remains the same and varies 
ав its thickness, when its diameter remains the same. 
Two silver coins have their diameters in the ratio o£ 4 : 3 ; 
find the ratio of their thickness, if the value of the first be 
four times that of the second. › 


26. The volume of а given mass of gas varies directly 
as the absolute temperature, when the pressure is constant 
and inversely as the pressure, when the temperature is 
constant. If the volume be 50cubie inches, when the 
pressure is 60 inches of mercury and the absolute tempera- 
ture 300, find the volume, when the pressure is 70 inches of 
mercury and the absolute temperature 280. 


27. The attendance at a Professor's lecture varies 
directly as the Professor’s power of exposition and inversely 
as the square of the number of lectures delivered. Tf 
64 students attend the lecture of Professor X who delivers 
a course of 12 lectures, find the number of students who 
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attend the lectures of Professor Y who delivers a course of 
16 lectures and who possesses twice as much power of 
exposition as Professor X. 


28. Тї ап income-tax varies as the square of the excess 
of a man’s income over Rs. 3000, and if this tax on an 
income of- Rs. 6000, amounts to Rs. 100, show that under 
this system a man whose income is Rs. 96,000 would be 
made a pauper. 


29. A locomotive engine without carriages can go 
40 miles an hour, and its speed is diminished by a quantity 
which varies as the square root of the number of carriages 
attached ; with 16 carriages its speed is 20 miles an hour. 
Find the least number of carriages which the engine fails 
to move. 


30. Supposing the weight of an empty ship and the 
tonnage to vary as the square and the cube of its length 
respectively, prove that (w, being the weight with cargo of 
a ship of length l, and we, ws being similar weights corres- 
ponding to lengths la and 1,) 

We 


DE (ls — ls) +75(ls- 1)+ 75 (L. -1,)=0. 
ly la ls 


31. At a certain foot-ball competition, the number of 
matches on each day varies jointly as the number of 
days from the beginning and end of the competition up 
to and including the day in question. On three succes- 
sive days there were respectively 6, 5 and 3 matches. 
Which days were these and how long did the competition 
last ? 


32. The consumption of coal by a locomotive engine 
varies as the square of the velocity. When the velocity is 
50 miles per hour, the consumption of coal is 100 maunds 
per hour. Ifthe price of coal be 4as. per maund and the 
other expenses of the engine be Rs. 9 per hour, find the 
least cost of a journey of 250 miles. 


20 


31. 
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ANSWERS 
ab, 2. 384. 
c 
It 1, m, n be the constants, Imn=1. 


(i) w=1+2y+3y?. (ii) y22z—8z^!. 

(ii) y 8z--22527*. 9. 15zz=2(11z2 +1). 

6( 2 — 1). 19. 6 inches. 20. 576 ft. 

250 inches. 22. 16 days. 23. Rs. 3135. 

4. 25. 9:4. 26. 40 cubic inches. 
72. 29. 64. 

4th, 5th and 6th days ; 6 days. 32. Rs. 150. 


p.C.E.R.T., West Bengal 
ats. Жш Sus Loma 
Kec. мо. 2.222. 


{AWS OF INDICES 


9. Involution and Evolution. 


The process of determining powers of quantities is often 
called involution and the inverse process, namely that 
by which roots of the quantities are obtained is called 


evolution. = N 
АКУУ ЛБ 


10. Fundamental Laws of Indices. Library ^. 
AS ME 
If m and n are positive integers, wo € 2 \ 
(i) a” x am = qt. E" os E 
3 qe a 
(ü) a? tat =ar”, (m > n). D^ Calcutta & 


(iii) (a) =amn = (аут 


(iv) (ab)" = а". 


B. с. YO 


The students are supposed to be already familiar with 
the proofs of these elementary lwws of indices, when m and 
т are positive integers. 


- 11. Fractional, Zero and Negative Indices. 


We do not know the meaning of a” when m is not 

2 positive integer. "Whatever meaning may be assigned to 

| the symbol a”, when m is not a positive integer, in order 

that this meaning may be useful it must be such that the 
fundamental laws of indices continue to hold good. 


We interpret a” when w is (i) fractional, (ii) zero and 
(iii) negative by assuming that the fundamental indem law 
am x a? = а" is true for all values of m and m (positive, 
negative, zero, integral or fractional) and then show that 
with these new meanings of the symbol a”, the other laws 
of indices ате азо true for all values* of m and m. 


=з ота) ya pree оша, 
Ф. v prp ch ^ 


ae U 
at e= 
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(i) Interpretation of ai p and q being positive integers. 

Since the index-law a" х а" = д"**"* has been assumed 
true for all values of m and n, therefore, putting m=n= г > 
we have 


D D ар 2p 
atx gt=gt а=, 


Rot > Ф n 2p 2 Зр 
Similarly, aq xaq xaq =a x aq = 40; and so on. 


D р а.2. 
Hence, aX ай X ++ to q factors=a q =a?, 


> 
Thus, since the gth power of aq is a”, 


ЕД 
4. 4 represents the qth root of the pth power of a, so 


n m 
at=YQ?, 
a 
Сог, 1. Putting p=1, we see that a? represents the qth root of a 
a 
te, at - 0а. 
Cor.2. Again, as before, we have 


e s... to p factors 
qute topterms > 


(at) ай, at =a), 


p 
Thus, a* can also be regarded as the pth power of the qth root of a. 
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Note. It should be noted that it is mot strictly true that 


2/aP=(%Ja)”, unless by the qth root of a quantity is meant only the 
arithmetical root or except with certain other limitations. For 
example, 


la+ = Жал, whereas (3/a)* = -- a? only. 


(ii) Interpretation of a?. 

Since a”™xa"=a™'™ has been assumed as true for all 
values of m and n, therefore, putting m = 0, we get 

a? x а" 2 a9 *^ =a", 
Dividing both sides by a” (assuming a z^ 0), we get 
a? = a^ [a^ —1. 

-. for all values of a except zero, a? is equivalent to 1. 
(iii) Interpretation of a7”, n being a positive integer. 


Since the index law a" xa"=a™*" has been assumed 


to be true for all values of m and n, therefore 


n= а?" ха%= qmtn-n = 1", 


Gee x a" x a” 
Dividing both sides by а" (assuming a > 0), we get 


anx a "-—1. 


Thus, а7" means the reciprocal of a". 


12. Generalised Laws of indices. 

To prove that for all values of m and m, 
(A) am 3- a" = a 
(B) (a™)" = a” = (at) 


(C) (ab)"=a"d". 


m-n 
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(A) Since a? =a” x q?-" is true for all values of m and 
т, we have a" = а" = am-n for all values of m and л. 


(B) Case I. Let n be a positive integer. 
Then, whatever m may be 


(a™)” = am x a™ х н... to n factors 


= agm+m+.-- to n terms 


=a mu 


Case II. Let n be a positive fraction = p[q, р, q being 
positive integers, then whatever m may be, 


(а")" = (aypa = al am)? = Yad =ampia = тп. 


Case III. Let n be negative and = р, where p is 


a positive quantity, fractional or integral. Now whatever 
т may be, 


= 1 1 Е: 
(an = (am) D "2: 25 qu =q" = ama 
(a)" = am for all values of m and n. 


(С) Case I. Let n be a positive fraction — plq, where 
p and q are positive integers. Then 


(ab)" = (ad)? = 8) (ab P = Jani = трут = (ay 
= (apn)a/a = аф", 


Case II. Геі m be а negative quantity, say (— р), then 
p is a positive quantity, integral or fractional. 


Sp dill аа Rm 
(ab)" = (ab)? = (ab ар * "b = anb". 
(ab)" = a”b” for all values of n. 

Cor. 1. (abed--)"=a"b"e"d" 


Cor. 2. (8)- (ax 1) а.) а maine n 


= 
Cor. 3. (а®һ®с®з )"= атра" 
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13. Illustrative Examples. 
Ex.1. Show that 


by bec c) eta а\а+о 
T r x 
(©) х (5) x (5) =1. 


Left side= (z^-*)^** x (a7 *)'** x [d 


22e? sat 2.42 
=at- x aeo? xat 


qp rae cat a1 01, 
Ex.2. If a=b", b= and c-«, then zyz— 
bac’ 4. 


"Nt cda. os 


"uy amb-g'-aUt .'. 
Ex. 3. Solve 277=9" ; 81/2943 X37. 
From ist equation, (37)*— (3?)", 


or, 3°*=37" S. Bus 9. - (1) 


From 2nd equation, (3*)* —8* x 3*. 

s 8 Duan vw. 5+z=4y. © (2) 
S. B+a=2.2y=2.32, from (1),= 

7. w=1, and from (1), y $713. 


Note. Equations of the above type in which the unknown 
quantities appear as exponents are called Exponential equations. 


Examples III 


Show that (Exs. 1-5) : 
1. мах Ay ux 4/2710 = Alayz. 


a au т®\° 
« Geo 
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1 1 
x 1 V 
з. Gn Qe) x Gr), 
т? x т°\са mayas 
* ers 
A. a ZING Ls n ue. 
5. Lt got 4 90-4 + geo "E * 297° + PHOT 1, 
6. If a=ay?"*, ъ= ту1-1, с=т", show that 
aq-rpr-p en-a =]. 
7. If a=m=8%tryp pg"? y ¿=xDtqyr show that 
а тр" pop: г = 1 
8. Solve: 
(i) 99*9 + 97** — 390, (i) ba*-? —qp*-?, 
(ii) а®+Ь%=а+ьЬ, (iv) a" =y”, m= 2y. А 
a pg, [ G. О. 1933] 
(у) 3- % =], (vi) 2" 2 y*, a? =у3. 
8**t 192-13], (vii) a* =a", a" = o, 


(viii) a*— (x -- y zV, ау = (x y 4 2), a? — (c y +a). 
9. Ша = = с? and b? = ас, prove that 


tt 2 


A [ C. U. 1944 ] 


10. If m=a*, n=a", a® =(m"n*)*, show that туз = 1. 


Jo s 
11. If 2”=y", show that (s) == m and if z—9y, 


prove that y = 2. [ C. U. 1928 1 
A 
12. Ifa=(.2-1) show that 
(0-47) +3(0-а7*)+9=0. 
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18. Tí s= a+ Ja? +b%}+ АДа— „/а2 +03}, show that 
29 +802 — 2a —0. 
14. Itai/g?-4bi1/m-c-0, show that 
a?a? + b?z + c? = Baber. 
15. It „а Ja?—b*)* +y%}+ Js Jato)? +y} 
3 3 
= 9a, show that == + e -]. 
a" b 
2 = 1 
16. Define a? as Ya? and a” as н! hence prove that 


the laws a”.a"=a™*®, (a™)"=a™, (ab)™=a"b™ hold when 


m--in--i. 


ANSWERS 
8. (i) 22:5. 228, (iB) 2=0=1. 
(iv) 2=4, y= 2. (у) 222, у=3. у=". 


(vii) п= у=а, or, z-a^*, у= —a-*, (viii) 2=у=2= 3a. 


CHAPTER IV 
SURDS 


14. Definition and classification of Surds. 


When a root of a quantity cannot be exactly determined 
the root is called а surd. Thus, 4/9, 3/3, 8/5 etc. are surds. 


Quantities which can be expressed as the ratio of two 
integers are called Rational quantities, Thus, 5, 2, J/4 
are rational quantities. 


Quantities which cannot be so expressed are called 


Irrational quantities; thus, ./7, 9/8a etc. are irrational 
quantities. 


It is also clear that all surds are incommensurable. 
Thus, ./2 cannot be exactly expressed as the ratio of 


two integers, although its value can be obtained to any 
desired degree of accuracy. 


It should also be noted that an algebraic expression, 
such as „a, is often called a surd, although а may have. 
such а value that V/a, is not in reality a surd. Thus, if 
479, Ja= ./9=8 and is therefore not really a surd. 


The order of а surd is denoted by the index of the root 
to be extracted. 


Thus, 4/2, 4/5, %/a are surds of the 2nd, 4th and nth 
orders respectively. 


Surds of the second order, are called quadratic surds,. 
those of the third order, cubic surds, those of the fourth 
order, biquadratic surds, and so on. 


Surds are said to be of the same order, or of different 
orders according as their surd indices are the same or 
different. 


3 
Thus, Ja, a? are surds of the same order, but 3a, Ja 
are of different orders. 
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Surds which consist of a rational and a surd factor are 
called Mixed surds, while surds which have no rational 
factors are called Pure surds. 


Thus, 2/5 is a mixed surd and 4/7 is a pure surd. 


The algebraic sum of two surds or a surd and a rational 
quantity is called a binomial surd. 

Thus, 3 /2-- 4 /8, 3+ V5, 5/95 — VO are called binomial 
surds. 

Similarly, A/8- /7+5, 1+ J2+ A3 are trinomial 
surds. 

When a surd consists of a single term it is called 
a simple surd, but the algebraic sum of two or more surds 
is called a compound surd. 

Thus, /5 is a simple surd, but 9 /7+ /3+ V2 is 
a compound surd. 

Surds are said to be like or similar when they have or 
can be so reduced as to have the same surd-factor. 

Surds which are not like or similar are said to be unlike 
or dissimilar. 

Thus, 4/90 and J45 are similar surds, since, they can 


respectively be written as 2 A/5 and 3 45. But 4/8 and Nb) 
are dissimilar surds ; 4/2 and 4/2 are also dissimilar. 


15. Rationalisation of Surds. 


If two surds be such that their product is rational, each 
is called a rationalising factor of the other and each is said 
to be rationalised by the other. . 


Thus, since (J5+ J3)(./5— 4/8)25-8- 9, it is clear 


that ./5+./3 is made rational by multiplying by AB = J3. 
Hence, J/5— V3 is a rationalising factor of /8 + ./8. 


Similarly, since (z + /u)(z— Jy)72^ -y, s+ Aly is made 
rational by multiplying by z+ Jy. So also a Jb c Jd is 
made rational by multiplying by a Vb + c Jd. 


z 
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16. Rationalising factor of Binomial Surd. 
жо Ж 
Case 1. Let the binomial surd be 5/2 —4/5 ог a? – 6, 
1 1 
Let a?=2, Ь1 =y and n be the L. C. M. of p and g, then z" and y 


and both rational and as such 2" —¿/* is rational. 
Now 2"—y" is divisible by z— whether n be an odd or even 
positive integer and z^ — 3^ = (x — y)(z^- * +e- 3y Hanay? «ee g-a), 
Thus, the rationalising factor is 
mn ia y ahy ae eee nA 


and the rational product is z"— y". 


3 ur 
Case 2. Let the binomial surd be ^/a-- b or a?--b*. 


1 1 
Let a? =a, b? = and n be the L. C. M. of p and q. 


(а) If nis even, z^ —j^ is divisible by +y and 
ay" = (x y) t aye ay"? — yi). 


Thus, the rationalising factor is z"-! — 7^754- sarees pjt Ro nm 
and the rational product is z" — у". 
(b) If is odd, z"- у" is divisible by a+y and 
z^ y= (ct y)! may ee may egy). 
Thus, the rationalising factor is gigriya eesi qmd nz 
and the rational product is z"+ у". 


Ех, 1. Find the factor which will rationalise J3+ 2/2. 
Now 434-2 =s 95. Hence 6 is the L. C. M. of 2 and 3. 


Let a= at and у=9%, then z^, y^, as also a°—y°® are rational 
being respectively equal to 27, 4 and 23. 

Now 2° —g° = (z-- y)(z^ 2*y  a^y* -gy + eyt- y"). 

Hence, the rationalising factor of x+y i,e., of A/34- 1/2 is 


a? — at y zy -gy +eyt =y", 
ie, 9° 9.25 +3399 6 + glo _ 98 
ien 9 /3—9.3/94-9 3.5/4 —0--9 „/8.А/з — 93/4. 
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Ex. 2. Express with rational denominator 
48-1, 
/8+1 
The denominator is 35.1. Here the L. C. M. of the denominator 
of the indices of 38 and 1 is 3. Now, z^ y? = (z- y)(z? ryty’). 
Here the rationalising factor of the denominator is 
(sp) 88.11, ien 93-39-41. 
Hence multiplying numerator and denominator of the given 


expression by 33- 35+ d. i i 
we have the given expression = дс = +1) 
(S1) 5353-1) 


_3-9.99+9.99—1 
Fir 841 
=à(1— 49+ 3/3). 


17. Conjugate (or Complementary) Surds. 


Two binomial quadratic surds which differ only in the 
sign connecting their forms, are said to be conjugate or 
complementary to each other. 


Thus, Jot 4b and Ja- Jb or a /b+o Jd and 
a/b- c /d are conjugate surds. 


Since (a /b-Fc A/d)Y(a Jb — c 5/0) -a?b —c?d, which is 
rational, we conclude that the rationalising factor of 
a binomial quadratic surd is its conjugate. 

18. Properties of Binomial Surds. 

(i) A quadratic surd cannot be equal to the sum or 
difference of a rational quantity and а quadratic surd. 

For, if possible, let Va=b= Ac. 


Squaring, we have a—b? + c+ 9b Jc. 
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Thus, а surd is equal to а rational quantity, which is 
absurd. Hence our assumption is wrong and the theorem 
is true. 

(ii) It a-- Jb c4 Ald, where G and c are rational and 
Alb and „d are irrational, then а= е and ъ= d. 


If a be not equal to c, let a= c m, 


then c+ /d=a+ /b=c+m+ Jb; 


Ad 2 m4 Jb. 
Squaring, d ^m? + b+ 2m Jd; 
O 
= 2m 


Thus, a surd is equal to a rational quantity, which is 
absurd. .'. a=c and consequently b= d. 


Cor. Similarly, it can be shown that if 
a— Jb=c— Jd, then a=c and b=d. 


Note. Itis clear therefore that an equation like a— Jb=c+ dis 
equivalent to two independent equations viz., a—c and b=d. 


It a+ Jb=0, we must have separately a=0, b=0. 
(ii) If J(a+ JB) = Je+ Jd, then 
Nla- 4b) No- Vd. 
By squaring, „(a+ Jb) Jo + Jd, we have 
a+ Abc d 9 A (cd). 
a-ctd; Jb=9 (cd) [by (ii) ] 
а= Jb=c+d-9 J(cd) - (Jo— Jd)*. 
Jla- А0) = Je Va. 
Cor, It (a /Й= Nc— wd, then „(+ At) Ne- wd. 


Y 
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(iv) It Vat Jb) ^ Vy, then Sa- Jb)=a- Aly. 
By cubing, V(a+ Alb) 2 at Jy, we have 
a+ Ab a3 + 32° Jy+3ry +y Jy 
— (c5 + 8ay) + (822 + и) J'y. 
Equating rational and irrational parts, 
a == + 3z7/ e - (1) 
and Jb-(8z* +4) Jy с ss (2) 
Hence subtracting (2) from (1), we get 
a- Jb=a° – 30° „/у+ 32у 0 Jy 7 (s— Jy). 
Yla- Jd)=a- Jy. 
Cor. If V(a— Jb)=z— Jy, then Yat Jb) = + Jy. 


Note 1. The above property will be found useful in extracting the 
cube root of a+ Jb. The method of obtaining the cube root of 
а binomial surd is illustrated in the example 9 of Art. 20. 


Note 2. Generally. 

It (a+ 0) = z-- Ny, then Y(a— 4) 2— wy, w being a positive 
integer. 

This can be easily established by the help of Binomial Theorem. 


19. Square root of a Quadratic Surd. 


The square of the sum of two quadratic surds 
=a rational quantity +a surd ; 


thus (J3+ J/2)?=3+2+2 J6—5- 2 J6. 
Similarly, ( Va + yb)” —a- b 2 Jab=(a+b)+ J4ab. 
Thus, the square of a binomial quadratic surd of the 
form Ja+ Jy, may be expressed in the form at Jb. 
Hence, the square root of a binomial quadratic surd of 
the form a+ A/b is of the form 4/2 + Ми. 


3 
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To find the square root of a+ „b. 

Let Jat Jb) = Jat Jy. 

Squaring, a+ /$=т+у+®9 Jey. 

7. By Art. 18(ii), we have 

at+y=a eL ... (i) 

and 9 m= Jb ie, 4zy— b. с оз Ry) 

2. (my)? — Amy =a" — b. 

s. (e-y)?=a?-b. >. -y= (a? +b). 

Since, 2+7=0 ove e (iii) 

and z-y- Ja?-b. ... E (iy) 

-. Adding (iii) and (iv) and subtracting (iv) from (iii) 
and dividing by 2, we get 

s=} fat „Ма; and y=} fa- Vat- b} 

Hence the required root is 

x Afta +4 J(a? – dk + Vita — + J(a° – Б). 

Cor. Similarly the square root of a— ,/0 can be obtained ; in this 
case we should assume X(a— Ab) = Je — Ny. 

Note 1. If a?—b be a positive perfect square, and a is positive 
then z and у are rational and the square root of a+ „b becomes 
а quadratic surd. If a? — b be not а perfect square, then the calculation 
of the square root by the above method becomes complicated. In such 
cases, we may proceed in Ex. 2 below. 

Note 2. The square root of a binomial surd can often be found by 
inspection, as shown in Ex. 2 below. 


To find the square root of a+ Jb+ „/е+ yd. 
Let (a+ А+ Net Nd) wa V+ Vz. 
.'. Squaring both sides, we get 
at «+ Jet Мйа=х+у+ +9 Jay +9 AJ ya 9 Jaz, 


Then we assume 
2 Jay= Nb, 2 /gz= Мо, 2 /ez— Jd, and z--y4-z-a. 
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If the values of a, y,2 found from the first three equations also 
satisfy z-- y--z—a, then the required square root has been found, but 
not otherwise, the condition for which is obviously 


bc-- cd-4- db — 2a AJ bcd. 


20. Illustrative Examples. 
Ex.1. Find the square root of 4(2+ 4/3). [ C. U. 1924] 

3 (2+ J3)2 3 (4+2 J3) = 3 (14+ 342 /3)=4 (1+ J9)*. 
.. The reqd. square root= +š (1+ 5/3). 
Ex. 2. Find the square root of 6+4 5/8. 
Here a2— b=36—48= —12, which is not a perfect square. Hence 

the method of Art. 19 is not suitable. We proceed as follows : 

64-4 /3= AJ3(4-- 2 4/3) = J/8(3-- 12-2 4/3) = „/8( /84-1)?. 
.. The гед. square root= + 4/3( 4/84- 1) = + (4/27 + 4/3). 
Ех. 3. Find the square root of A/50-- 4/48. 
Here, „/50+ 4/48= N2(/25+ ./24)= J2(5-- 9 „/6) 

—9(3-4-2--2 J(2 х 3)}= „/9( A/8--2)*. 
The reqd. square root= + 4/2( „/8+ 5/2). 

Ех. 4. Find the square root of 114-6 J2+4/3+2/6. 
Let „/11+6,/4+4,/8+2,/6= Nat wy Jz 
Squaring both sides, 

114-6 J2+4 /3+2 /6=z-+g+z+9 (AJ + Jyzt Alex). 
This is satisfied if z+g#-+z=11, 2 /zy=6 4/9, 9 „/уг=4 N3, 

2 2292 N6 ; hence we have, {y= 18, yz— 12, zz= 6, whence ayz= 36, 

.. ‘The reqd. square root— /3+ J/64- V2. 


_ Ja+2b+ Ja—2b 
= Jat- Ja—2b 


Ex. 5. Ifc » show that bx? — az4-b — 0. 


ГС. U. 1935 1 
By Componendo, we have 
att Jat2b r ipie Lab 
= Таа O a)-9st1 a-9b 
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Again, by Componendo and Dividendo, 
ДЕЗЕ е ns 
as mbea te ba? —ax+b=0. 
Ex. 6. If 2=2+ 93498, find the value of 
\ m° —6z*+6z—2. 
Wehave, — z—2-95.:23 93 (9541), 
Cubing both sides, 
E 2 
2? —67*--127-8-92 (1+2) =o (1+3.04+3,08 +9), 
eH 2° — 62? --6z—9— (z? — 62? -- 192 8)— 6z-- 6 


=2 (34+3.994.3.03)-en46 
=6 (14.95.98) 6,6 


=6 (049% +03_2)=6 (z—2)- 0. 
Ех. 7. Find the square root of (8x —4)--3 AJ2z3 — 3x — 5. 
‘The expression = 3 (22: — 5)+ (z--1)4-9 М: 5)(z-- I}. 
Putting а= J/2z—8 and b= J/z+1, 
we find the expression = 3 (a? -- 5? +2ab) = $(a4-0)*. 


е А т A урны IS 
+". The redd. square root= МЗ (a+b)= S ( 28 + Jz¥1), 


Ex. 8. Given 4/5—9'9306, find the value of 
М(8+ 4/5) 


%- „(7-3 5) 
Multiplying numerator and denominator by 2, 
zt 245) 


the expression — UTE 


— Nü4—6 5) 
Now, 6+2 estne ilo N5=(/5+1)?, 
and 14-6 J5=3?+(J/5)?-2.3 /5=(3— „/5)а, 


[54-1 A541 ( /5--1)2 2942 4/5 
. РЕШЕ 1л ЗЕЕ UN 
i cep X5) 45-1" 5-1 du 
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Ex. 9. Find the cube root of 14-5 4/2. 


Let W(T+5 4/2) 9 z-- Jy, - (1) 
then 3/(01—54/2)—z— Ay. =s (9) 

Multiplying (1) and (2), =? — y= 4/(49— 50) 
-2N(-1--1. - (8) 


Cubing (1), z3--3z? „/у+8жу-+® y Jy=T+5 2. 
a+ 39xy-7. 
Substituting the value of y from (3) in (4), we have 
2332 (x° +1)=T, 
or, 4z:+3r=4+33, 
or, 4(z*—1)+3(e-1)=0, ie, (=—1)(42°+42+7)=0. 
.*. @-1=0, whence z-1; 


or, 4r?-F4z-- 7-0, which gives imaginary values of z. 
[See Art. 35 ] 


.. Taking z—1, we have y=2 from (3). 
Hence, the reqd. cube root is 1+ 4/2. 


Note. The cube root of an expression of the form at Wb may 
sometimes be found as above. The above-method is useless unless z? — у 
is rational. If we have considered the two imaginary values of т, 
we would have altogether obtained three cube roots of the above 
expression, one real and two imaginary. Here the real cube root 
is implied. 


Examples IV 
1. Find the square roots of : 
(ü) 4+9 J3. (ii) 16-57. 
(iii) 28-5 12. (iv) 10+6 J5. 
(у) J45+ /40. (vi) 3 J6 — 4 J3. 
(vii) 10 +2 /6 +9 15 +2 ,/10. 
(viii) a bc 2 J(be + ca). 
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(ix) $ (8z 9) J 9x? +523. 
(x) 5- /10- „/15+ J6. 
(xi) 19-2? J(19 ? 25). 
(xii) a+b+ Ja? 3-2ab. 


(iii) J(b-oc-a) + „/(с—а)(а—Ь)+ J(a—bYb—c). 


2. Shew that 


a (5+9 4/6) – J(5—2./6 /9 
6) лее PUR ET 


- 4 
G) Ju s уй” т-а Лю ere уй” 


8. FEN 


(i) Ey Hb s 
т бна J8- Jà- J8) 
it 
(ii) ros g where z = A. 


4. (a) Find the rationalising factors of 
(i) /р+ Jat Jr, (ü) V3- V2. 
(ii) V4- V2 +1. 


(b) Express with a rational denominator 


M2—1 2-3/3 
(i) 241 Gi) оэ" 
me 3 3 A/8 
DET EXT XE G) + /з- J 


5. Ife=9+ J3,show that z? — 27? — 7; - 9 — 0, 


6. Ifz=1+ /2+ 4/3, find the value of 
9z* — 8z? — 5r? + 967 — 98. 
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*1 удел. 
= and у= J3*1 show that 


(i) т°+ту+ и? _ 15, 
д =ау+у? 13 
(ü) at + 22у + у* = 195. 


J3 
1. == 
If x NE 


& Show inatla JI rA JP = e. 


7 + 
9. (a) Find the square root of Je correct to three 


places of decimals. 
(D) Given /3=1'732, find the value of 
/(@ + 5/8) 
DES 


мла ма 


J8- J(6-3 43) 
10. Find the cube roots of: 
(Qu10-6,/8. Gi 22-10 JT. (iii) 9 311 9. 
11. а= 8/7+5/2+ 3 q —5 J2, then 
x? +32 — 14-0. 
125) boe E E: and у= 5 + м3, show that 


3x? — Bay + 3y? = 289. 
18. Prove that 
Ja J8* J848 JT 4487 2- 
14. (i) If E) + P + hum 0, then (w+ + z)° - 27туз = 0. 
(ii) It (a+b) + 3/(b- c) + V(c+a)=0, show that 
(a+ b 3c)? = 9(a* +b° + e°). 
15. Show that Alla Ja az. to infinity)}] =a. 
16. Itle+ Ja bout Jy?—calle+ 5/2 ab) 
=(z— Ja*—bo(u— y? -ca)(z — Jz- ab), 
show that'each of the expressions = + abc. 
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17. If Је+ Ма-а) = Ju Ja-y)= Jz+ A(a— ғ), 
then (y — z)(z — z)(z — y) = 0. 
18. Find the value of т z Ru Ra 
Sow 
Ма+1 + ee Aa] — J 
> Jatin хаа sad vi Nat1+ J УС. 
19. (i) Rationalise the equation „/ш-+ „/у+ Jz=0. 
(ii) If J(y-2* J(e-2)+ „/а-1)= 


then z=#=z. 
20. Itz—zJ(1—y?) * y J(1 — z?), then 


(zy 2m — y zc y – z) za) = 42°. 


ANSWERS 


i 


(i) (9-2). ш) 257. ШК 

бу) SE (J541). G) 5 (а). (ы) боа). 

(vii) (8+ 3+ 4/5). (viii) 4 J(a--0)-- Jo). 

(ix) jg (V8z=i+ MS). (б) l, (V+ уз— J). 

(9 gaVet- i-es) (e) 3 (Wat aiii) 
бан) 3. (Jo=e+ eat Jab, 

(i) м. (ii) 1. 


(a) (i) (Ур— Na+ Ar) p+ к/а Jr)(— к/р «fa Afr). 
(ii) 33/0-- 33/3 J/8--6-- 25/2 ,/2 -- 43/34- 4 N2. (ii) J2--1. 


oo. (i) 5809440, 


> gg 


(ш) 23 —1). (iv) Ak Met MID, 


6. 6/6. 9: (а) 15618. _ (b) 2'732. 
10. (i) J341. G) 1— JT. (ій) J34- 2. 


4a*—1 


s 4a*—3 


19. (i) Z° +° +2 — 9(ey d- z+ 2x) = 0. 


OHAPTER V 
IMAGINARY QUANTITIES 


21. Definition. 


Since all squares whether of positive or negative quan- 
tities are positive, it follows that the square root of a 
negative quantity V =a” cannot represent any positive or 
negative quantity i.e., A|—a? can never be equal to +a 
or —a. Such a quantity on this account is called an 
Imaginary quantity, as distinct from real quantities, so far 
dealt with. 


Here the word ‘imaginary’ is used not in the ordinary 
sense of the word ; in fact an imaginary quantity has as 
much real existence as a real number itself. 


As Ja is defined to be a quantity such that (Ja)? =a. 
so also 4/—a is defined to be a quantity such that (J-a)* 
ie, Мах /-а=-а. 


Similarly, ./—1 denotes a quantity such that 
(/-1*= /-1x /-1=-1. 
Note, The fundamental laws of Algebra, such as the Associative, 


Distributive and Commutative, are assumed to hold in the case of 
imaginary quantities also. 


22. Meaning of the symbol i. 


We know that — 1 denotes an operation which per- 
formed upon any quantity changes its sign. If we suppose 
that 4/—1 obeys the law expressed by /—1x 4/-1= -1, 
it follows that 4/—1 must be regarded as an operation which 
when repeated twice is equivalent toa reversal in sign. 
Since any magnitude whatever can be represented by 
lengths set off along a straight line, we may consider that 
the operation 4/—1 performed twice in the same direction 
in succession rotates the line directly opposite to its original 
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direction, that is, turns the line through two right angles. 
It follows therefore, that the operation ./—1 may be 
considered to be a revolution through a right angle, and 
М-1, as a symbol of operation, bas a perfectly definite 
meaning and for shortness it is denoted by i. The opera- 
tion denoted by i is considered to be a revolution through 
a right angle counter-clockwise, —i denoting revolution 
through a right angle in the opposite direction. 


Again a units of length rotated through a right angle 
counter-clockwise give the same result as a unit length 


rotated through a right angle counter-clockwise and then 
multiplied by а. Thus, ai=ia. 


Also to multiply ai and bi is to do to ai what is done to 
unit to obtain bi, i.e., we must multiply by band then rotate 
through two right angles, so that ai x bi= — ab = абі. 


Since (ai) х (ai) = аай =a? (—1)= —a?, it follows that 


-a*-ai-ax J=]. 


Thus, ап imaginary quantity is equivalent to the product 
of а real quantity and „/—1. Hence, in all our investiga- 
tions it is therefore necessary to use only one imaginary 
expression namely 4/—1, which for shortness is usually 
denoted by the symbol i. 


Thus, 22 = —1; as i is subject to the general laws of 
Algebra, we get ` 
(i) 7i +4i=11i. (ii) 7i- 4¿= 3. 


(iii) Ti x 4¿=298;2 = — 98, (iv) Ti 4i—1. 


23. Powers of i. 


j--1; isis i; i$-( 9) -(-1?-21; 
and generally, if n is any positive integer, 
и ; gant? 4 8 — - 1 ; 
irti =j jag ; j47 t9 —j4n;8 — =i. 
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TThus, positive integral powers of à reduce only to one of 


the four values +1 and Xi. 
257 
Again, 9 = = —--—i;i 


¿s= 9?4--1x()-i; 
¿ç *-(j/7)'-1; etc. 
Hence, negative integral powers of i also reduce only to 
one of the four values + 1 and xi. 


24. Complex Quantity. 


A pair of real numbers (a, b) united symbolically in 
.the form a--ib is called a complex quantity. A complex 
quantity, thus consists of a real part viz., a and an ima- 
ginary part viz., ib. It reduces to a purely real or a purely 
imaginary quantity, according as b=0, or, а= 0. 


When two complex quantities differ only in the sign 
of the imaginary parts, they are called conjugate complex 
quantities. Thus, a+ib and a—ib are conjugate complex 
quantities. 


25. Properties of Complex Quantities. 

(i) If a+ib=0, then a=0, b=0. 

Since atib-0; <. a= =. 
Squaring, а®= —b?, or, a? 4 b? = 0. 

Since a? and b? are both positive, their sum cannot be 

zero, unless each is separately zero. Несе, a=b=0. 

(ii) If atib=c+id, then a- е, b=d. 

By transposition, (a-c)=-i(b- à). 
Squaring, (0-с)? = — (b — d)’, 
or, (a-c)* t (b—- d) -0. 

Since, (a —c)° and (b— d)? are both positive, their sum 


cannot be zero, unless each separately be zero. Hence 
a-c=0 and b-d=0, i.e, a=c and b=d 
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(ii) The sum and the product of two conjugate complex 
quantities are both real. 
Thus, (a+ib)+(a—ib)= 2a (real) 
(a+ib)(a—ib)=a?— 4*5? — a? 4-02 (real). 
(iv) The sum or difference of two complex quantities is 
G complex quantity. 
Thus, (a+ ib) +(c+id)=(atc)+i(btd)= =A-+iB, say. 
Similarly, (a+ ib) + (c+ id) +(e+if)= (A-- iB) + (e-- if) - C--iD, say, 
as before ; and so on. 
(v) The product of two or more complex quantities is 
` а complex quantity. 
(a+1b)(c+id)=ac+iad+ ibe+i2bd 
= (ac — bd) 4- i (bc -- ad), since i?= —1 
—a- iB, say. 
re (a+ ib)(c-- id)(e-- if) = (a-- ig)(e-- if) 
= (ae — Bf) +i (Be-- af), as before, 
which is evidently of the form A-F iB, and so on, for any 
number of factors. 


(vi) The quotient of two complex quantities is a com: plea 
T 
quantity. 
a+ib — (a--ib)(e— id) =e —iad+ ibc 4254 


cid (c+id)(e—id)— c! іза? 
—(ac+bd)+i(be—ad) =40+5@ , bead, 
cud са+0* eta’ 


which is of the form А +iB. 
(vii) Any positive integral power of a complex quantity 
is a complex quantity. ' 
(a+ ib)? =a? —b? +i2ab 
(a+ ib)? =(a* — 3ab?) +i (3a2b—b?) 
both of which are of the form A+7B, and similarly for any 
other positive integral power of a + ib. 
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(viii) Any root of a complex quantity is а complex 
quantity. 
Let z be equal to the nth root of a + ib, 
then Vla +ib) =x. s. atib=r”. 


Now, if z be real х" is real, which is impossible, since 
in that case b would be zero. Hence, v is а complex 
quantity. 


26. Square Root of a+ ib. 
Since, any root of a ccmplex quantity is a complex 
quantity, le& us assume 
Jat+ib=ax+iy, where z and y are real 
then, at+ib=(e+iy)? =° — y? + 2izy. 


Equating real and imaginary parts, we get 


z?-y*-a . (1) [See Art. 25(ii) ] 
Qay=b © (2) 
Now, (a? +y? 2 = (g? – y?)? + 42? y? = a? +b? ; 
at += Jato. c (8)* 


From (1) and (3) by adding and subtracting, we get 
m° — $ (a? b* +a) and y^ =4( Ja? +b? - a) ; 


s= +18 (Јаз за) 


au ye elk Geol 


From (9), it is clear that zy must have the same sign 
as b and hence (1) if b be positive, both z and y have the 
same sign, positive or negative and (ü) if b be megative, 
z and y have opposite signs. 


* [ Since, z and y are real, z?--j? is positive, and hence in (3) we 
take only the positive value of the square root. ] 
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Hence, when b is positive, the required square roots are. 


— A т. 2. 
£UR( Ja? 408 +а) eif („а 5 — a 
and when b is negative, the required square roots are 


x [8 (Ja? +b? + a) - i (Ja? EDS а). 


Note 1. It is clear from above that a complex quantity has two 
square roots which differ only in signs. 


Note 2. The square root of a complex quantity can sometimes 
be found by inspection ; it is shown in Ex, 9 and Ex. 3 below. 

Ex. 1. Find the square root of 5— i19. 

Let J/5—i19—2-ij; then 5—i19— 2? — y? 4 9izy. 


aa pee ves se” YG) 

9zy- —19. Ez ba 163) 

Un — y*)* = (z* — y?)? + (22)? = 95--144 — 109. 

SS ш*%+у%=18. zm 2.8) 
From ()and(3,z*—-9 and y7=4; .'. 2=+48,y=+2, 


Since, zg is negative, therefore, z and y must be of opposite signs. 
Se $—9,9— —2, or, т=—8,у=9. 
Hence, the required square roots are 3 — 2i and —3--9i, i.e, x (3— 2i). 
Ех. 2. Find the square roots of à and —i, 
(i) i=} (1+2i-1)=} (14+ 24447) =} (14-4); 
А рЫ (тч: 
"m vir +- (+i). 
(ii) —i-30-2i-1)-3(1-2i-i*?)-3 (1-7)? ; 
; c REN W. 
©. J-i=t J2 (1-2. 


Ex. 3. Find the square root of 3 (—1+ ,/—3). 
à(-1* /—з)=4(—9+9,/—з)=4(—3+1+9,/—з) 
=4(,/—8++1)*. 
The required square roots= +4(,/—3+1). 


e 
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Ex. 4. Find the square root of p E 
(52-i19)(3--i4) _ —33+ i56 
The given ехр.= (g—jg(g.pj4) 25 


Now, the square root of the numerator= +(4+i7) obtained by the 
method of Ex. 1 above ; or it can be found from the relation —13+%.56 
= —494-164- 4.56 — (7i)? - 4? + 2.74.4— (4+ iy. 

Hence, the required square roots = +4 (4417). 


97. Modulus of a complex quantity. 
The positive value of the square root of a? +b? ie, 
+ „/а2 tb? is called the modulus of the complex quantity 
atib. Thus, the modulus of 3 + 4i = JB? +42 — 5. 
F, The modulus of a +ib is shortly written as mod (a +ib). 
Thus, mod (a +ib)= + Ja? +b”. 
98. Properties of the Modulus. 


(i) 4 complex quantity and its pea have the same modulus, 


the modulus of a+ib. Since ao we a?—b?, the modulus of 
either of two conjugate complex, expressions is equal to the positive 
square root of their product. 

(ii) The modulus of the product of two complex quantities is equal to 
the product of their moduli. 

Let a-F ib and c+id be two complex quantities, then 

(a+ib)(c+id)=(ac—bd) +i (bc ad). 
.. modulus of the product 
= J (ac—bd)* + (be+ ad)? 

(a? 4-0?) (c* + d*) 
= /@ +). /е+@ 
= mod (a-- ib) x mod (c+ id). 


\ 
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(iii) The modulus of the quotient of two complex quantities is the 
quotient of their moduli. 


Let a+ib and c+id be two complex quantities. 


a+ib_(a+ib)(c—id) _(ac+bd)+i (be—ad) 
c+id (c-id)(c—id) | c?+d* 


Laco bd Кы ad, 
а da t tes + da" 


The modulus of the quotient 


= ас+ bd? | (bc—ad\* 
= (ze) e) d 
-,/{ ааа 
ш (c?+d?)? 

= {as x29] 

(c*--a*)* 

_ Маз +0 _ mod (a+ib), 
^ Ус +а* mod (eid) 


Now, 


29. Cube roots of Unity. 

Letz= 8/1; thenw*=1, ог, 2*-1-0. 

`. (m— 1) (2? +z + 1)=0. 

`. Hither, 2-1= 0, whence z = 1, 

or, 2 +2+1=0, whence e=3(-1+ J-3). 
[ See Art. 35] 
Thus, there are three cube roots of unity viz., 
1,4(-1+ /=3) and 4(-1- J/-8), 
of which the first is real and the other two complex. 

30. Properties of Cube Roots of Unity. 


(i) Hach imaginary cube root of unity is the square of 
the other. 
80-14 J73} -30-3-2478)-3(-1- =), 
&(-1- /-8)}#=4(1-3+9,/-8)=%(—1+ ,/=3), 
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(ii) The product of two imaginary cube roots of unity is 
unity ; i.e. either of the two roots is the reciprocal of the 
other. 


{2(-1+ J-3)&(-1- /—8)}=411—(,/—38)°} 
| =t{1+3}-1. 
(iii) The sum of the three cube roots of wnity is zero. 
1+3{-1+ /=8}+4{—1— /=3}=1-1=0, 


Note 1. Since each imaginary cube root is the square of the other, 
if w denote either of the two imaginary cube roots, the other is w? ; 
hence, the three cube roots of unity are usually denoted by 1, o, w°. 
With this notation, results of (ii) and (iii) become о.о?, i.e., v? —1 and 
1+w+w?=0. These results can also be established thus :— 

Since, e is a root of z?--z--1—0, .'. о +о+1=0. 

Since, w is a root of z? —1—0. SS 0? =1, te, 0.0? = 1. 

Note 2. The cube root of every real quantity has three values, one 
of which is real (i.e. the arithmetical cube root) and the other two 
imaginary and these three roots can be obtained by multiplying the 
arithmetical cube root by о, w°. 


31. Powers of o. 
Any positive integral power of o is equal to 1, o, or o’. 


2 2 
Thus, of —0?.0 = o; o? —o?.0* —o? ; 9? =(w?)?=1; etc. 


Generally, if n is any positive integer, 

and if љ= 3p (p being an integer), o" = o?» = (03)2= 1 
if n=83p+1, Q^ =w? =w 9 =ош 

if n=3p +2, o! =ш9?+® = 082,02 =, 


` Thus, o" =1, о or o°, according as т, when divided by 3 
leaves 0, 1 or 2 as remainder. 


Similarly, it can be shown that any negative integral 
power of œ is equivalent to 1, w or o?, 


4 
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32. Illustrative Examples. 
Ex.1. Find the cube rootsof —1. 
Let z—3/—1; thenz?- —1; .. 2+1=0. 
C (az--1l)(z2—z+1)=0. 
.`. either, 2+1=0, whence z— —1, 
or, #?—a+1=0, whence r=} (1+ ,/=3). 
Thus, the cube roots are —1, 3 (1+ ,/—3) and 4(1— J/—3). 
Ex.2. Find the fourth roots of 1. 
Let w=*/1; then z*=1; .. z*—1-0. 
50 (c? +1)(a? — 1) — 0, 
ien (22-3) (z — (z+ 1)(z—1)=0. 
TThus, the four fourth roots of 1 are 4, —4, 1, —1. 
Ex. 3. Show that 
(i) (wa + 07b)(o2a+ wb) = a? — ab--b*. LO. U. 1929] 
(ii) (a—ob)(a— 020) =a? +ab+b?. 
(iii) (a+ wb + e? c)(a-- wbt ac) =a? +b? +c? — bc — ca — ab. 
The aboye three results follow by actual multiplication and by use 
of the relations 
о+о? = —1, 02 -Fo* — o? += —1and e? —1. 
Thus, (i) Left side=w*a? -- (v? +w*) ab+w*? 
=а%—аЬ+Ь%. 
(ii) Left side=a2 — (v-- o?) ab+w*h? 
=a*+ab+b?. 
(iii) Let side=a?+b20*+02w® + ab (w+w?) T 
+ be (02 + 0+) ca (o + e?) 
=a? +b? +c? —bc— ca— ab. 


Ex. 4. Resolve into linear factors 
(i) a? —ab-- b. (ii) a? 40°. Р 
(iii) a? +b? +c? — bc— ca — ab. ГС. U. 1930 ) 
(iv) a?-- 5? +c —3abc. 
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(i) a? —ab-- b? — a? + (o-- o?) ab-- b^? 
. = (a-- eb)(a-4- wb). 
(ii) a?-- 5? =(a+ b) (a? — ab-- 5?) — (a-- b) (a-- ob) (a-4- wd). 
(iii) Given exp.=a*+a70*+c7w*+ab (w+?) 
+ bc (w*+0?)+ca (v+ w?) 
= а (а+ 9? b-4- oc) + ob (a+w7b+ we) 
+о?с(а+ 9? b4- ec) 
=(a+w%b+wc)(a+wb+ ө? с). 
(iv) Given exp. = (a b c)(a? +b° -- c? — bc — ca — ab) 
' =(a+b+c)(a+wb+ o? c) (a-- o2b+ we). 
Ex. 5. ECpress (a?--b*)(c? -- d?)(e? +f?) as the sum of two squares. 
(a? ++ b?)(c? +d?) = (a.-4- ib) (a — ib)(c+ id) (c — id) 
={(a+ib)(c+id)}{(a—ib)(e—id)} 
= {(ac— bd) + (ad+- bc) (ac — bd) — i (ad + be)} 
=(ac—bd)? +(ad-+be)? = A? +B? say. 
«e Given exp.=(A?+B?)(e? +f?) 
=(Ae—Bf)?+(Af+ De)2, as before i 
={(ac—bd) с (ad -- bc) f}? --4(ac— bd) f+ (ad + bc) ey. 
Note. In this'way, the product of any number of factors each of 


which is the sum of two squares, can be expressed as the sum of two 
squares. 


Ех. б. Show that (1+o—ee2)2—(1— ¿+ o2)5=0. 
Since, 1+w+w*=0, we get 1+w=-— w? and 1+w? 


=W. 
-. Left side of the given expression = ( — 2w?) è — ( — 2w) ° 
= —8w° —(—8w?) 
= —8-+8=0. 
Ех. 7. If „/а+=2+-0, show that Ja—ib=x—iy. 
Since, ,/a+ib=2+iy, therefore squaring both sides 
atib=a7—y? +2izy ; 
e a-2*—3^, b-223; 
s. а—Фф=х*—у%—94шу= a? (iy)? —Qiay= (а—4у)° ; 


< AJa—ib z-i. 
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Examples V 


1. Find the square roots of 
(i) 8+6i. (i) -14+2./=2. (ii) 21-207. 


(iv) 9i. () -3444-7. (vi) a? -14-2ia. 
(vii) a--2 J1-a?. (viii) а+2,/д*+т*+1. 

„у 2—86: аА 1 

@) улс G) 2° + 25 (+ 1), 


2. Show that 
n (чк (ü= 
G) (ЕГЕДА) ИО" 
Gi) 1-27*- (0-32)? —i. 
(ii) 14204877 _ 
1—9i- 377 


m 


MS) (3-- 4i) 3 *(8—4i 5-4. 
(v) „(4+ 3i 4/90) 4- „/(4— 37/90) — 6. 
3. Prove that 
(i) Jit J-i- 2. (ii) A+ J-3)* =1. 
Gii) & (719 J=3)}P*+{4(-1- J=8)?*=2, 


4. Express in the form 4+7B 


O она шеш 

sew Eddy Baty sy Le 

(iii) Senin EA (іу) lo 

@) EN. à (vi) (1+9(1 +24) +32). 


Gii at bi ci? +5, 
YI a — bi + ci? — di? 
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5. Find the moduli of the following expressions 


344i (3-3 (1 + 27), 
O iarsi Gü (9:930) 
6. Simplify 
5+4; ,5—4i atib, a —ib 
Q 4- Sone ЛЕЙ Gi) a — ib ТЕР 


i М1+@+ /1-—@ ©, Ja 
Gi UTE sss where t= ат 


З (ш+4)#—(ш—4)°. 4 + 3i 4-3) 
Gv) era?) (v) (fe e ul 
7. (i) If 2 —8-- 27, show that 


at — 4g? +407 4 8x + 89 — 0. 


(i) Itc —3--2i, y — 3 — 2i, show that 
ot +ту + y? = 93. 


53' 


8. Show that a real value of z will satisfy the equation 


1-4 ip ita? +b? —1. ШОНО, 1933 


1+12 
9. (i) If (a + ib)(e +24) =a 4- iy, then 
(a —ib)(c — id) v — iy. 
(ii) et srin then etos- iy. 
10. (i) It Wa +4b= m+ iy, then Va-ib—c- iy. 
(i) It 3/2 +79 = c iy, then show that 


4(z* =)=5 + z. 


11. Find the values of: (a) (1 «5. (0) (-7+ 24j* 
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12. Ifa=}(-1+ /=3) and В=% (—1— 4-38), 
show that a* - a? f? + g* —0. 
13. Prove that. 
(i) (-+°)(1+—°)=4. 
(ii) (17 o 0?)* - (1 0—0?)* = — 16. 
(ш) (17 o)(1— o?)(1—*)(1 — o°) - 9. 


(ойша 
ytoztoum 
14. Prove that (a+ bo + co?)? + (a + bo? + co)? 
= (82-0 — c (9b — c — a)(9c — a — b), 
and —9Tabc, ifat+b+c=0. + 
15. It(1-z)"—as az asm d + ast", show that 
(ao -aa a4 2 (a4 — as tay — e)? 
У =ao ta, Баз terre + ац, 
, 16. If (1+2+12)"%= а amam. + азпт“", 
then ао tas t Gg t 9773, 


17. Prove that 
[eme амери 9, if m be 


a multiple of 3, and = — 1, if n bo any other integer. 
18. (i) Show that 
(1+a*)(1+y?)+2%) 


=(1-yz-zx—ay)?+(at+y+2-ay2)?. 
. Gi) If£=a+b, y=at+bo, z=a+bo*, show that 
j T? +y? +z? =3 (a? +b). 
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19. Show that 
(i) (z + yo + 20°) + (zo + yo? + z)? 
T(ro?-4 у + zo)? = 0; 
Gü) (1o o*)(1—-9? *o*)0 7 o* * o3) 
to 9n factors = 92", 
20. Ife: y=a+ib:c+id, show that 
(c? +4?) 2° — 9 (ac + bd) ey + (a° + b°) y^ = 
21. Show that 
ede at NEC уз с; 
ANSWERS 


. (i) (8-60). (i) x (A/— 2-1). , (ii) + (5— 9i). 
(у) +(1+4). (у) x XC (vi) x (a i). 


m 


(vii) + Ja (ia +i i-a) 


(viii) ааа, а), 


(ix) +(8i—1). (х) (24271-90). 
a, (i) 2+0; tead, (i) 1-44. 

(ii) Oti cel. ` ()O+¿ (у) š = ye, 

(vi —104i10. | К) кси: а-а 
5. (i) т. (ii) JG). 6. (1) 267 

Uds ШЕ: 

б) 923. () 15+ 
11. (a) x X (eene aca () teti), +424). 


SUPPLIMENT TO CHAPTER V 


GEOMETRICAL REPRESENTATION OF 
A COMPLEX NUMBER 


32'1. Geometrical interpretation of the imaginary 
number i= y —1. 


TIG. 1 


Let X'OX and Y'OY be two straight lines cutting each 
other at right angles at О. O is called the origin, X'OX 
is called the z-axis and Y'OY the y-axis. 


With centre О and radius —1, we draw a circle cutting 
the z-axis at A and 4’, and the y-axis at B and B'. 

If we now represent real numbers by points on the 
y-axis, (called the real axis), then A shall denote the 
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point +1 (for OA=1, and A is on the positive side of the 
z-axis), and A’ shall denote the point —1, with an expla- 
nation similar to that for А. 

Now, 1Х(—1)= —1, and Z 404' —2 right angles. Thus, 
multiplieation by — 1 may be regarded as an operation which 
turns the given length ОА through two right angles, in the 
anti-clockwise sense, the magnitude remaining unaltered. 

Again, by definition, /—1Х J-1=-1. Hence, /—1 
may be regarded as an operator which rotates a given length 
OA through one right angle in the positive sense, and brings 
the point A to the point B on the y-axis. 

In our figure, therefore, we may denote the point B by 
the number + Мт, 

Again, since, ( /—1)° = — A/—1, the operator ( /—1)°, 
multiplying O4, shall bring the point А to the position 
B' on OY, after rotation through three right angles. Thus 
В' may be taken to represent the number — 4-1. 


Thus, we may introduce the convention that points on 
Y'OY, all represent purely imaginary numbers, and the 
y-axis may be called the imaginary axis. 


322. Geometrical representation of Complex 
Numbers. è 

Tn order to represent any real number z geometrically, 
a straight line X'OX (called the real axis) is taken with 
a fixed point О on it chosen as the origin to represent the 
number zero. . 

It A and L be points on X'OX, so that 04=1, 
(OL/OA)-4, then the point L may be taken to represent 
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the real number z. If z be negative, the point L should 
be on OX". 


Fie. 2 


For geometrical ЖЕТУ ДОЗА Әл of а purely imaginary 
number y / 1, where y is real, we should, as in $ 321 
above, draw a straight line Y'OY perpendicular to X'OX, 
(Y'OY may be called’ the y-axis or the imaginary axis, 
as before), and on it take the points B and M, so that 
ОВ= 0А =1 in length and (OM/OB)=y. "Then the point M 
may be taken to represent the purely imaginary number 
V4-1. Similarly, the point M' (where OM'= OM in 
length) on OY’ shall represent — y ./—1, 

Finally, for the geometrical representation of complex 
numbers of the type 2+ 77, where т and y are two real 
numbers and ¿= 1-1, we naturally require a two-dimen- 
sional space, (for simplicity, a plane on which X’OX and 
Y'OY are the rectangular Cartesian axes of co-ordinates). 
Thus, a complex number г = z+ being given if a point Р, 


3 
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(as in fig. 2), on the above plane be taken whose Carte- 
sian co-ordinates are (v, у), and polar co-ordinates (7, 0), 
then P corresponds uniguely to the number z, and is called 
the point z which it geometrically represents. 


Note 1. Students, who are familiar with vector notation used in 
ә ә > > 


> 
Statics and Dynamics, may observe that z= OP=OL+LP=0L+ OM 


> > > — > — 
=x+iy, where z= OL and iy=OM; PLis here perpendicular to OX 


and PM to OY. 

Note 2. It is to be noted that corresponding to every given com- 
plex quantity 2 = a-+iy, there is а unique position of the point P (z, 4) 
‘оп the ay-plane ; and conversely, every point P (a, y) on the xy-plane 
represents & complex number 2 = s+iy. This is known as the prin- 
«ciple of one-to-one correspondence. t 

Def. The figure 2, above, containing the real and the 
in the plane of which complex numbers, 
lly represented, is called the 


often spoken of as the 


imaginary axes, 
such as ‘2’, are geometrica 
Argand Diagram, and the plane is 


-z-plane. 


32'3. The Conjugate Complex Number. 

Def. The complex quantity (z — iy) is said to be conju- 
gate to the complex quantity (z +iy) ; and vice versa. 

тіз fig. 2, PL be produced to P', so that LP'= PL, 


Д MESS: 

-then z the complex number corresponding to P'isz = 0P' 
т> EX SUUS рыл i a үр , } d ; 

gin Se ТЕ magts 0 z'=a -iy, which is the 

conjugate to 2 = айу. Thus, the conjugate of a complex 

number is its image in the real axis. 

If c=atiy and g’ =a—iy, then prove geometrically that 


Note. 
eal quantity. [ This at once follows from fig. 2 by using 


g+2'=2a, 8 ri 
vector notation. J 


I 
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32'4. The Modulus and the Amplitude of z = x+iy. 

In fig. 9, r—the positive value of the radius vector OP, 
where the point P represents z = c +iy ; and 0 = the yecto- 
rial angle XOP, measured positive anti-clockwise. 

Then, r= + J/z*-y? is called the Modulus of z and is 
written as mod. z or as |z|. Also, the angle 0 is called 
the Amplitude or the Argument oí z and is written as 
amp. z. 

Note. Since z=+ cos 0, y=r sin 0, as is evident from the figure, 


we evidently have, z = z--iy—r (cos 0--i sin б). 


3270. Addition of complex Quantities, 


P(z=z, *2,) 


FIG. 3 


Let P, and P, represent the complex numbers, £170, 

+001, and 25 = v, t iys, respectively. Complete the paral- 

> — — — — 

lelogram, OP,PP,. Then, z=OP=OP,+P,P= ORI 

TIST 

+0P,, (^^ ОР, is equal and parallel to P,P ). =z; +25. 

P represents the sum of the two given complex 

numbers, zı and 25, ¿¿, the complex number, z; +ze 
“= (zx +iy1) + (шә tive) = (ш, +22) (04 + us). 
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Note. From fig. 3, OP < OP, P,P—OP,-OP,, in magnitude. 

we dnd 12:11251, У 

от Me tas +n tye) € Natta? + fast as 

The above inequality becomes an equality, when O, P,, P (and 
therefore, O, P,, Pa) are collinear, in which case, 9,/%,=%2/@o, ОТ, 


(219a —2491) = 0. 
Ex.2. If s, Zase» an be т complex numbers, prove that 


DEDE | SENE Ed EE 


32'6. Subtraction of Complex Numbers. 


> \> 
In fig. 3, if we join the diagonal PiPs, 22—21 
— 25 = — — — — 2—5 
=0р, – OP, = ОР, + PO = Р,0 + ОР = P IP s= 00, 
where OP, P.Q is a parallelogram, (and from geometrical 
considerations, P P. Q is а straight line). ` 
Note. From ЛОР,Р,, we have, P,P, > OP, 


tude, (unless 2,7: 77291: 88 before). 
s Таға > 121 1221: 


—O0P,, in magni- 


32°7. Multiplication of Complex Numbers. 


P {z= (a 2ь)} 
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Let zı = r, (0030; + isin0,) and z, = z, (cos 0, 
+i sin 0,) be two complex numbers expressed in terms of 
their moduli and amplitudes. Then by actual multiplica- 
tion, 2125 =717 {(cos 04 cos Ө» —sin 0, sin 0,) 


+ (sin 0, cos 0, + cos 0, sin 0,)}, [^ = —1], 
=тутә {соз (0, +02) +i sin (0, + 0,)t. 
Hence, | 2122 | =z,zə | 2i |-| z, |, ana 


amp. (2122) =0; - 0, — amp. z; + amp. zs. 
Note. In fig. 4, 04-1, OP,=r,, OP,=r., OP=r,r,, ZXOP,=0,, 
ZX0P,=0,, € XOP=0,+0;. ©. Z.P,0P— 0,. 
Thus, OA|OP,=1|r,=r,[r,r,= 0P,|0P, 
and ZAOP,=0,=ZP,0P. ``. A^40P, and AP,OP are 
similar. 


h Ex. 3. If z=@+iyand z = x— ty, prove that zz2'=%w*--g2, a real 
number, 
32'8. Division of one complex number by another. 
Let z, = r, (cos 0, +i sin 01), 2 = rq (cos 0, +i sin 05) 
be the two complex quantities, Then, 
i (#2), (een tis sin вов 85 —i sin 09 ^e (1): 
EXE (cos*0, — i? sin20,) 
== { cos (04 —0,)+¿ sin (04 — 03) ) 


Since the denominator of the second factor of (1) is 
cos?0, + sin*0s — 1. g 


z т. 
[a |22 ре, l leals 

and amp. (5) =0, — 0s =amp. 2; — amp. zs. 

Note. The reciprocal of a complex number zz (z4- iy) 2, where 
iai ча sss (1)-- : 
=]=— > and amp. (= |= —amp. z, as the amplitude of the 
It Nc? + : P. Az 2 9 


real number 1 = (cos 0-- sin 0) is zero. 


CHAPTER VI 
QUADRATIC EQUATIONS 


33. Definition. 

if the highest power of the unknown quantity in an 
equation be two, the equation is called an equation of the 
second degree or a quadratic equation or simply a quadratic 
in the unknown. quantity. 

Thus, z? — 6= 3, oz? —62--9— 0 are quadratic equations in z, 


The general form of a quadratic equation in z is az? + bm 
+c=0, where a (750), b, c, ате any quantities whatever. 
The term independent of z i.e., c is called the constant term 
or the absolute term. 

Quadratic equations are either pure or adfected. А 
quadratic equation which contains only the second power 
of the unknown quantity and not the first, is called a Pure 
Quadratic and a quadratic which contains the second as 
well as the firs& power of the unknown quantity, is called 
an Adfected Quadratic. ] 

Thus, 3z2=97 is a pure quadratic and 2z3—l5z-7=0 is an 
adfected quadratic. 2 

Note. Tor sake of brevity, any expression involving z, is some- 
times denoted by tho symbolic notation f(x), F(x), lz), (т) etc. 
Thus f(r)—az?--bz--c; V(a)-— a? — 5. M 1 

By f(a) we would mean the value that we shall get by putting a for 
zin ax’+br+c; ies fla)=aa*+batec; $(2)72*—5— —1; (о) sc; 
ф(о)= —5 ete. 

34. Solution of Pure Quadratics. - 

Every pure quadratic equation can be reduced to the form 

д? =a. 

By extracting the square root of both sides of this equa- 
tion, we get E c — + Ja, which are obviously equivalent to 

z= + Ja. 
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Note 1. Thus, itis clear that in extracting the square roots of 
both sides of an equation, it will be sufficient to attach the double sign 
to one side only." 

Note 2. Every pure quadratic has two and only two roots, which 


are equal in magnitude but opposite in sign. 


35. Solution of Adfected Quadraties. 


There are two principal methods for solving adfected 
quadratics ; 


(i) Method of factorisation. 
(ü) Method of completing the square. 


The first method, that is, the method of factorisation 
is applicable in cases when the factors of the quadratic 
expression can easily be determined. If the factors cannot 
be so determined, the other method, that is, the method of 
completing the square is used. 


35(а). The method of factorisation. 


The method is best illustrated by the solution of the 
following numerical example, viz., 4z? — 167 +15=0. 


Here the factors of the quadratic expression 4z? — 162 
+15 can easily be determined. Thus, 


4c? –162+15=0, or, 9z(2z —3) – 5 (2% — 3) - 0, 
i.e. (2x — 5)(2« — 3) - 0. 
*. Hither, 27—3 —0, whence z=$, 
or, 24—5=0, whence 2= $. 
Note. This can also be done by the second method. 
35(b. The method of completing the square. 
Let the quadratic equation be of the form az? + bz +c=0. 


Dividing by о and transposing, we get 
z+ 04=- <, 
а в 


QUADRATIC EQUATIONS 65 


b diem 
204 27 8а 
= 
Gi. ез -is odas, 


It is thus clear that the standard quadratic equation 
ваш? + ba + c= 0 has two roots, namely, 


-b+ 3/5: 4ас and’ == Jb? =4ac, 
2a 2a 


Note 1. The famous Hindu Mathematician Sridhar Acharya has 
given the following method of completing the square, thereby obtaining 
the roots of a quadratic. 

Multiplying both sides of az? +ba+c=0 by 4a and transposing, 


we get 4a?@?+4abe= —4ac, 
or, дад? + 4abz +b’ = — 4ac, 
or, (gaz + b)? = b* — ac, 
or, Qaz+b= + Vb? — ac; 
a —b+ Ab? — 4ac, 
Se 2=—— 
2a 


Cor.1. When the equation is written in the form az? + 9bz+ c— 0, 


—b- wb? —a6 and —b- Jb? ас, 


the roots are 
a a 


Cor.2. If the equation is of 
p Кр —p- Np?=4 
D Hte 4 ana СУЎ S q. 


the form «?+pr+q=0, the roots 


are 
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Note 2, In solving a given quadratic equation with numerical 
coefficients, the simple method will be to make use of the above formula 


by substituting the values of a, b and c. 
Thus, to solve the equation 5z*—2c—3=0, we have a=5, b= —2 
and c= —3 ; hence by the above formula, we get, 


_2+ AJA—4x Bx (—9) _9+ A/4-- 60 
к 2.5 gi 10 


35(c) Particular cases of the general quadratic. 


(1) When the constant term с = 0, the equation reduces 
to ac? + bz = 0, or, (az +b) = 0 and the roots are 
=b+ Jb?=0 
2a 


(3) When b=0, the equation reduces to the pure quad- 
ratic am" + c = 0 whose roots are 


"21е. 0 and — D. 
a 


(3) When b=0, c—0, the equation reduces to ат? = 0, 
which has got two zero roots. 


85(4). Special artifices of solution. 


In some cases, complicated equations may be easily 
solved by applying special artifices. The following examples 
will serve as illustrations : 


Ex.1. Solve (z—1)(c—2)— 25. 


Let а=14. Then the equation becomes (z—1)(z —2)= 2n, 


or, а? (z—-1)2-2)-a-1-0, 

е. (а= а)(а®— 2a) + (az — 2a) —(az—a) —1=0, 
or, (ax—2a)(az—a--1)— (az — a-- 1) 0, 

ila (az—a-+1)(az—2a—1)= 0, 
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whence az—a+1=0, az—2a—1=0, 


when moO pe T 
11 

2a--1 99 4,1. 

when az—2a—1=0, == АЙТА Оа 


Ех. 2. Solve = ата b =b. 
-b'z-a b 


Here 2= 015 evidently a solution, for transposing, we have 


(b-a) z (2—0) a DEN 


Bu b(z—b) а(т— aa) 

Я 1 END 

es а 2) EE 

whence (a—0)2z-0, i.e. z=0. 

The other root is obtained from I Uu n Е 


а? — b° 


› whence = —— =a+b. 


Кра; 1° RTI 
* a-a) b (z—b) 


36. Equations reducible to Quadratics. 


There are various types of equations, which though 


not quadratic in form can, by a suitable transformation or 
a simple artifice, be reduced to quadratic forms. This is 
illustrated by the following examples : 


Ех. 1. Solve 4 J(e—1)— N(a+4)= JJ(z+ 20). 
Squaring both sides, 16(2=1)+ (w+ 4) —8 J/(z? +3=:—4)= 2-90. 
Transposing and reducing, 22 -4= Nl(c? +82—4). 
Squaring again,  4z*—16z--16—z*-F92—4, 
or, 3s*—19r+20=0, or, (3z—4)(z—5)=0, 
S. m=$, oF, 5. i 


Now, the root 5 is found to satisfy the original equation but the 


other root + does not satisfy it, as can be easily verified by substitu- 
tion, when A(e+4) is taken to represent the positive square root 
of 2+4. 


68 INTERMEDIATE ALGEBRA 


Thus, z= 5 is a root of the given equation but z= $ is not a root. 
In fact $ is the root of the equation 
4 (x — 1) 4- J(z4-4) = „/(ж+ 90). 

Not. Extraneous Solutions. If the process of solving an equa- 
tion involves the clearing of radical as in the above example, then the 
values of x obtained are not all necessarily ihe solution of the original 
equation. Hence in solving equations of this type, care should be taken 
to verify in each case, the roots thus obtained; and while verifying, 
it should be noted that the square roots (unless otherwise specified) are 
considered to be positive. 


Ex.1. Solve 4x7+6x+ ,/(Q2n7+82+4)=13. 
Adding 8 to both sides, we have ў 
2 (2x? +3z-+ 4)+ 4/92? -+32+4) 2 21. 


Putting у= (2z22+3z-- 4), the equation reduces to 27?+y=21, 
whence we get easily (y —3)(25y-- 7) 20, .*. y=3, or, —1. 
Since y is not negative, we reject the value —$ of y. 


When y=3, ^/9х* +8х+4=5. 


S. 9ш°+8жх+4=9, ог, 2z2+3z—5=0. .. (z—1)(2x+ 5)=0. 
"t ш=1, or, $. 
Ех. 3. Solve X(z?—922z4-49)— N(x? —92z--16) =3. -o(1) 
We have identically, 
(a? — 9z+ 49) — (x? —2a-+16) = 33. e (2) 
Dividing (2) by the given equation (1), we have $ 
N(z? —9z+ 49) 3- (2% —224- 16) 2 11. - (8) 


Adding the equations (1) and (3), and dividing by 2, we have 
N(x? —92--49)— 7; .°. 23 —2m--49—49 ; 
.. @%—9х=0, te, c«(r—2)-0, .. z=0,or, 2. * 
Note. This above artifice is sometimes useful in solving irrational 
equations. 
Ex. 4. Solve 52? +6= 0. 
Putting aay, the given equation reduces to 
gf? 5у+6=0, or, (y—2)(y—3)=0; .*. y=2, or, 3. 


: 25-2, ог, 3, whence cubing, 2=8, or, 27. 
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Ех. 5. Solve 4*—3.9**? --32— 0. 
Since 4*—(27)—(27)?, and 92*:?—27,2*— 4,97, putting 2*=y, the 
given equation reduces to 
y?—12y+32=0, or, (у—4)(у—8)=0; .'. y=4, or, 8. 
2*—4, or, 8. 
When 22=4=92, z=9 ; when 27=S=2°, z—3. 
Ex. 6. Solve (z+ a)(z- 2a)(c 4- 3a)(c 4- 42) 2 a*. 
Re-arranging tho factors, {(x-+a)(v+ 4a)Hz+ 22)(«--3a)) = а*, 
or, (z?-d-5az--4a?)(z* +5az+ 62?) 2 a*. 
Putting y=a? + бат, we have (y-- 4a?)(y-- 62?) 2 a*, 
or, j'--Fl0a?j--94a'—a*, or, y*--10a*y--23a*-0; 
— 10a? +a? 4J100— 92 


aja ТГ ШЕТ a bari o м2, 
Hence, тх?+5ах= – 5а? а? 42, ог, 27+5ax+(5a? Ға" 4/2) =0. 
—5а+ [95a — 4(Ba* E a* 4/2), 


= $[-ss убуз}. 


Examples VI 


Solve the following equations : 


1 Al (a3 +4) + Ja + 1) 2:3 
еа > 
[ Apply Componendo and Dividendo. ] 


2+ Jr? —1) z— J(z° —1) 
S Wet) segui 


su 
18; (Gi nu +(1-ж°= А [ Cube both sides. ] 


4. (i) к= (i) 237.8. 
8. 9J(c*5)- J(82*8)-2. . [ C. U. 1937 ] 


6. J2r-1* /9z—9= J4a—3+ 4/5204. 
7. ж°®+аж+10/(ш°*+8ж+16)=9 (90 — a). 
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8. J(3z?°-9z+9)+ J(8z?— 9x 4)=13. 


Qa + Am 622 E 
Qn — Ja 9m Aja 


10. (i) (z — 1)(z - 2) — 3)(z — 4) = 120. 
(ii) (w+ 4)(@ + 6)(z — 5)(z — 7) = 504. 
11. z?*—5z49 (z? – 52+3)=19. 
12. „/(6=° +72+6)-– J (7a? 7249) m4-9. . 
13. J/@+2)+ J(z-1)9 J(9x — 5). 


9; 


z305 


14, s! 455-6 15. ы 
10. 3°°+9=10.3%, 17. (09) 1 EST =2, 
183 (2745 9727 — B= (0) 19. 97" :997=8: 1. 


20. () 2@-1Ne-2)=9.8.7. (ü) a? +90 =a 
21. YMa-at Vo-a= Yat b 2a, 

IA p) die commu d, „Шы 

„(= 62 + 36)  J(x*— 82 + 64) 

28. J (55-21a+2e")— J(30—11z-22)-5—7 
24. J(z+1)—-4 /(z - 4) +5 J(z — 7) - 0. 

25. „/@°—8+9)— Jls? -3r-6)= „/90— /19, 


26. „+ Wa) Д5 Ja)= слу уру 
М(@+1)+ /@—1), J(e+1)— J(e=1) 


27. Jet- Je- D Jatt Jei) 2 aa). 
og, C2 „Јаз +028 Әл 

` atw- Ja?49z? а 
Е ача АА 


Bte- /9 Jü-zt J2 m. 
30. (142) 4 2(1-2) —3 (1-2). 
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31. 94/(z?—9z-418)- J(z? – 42 -12)—«— 6. 


5 V Me Оза 4. җа 4 
32. Ca *6st8 б б 236249 


34. [s - Iles 1)-5. 


35. 9r*—94z? – 92° —94z 9 — 0. 
36. 8z*— 490° +92922 +49z+8=0. 
37. (1+0) 2° – (7+138)2+92+60=0, where i= 4/-1. 


38. Find tne value of 
[ /8-- „/{9+ (24-77 to infinity). 


39. The product of four consecutive numbers is 840 ; 


find them. 


40. One-fifteenth of the product of the ages of a father 


and his son is equal to the age of the father increased by 


‚40 years; if the sum of their ages be 77 years, find the age 


of each. 

ANSWERS 
1. 4,0. 2, +5. 3. +1. 4.() x1. — (ii) 1. 
5. +4. 6. 1. 7. 0, -3. 8. 4, —Mg. 
9. 1,3. 10. (i) 6, —1, (5 4/—39). (ii) 9, —2, 8, — T. 
11. 6, -1. 12. -3, —3. | 153597 14. 4 
15. +} 16. 2,0. 17. 0. 18. 1. 
19. 8. —1. 20. (i) 9, —35 J/— aT. (ii) 1, 27. 
21. a, b, M(a+b). 22. 0, 3. 28. 5. 24. 8. 
25. 6, —3. 26. 10, 9. 27. $. 28. —Wa, 2a. 
29. — 43. 30. 0, 5. 31. 6,7. 32. 3, —T7. 38. 4. 
34. 2, 4,4(-9+ A65). 35. 3,5, (71x J/-g) 36. 4, —4,2, à. 


. 7—9i,9--5i. 38. 9. 39. 4,5,6,7; —7, —6, —5, —4. 40; 50, 97, 


CHAPTER VII 


SIMULTANEOUS QUADRATIC EQUATIONS 
SEC. A. TWO UNKNOWN QUANTITIES t 


37. One of the Equations Linear. 


The general method of solving simultaneous equations 
involving two unknown quantities of which one is linear 
and the other quadratic, is to express one of the unknown 
quantities, say y, in terms of the: other, say v, from the 
linear equation and to substitute this value of y in the | 
other equation, whereby a quadratic in z will be obtained | 
and this can be easily solved. In some cases, the solutions 


can be effected by using Special artifices, as illustrated in | 
the Examples 3 below. | 
Ех. 1. Solve п? +у2=95 E © (1) 
24-77. Б. - (9) Ñ { 
From (2), 0=7-2. Ue s+ (8) 


Substituting this value of y in (1), we get 
z*--(1—2)*—95, ог, z*—T7z+192=0. 
(z—3)(0—4)-0, whence z=3, or, 4. 
Now, from (3), у=4, or, 3. 
Thus, the roots of the equation are r=3, у=4; 
or, z=4, y=3. 
Note. In example of this.type, while stating the results, the 


students should take special care фо combine properly the corresponding. 
values of z and y. 


SIMULTANEOUS QUADRATIC EQUATIONS 73 


Ex. 2. Solve 2?+ayty?+at+y=5 ses (1) 
24-y—92. . (2) 


"Equation (1) can be written as 
(z3?-Gm-3-zy-5-0. - (3) 
.*, Substituting the value of y=2-2 from (2) in (8), we get 


j 2?--9—7 (2—2)—5-0, 


or, 22—92+1=0, ог, (w—1)?=0, 
whence, z-—1,1and  .. y=1,1 from (2). 
Ex. 3. Solve a+y=8 t - (1) 

23/719. e © (2) 
We have, (c— y)" = (z+)? — 42у= 61— 60— 4. 

<. -y= +2. ... e (8) 
Thus, we have, z+#=8 aty=8 
+++ (4) or, . (5) 
a—y=2 à w-y=-2 


From (4), adding and subtracting, and dividing by 2, we get 
Ë т=б, y=3. 
Similarly from (5), we get z=3, у=5. 
Thus, the roots of the given equations are 
п=5,у=3; ог, c=3, у=5. 


Note. The example сап also be solved by the method shown in 


. 1. 
Ex.4 Solve NENE =5 () 
a+y=10 sss (2) 


[ C. U. 1938 ] 
Equation (1) can on simplification be written as 


aty 5 10 ГУБ 
Барыр or, = 5 


вуса from (2), 


or, Aay=4. JD 2j — 16. - (3) 
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Substituting 7=10—2 from (2) in (3), we get 
` z (10—z)=16, or, z?—10y4-16— 0, 
or, (z—9)(z—8)=0, whence z—2, or, 8; 
and .'. y=3, or, 2 from (2). 


Thus, the roots of the equatioñs are 


2=9,у=8; or, 2=8, 7/=2. 


38. Miscellaneous Equations. 


Ex.5. Solve x+ - =1 24  @) 
y+ i 795. du - (2) 

[ C. U. 1940] 
From(1, ^ ay+4=7. E - (8) 
From (2), m+ 4— 9257. E 2:4) 
4. From (3) and (4), y 252. со ee (5) 


Substituting this value of yin (1):апа simplifying, we get 
250° —952+4=0, or, (52—1)(52—4)=0, 
whence z=š, ог $, and the corresponding values of y are 5, or, 20, 


Thus, the roots are x=}, 7=5 and а=, y=20. 


Ex. 6. Slove 243-9 ES - (1) 
43-3. E . (2) 
* Writing (1) in the form 
(ж-Е1)% – 3х0 (z+) -9 
and substituting the value of z+ from (2), we get 
27=92у=9, ог, 2у=2, es (8) 
Now, from (2) and (3), we obtain, as іп Ex. 4 above 


* $2,j-1; or, x=1, y=2. 


=ч 
с 
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Examples VII(A) 


Solve the following equations : 

16 6) т*+у%=1; 3rt4y—5. 
(ü) e+y=2; у= -2. 

2. (i) л+у=8; Qa? —- 5zy + 2y* = 0. 
(i) 2+3у=7; 20° 3zy + 4y? = 94. 


Беца 

3. 2+0=6! 5 7 il; [ C. U. 1937 ] 
aber eal ah 
4. р oy ns 


5. (i) ety=atb; az *+by*=2. 


TENI 1 
m =97, = = =. 
(1) cy ++ y — 97, = + TT 


_[ 0. U. 19391 
6. (a-b)a+(a+b)a=atd; SP om. 
7. mty=atb; @+а)(у +) =с*. 


Bg LEO Me Ad mee 
So yr mm sh BO AM HT d 


2+у= 38. т+у= 5. 
10. (2+9) +3)= 94 11. т+ту=8 


cy = 6. у+ту= 4. 
er iz 
12. 2*5 5 13. Dnm a 
Bin, Dy ahs dL 
a s; 6 0 0 
14. z?-4?-2918 15. z^4?-9 


2-979, v? —ay y? =8. 


76 


INTERMEDIATE ALGEBRA 


Ji 1 5 zi gb. g 
So Se D. RE = = 
iss guys BUG шакше 
1,1.8, DII. 
p we т+у 8 
18. 2? +ay+2y? MUR 27 +ду=1. 
d Eur See e 
2 y y 
1 
20. гу? = 21. су 
s 8 
2+1=9. a? +y? =98. 
en Лл E 
E SU as Ti 23. 25 gn 
1.1.767 LS Sal EDU, 
2 00 m Y Xm Jy 6 
24. п? +y?+ay=84 25. s- J/w=T-y 
aty— /(xy)=6. у= Jy=9-& 
aryl Д le 
9% l-ay °'1+ту 3 
LT) met A уа 
‚27. (2-0) = 93 @ ” 
"98. (i) a” ДЭ ; m = 98. 
DEY 2EY naa m 
Gi) = = Жор gv ty 90. 
ET Chey Uh UA 
wo ne saa Lo eee ано 
29. gi og a NS Mit CAO 
TE Ia Te Za Ua EOS 
y ge bš git pa азр 
91. 2° +ту+2=14 32: п -ту+у?=7 
y? + ул + у = 98. z* + g?*y* + у* = 183. 
33. 9z?--3ay-y?-— 10 34. 327+ 2ry—-y?=0 


6a? + ay — y? = 50. 


s? +y? 920 —19. 


1: 


11. 


1з. 


44. 


217. 
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apb e= Go 36. 


85у —a4vti. 


87.4" — 198 


92+У= 97% 
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37. The area of a rectangular room is 735 sq. ft. and its 
perimeter is 119 ft. ; find the lengths of its sides. 


38: A rectangular courtyard contains 300 square ist and 
its diagonal is 25 ft. long. Find the length and breadth of 
the courtyard. 


ANSWERS 


(i) 27$, 97$- (ü) z=1+ J3, 1— V3. 
y=1— 43, 1+ қ/8. 
‚ (i) 29, 1. (ii) z—1, —š9. 
3:152: y=2, тз. 
ELIO 4. п=3,6 
yzà —-$. 376, 3. 
. (i) z=a, Mab). сз og ERR 
y=, 3(a-- 0) a-b 2a 
(ii) 3, 6, yaad, cb, 
476,8. a+b 2a 


=1,9. 
у=2,1. 


‚ w= b+ Af(a--0)* =c", — Al (a4 0)* c. 
yza- A/(a--0)* — c^»  A/(a--0)* —c?, 
^ 2=1,2. 9. c—1, 4. 10. 
= 2,1. y=4, 1. 
z=1, —3. 12. 2=6, 4. 
y-2, -2. 3710, 15. 
1 
а= 4 {abt (ath? —4ab)), ge {ab— Аа?" — dal). 
EET Gries aAA, eA s 
yg; {abt V (asb dab), 9, {ab— Nla? — ab). 
g-T, —5. 15. 2—1, 2. 16. 
y=, —T. y=2, 1. 
w=1,2, 18. z=1, —š. 19. r—a. 
372,1. 3-0, į. yb. 
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20. 2—1,8. 21. z—1, 9. 22. z—3,1. 
478, 1. y=9, 1. y=—1, —$- 
28, c—4, 9. 24. z—9,8. Ё 25: д=9. 
у=9, 4. > y=8, 2. у=1. + 
26. z=1, —1. 27. 2-9, —$. 
y=}, —2. 371, 3. 
28. (i) z=4, —4, 7, —7. (ii) z=9, 9, —9, —9. 
3-77, —7,4, — 4. y=3, —3, 3, —8. 
2 
29. a= 5 Nla?+b"), — 5 Wa +0). 30. z=b, 4. 
Oe 20 cee Lu bos 
y= z wa +b), a N(a? +07). y=, 7 
31. т=9, —1. 32. 2=9,3, —2, —3. 38. 2=3, —3. 
у=4, =. y=3, 2, —8, —2. . y74, —4. 
84. п=1, 9, —3, —$. 85, z—1, —3. 30. c—1, X. 
4-73, —2, 3, —38, y=2, —8. y=2, š. 


37. Length-35 ft., breadth=21 ft. 38. 90 ft., 15 ft. 


SEC. B. THREE UNKNOWN QUANTITIES 


39. No general rule can be laid down for the solution of 
quadratie equations involving three unknown quantities. 
The following examples will serve to-indicate the various. 
artifices to be employed in different cases. 


Ex. 1. Solve 2—90+2=0 E - (1) 
9r—8734-392-0 E “= (2) 
m+ 224-2 98. eM - (8) 
From (1) and (2), by Oross Multiplication, 
AFERE ЖА 
—6+8 9-3 —3+18 
2801 ee 
ог, 3 8 55 k suppose. 


C. m=k, y=3k, z=5k. 
Substituting these values of z; y, z in (3), we got 
3k*+ 5k? -- 15k? = 93, or, k?-1, i.e. 
<. 2=1,у=38, 2=5; or, z= —1, y= —9, z= —5. 


k=+1., 


| 
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Ex.2. Solve а+у+9в=9 E - (1) 
T^ +y?+227=14 U - (2) 
yz+zr+ry=11 wee - (3) 


for real values of x, y, z. 
Since, (z ++ 2)? = x? - y? + 2? +9(Jz + zz-- cy) 2 144- 92 — 86. 
atytz=+6 - 0} - (4) 
Subtracting (4) from (1), we get z= 3, or, 15. 
From (2), it is clear that the value of z— 15 inadmissible. 
Since, 2-3, .. from (1), 2+7=3 ] 2009) 
and from (2), x° -- y^ —5 
.`. Solving equations (5) as in Ex. 1, Art. 97, we shall get 
= 1, or, 2; and z = 9, or, 1, 


Ех, 3. Solve x(y+2)=5, y (2+2)=8, z (ш+ y) - 9. 
ГС. U. 1938 J 


From the above three equations, we have 


wytas=5 се E - (1) 
yz+yr=8 a ste ~ (2) 
gz- zy 9. tt Ut . (3) 
Adding (1), (2) and (3) and dividing by 2, we get. 
qz zz uy-11l. ө (4) 
Subtracting (1), (2), (3) successively from (4), we get 
72= 6, 223, vy —2. ө © (B) 
32.22.2175 06.3.2 : or, 2®у%у% =86, 
. wyz=+6. ix; oo - (6) 


Dividing (6) by the three relations (5) successively, we get 
w= il; y= $25 2= +3, 

Hence, the roots of the equations are 
2=10=9,2=3 and a= -1, y=—2, z= —3, 


Ex.4. Solve a?+ay+az=9 Et + (1) 
i Y’ +a yz 97 - Ses (9) 
2° -+22+2у= 45 E -- (3) 


Adding up the three equations, we have 
c? +y? -2* 2 (ya-zz-- cy) — 81. 
SS (z+y+z)2= 81. ©. @+у+з= +9. 


(4) 
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Since, (1) is z (z4-y-- z) =9. 
Dividing (1) by (4), we have, z— +1. 

Similarly dividing (2) and (3) by (4), we have, y= +3, z= +5. 
The roots are z—1, y=3, 2=5 and a= —1, y= —3, z= —5. 


Examples VII(B) 


Solve the following equations.: 


1. 3sty- 52 =0 EE a ara 16) 
72-30-92 =0 z? +у? +2 = 91 
g? +9у° +32? = 98. y? = zm. 

3. atyte =10 А. szty = 12 
z? +42 +2? =38 š у2+2 =8z 

yz = 15. otytz=12. 

5. I+ 3y=5ay 6. yz=6 
3y + 42= Tyz zr—38 
42+ 5m = 9zz. mt = 2. 

7. w(yt+z2)=44 8. ту+т+у=98 
y (z + z) = 50 уг+у+а =27 
z(at+y)=54. gotete=4l, 

[ C. U. 1945] 

9. (=+2)(=+2) =48 10. ту=т+у 
(у + 2)(у + z) = 60 yz=2 (у +2) 
(z + z)(z +) = 80. zz = 8 (z + z). 


11. туг=%(у+а)=(г+)=9(@ + у). 
12. (yt2): +a): (2+0) =а:0: 0 
(у 2* +(eta)? + (т +у)* = 1. 


13. ту+2(т+1)=90 14. у+г=т 1 
уг + 9 (у +2) = 38 а+т=у t 
zm + 9 (z + z) = 24. aty=2. 


[ О. О. 1944] 


MT —————— 
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уа z 
15. 3 


16. (у+&)(ш+у+)=+% 
(e+a)(e+yt2=2 


(w@t+y)(a+y+2) 


17. a(lt+y)=3 


z(1+=)= 6. [ C. U. 1943 | 


18. z*-42-5,y?-zz-23,:?-ay- —1. [O. U. 1946] 
19. 9»r4925yc-7-10zy 
бу + 32 31-15yz 
15z + дж + 19 = бат. 


yz 


21. 


20 


20. aty*=$ 
з 


; = 1200 
mycmz lztnv, тт + у 


ytz = 
zta*=4 [0. U. 1942] 


i а+у+2= 1. 


22. The area of the floor of a room is 320 sq. ft. and those 
of the two adjacent walls are 200 sq. ft. and 160 sq. ft. res- 
pectively. Find the length, breadth and height of the room. 

28. The sum of the three sides of a right-angled triangle 
is 30 and the product of these sides is 780 ; find the lengths 


of the sides. 


ANSWERS 
1. 223, —3. m9, 1. 3. z=2, 2,8, 8. 
y=1, —1. у=З, 3. y=3, 5, 1— J/—14, 1+ / -14. 
2-9, —9, 2-1, 9. 275,9, 1+ y 14, 1— J/ 14. 
4, v—4, 9f. . $—0, 1. 6. z=1, —1. 7. т=4, —6. 
474, 9%. 370,1. y=2, —2. 4-5, —5. 
2-92, —6. 22:0, 1. 2-9, —3. 2=6, —6. 
8. 2-5, —T. 2-2, —9, 10. z-0, 23. 11. 2-0, 1, —1. 
y=3, —5. y=4, —4 y=0, 3⁄2. y=0, 2, -2. 
Fae, et, 2=6, —6. 2=0, —12. 2= 0, 3, —3. 
T & 4 se Meet аа A NOM 
" b-Fc-a cta-b actb-c 2 Ма? + b* +c? 
I 
18. z=9,—6. 14 т=у=з= E 
y=4, —8. 
EU Lus 
=a =} 15. 7=9 = EL 


6 
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17. z=1, —š. 18. z=2, —2. 
= = Til 
2=3, —$. -2=-1,1 

220; 2=1, o. алг 
у=, 2. Blu 1+ тт 
=3, 3. ЫЕ 
E ç VT Enn 
apak s e 
le mtn 
22. length= 20 ft., breadth=16 ít., height=10 ft. 28. 5, 12, 13. 


Examples VII(C) 

[ Additional L Examples on Quadratic Equations ] 
Solve the following Equations : 
1 Za" bÊ c? 

5 os z5—g*-p? 
2. (r—a--9b)? — (x — 9a-- b)? — (a - b). б 
8/JTR—— Уе ЩА T—G,mc—-b. b САХ 
3. Mib-z-1/st57—0. 4. " i оте 
5. J8r-1-4 „/5ш—9= J/7e—-8+ Jr —4. 
6. 9*535-57—65(27-1. 1. z*-a7-8(14a77), 
8. 42° —-9zy-5y? + 4r  11y — 14 2 0, 3y — 22 1— 0, 


2. 


1l JOE. 12 SIS 
9. ОМК зд 10. qu 4 
e ele eM 12 З 
2 oy ty c 
11. z?^-y?-zty-926 12. ту+т+у=97 
4(z + y) = Зу. 9(7-* y *)2 1. 
18. т+у+ту=5 14. (z-3Y(y-92)-6 
ту (z + y)= 6. (22+ 1(y - 1)= — 19. 
z,9. 5,2, 9 9. š 
15. ea 9 yu 9 


16. 
17. 
18. 


19. 


20. 
21. 
22. 
24. 
25. 


26. 


27. 


28. 


30. 


32. 


34. 


35. 


4 2 2 
identical solutions, prove that = + = land g= E y- b. 


4 
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zy- v? =], y®-ay=2. j 
Ма+у+ Jx-y=4, 2° —y* =9. 
zy +6=2r- g", ту 9=9y/- 2. 
Nety- Ve y 
Nat y t 4/2 у 
may? yf gt [ C. U. 1941, '45 ] 

y^ =4, y? = 97, [ G: U. 1943] 
18y* — y?* —81, y? = 3°, 28. т=у=г=туг. 


=3, c? +y? = 65, 


æ? +y? +22 = 84,0 +у+2=14, х2= 0°. 


2y — yz—4,)9z - zz = 9, 2r—2y-16. 


Uu, E oo, NDS, 
a b c ctytz 
N 


A 
y 


C,Yy,2 CES 
+U LES nyuma = 
Aa + ztyctz-83. 


y v yz 
€ (22 +y? 22) 214 29. yztezz-zy--1 
y (x? +y? + 2?) 2 98 г2@+@шу—уг= 7 

z (v? +y + z2)= 49. vy уг— zz = — 11. 
atytz =4 31. yz(y-—2)=-30 
e+3y+2z =11 za (z — z) = 30 

йг + 420+ 9my = 0. vy (z—y)-—6. 

m? —(y za =a? 38. 4r—-9y-z-0 

y? -— (2 а)? = b° f 62—-y—42=0 

2? - (vy)? =c. ty— yz + zo — 46, 


c^ —y* -2° + 9yz= 8, y? — 2? — x° + 9zz — 5 and 
z- g? —y* + 929 — 15. 


If the equations ax+by=1, cz?--dy? —1 have two 


а 


84 
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ANSWERS 
1. + CUT 2. a—9b, 2a — b. 3. 7, —49. 
cT ` 9 — 
4. 0, a+b, “ ote 5. š. 6: 9, sau 9 = t: 
G =}, = 9. х=}, —š- 
у=1, -17 v=} -3. 
11. 2=4, 2, (189 ,/377). 
372, 4, (718 J/371). 
48, z=1,9,1+ ,/—9,1— 4/3. 
y=2,1,1— „/—9, 1+ „/—9, 
16, ш=1,-1. 17. т=5,5. 18. s=- 
y=2, —2. y=4, —4. y=9, —8. 
20. == £9, £}. 21. z=2, —9. 
y=2, —2 у= X8, +}. 
28. $20, 1, —1. 24. 2—8,2. 
479,1, —-1. y=4, 4. 
270,1, —1. 279, 8. 
26, a e bte, 27. т=1. 28. m=1, w, w°. 
с 0=1. 3792 2w, 20°. 
Lab, 2=1. 2=3, Зо, de? , 
ca 
-.atb*e 
ЕР 
29. z=1, —1. 30. 2=1, — 8. 31. 2= 3,30, 302. 
у= —2, 2. y=4, 2. Y= 2, 20, 202, 
2-8, —3. z=-1,}. 2=5, 5w, 5w?. 
a(b3--c?) _a(b?+c* 38. д=7, —T. 34. 2=9, —2. 
eo re), ае . 
82. == gc Zbc у=10, —10, у=8, `8! 
(с? +а?), _ b(e2 +a), 2=8, —8. 2=4, —4, 
Y= оса ea 
cla? +b?) , _с(а? +0?) 
2= "Bab 2ab 


CHAPTER VIII 


THEORY OF QUADRATIC EQUATIONS 
AND EXPRESSIONS 


40. Number of Roots of a Quadratic. 

It has already been found in Art, 38 that the most 
general form of a quadratic equation has two roots. Tt will 
now be shown that 

A quadratic equation has two and.only two roots. 

Let a be a root” of the equation az? +bx+c=0, 

Then ва? + ba + o = 0. SS 0-7 — (aa? + ba). 

ax? + bz + c = ат? + bz аа? — ba 
=a (x° — aP) + b (z — a) 
=(c-alfo(e+a)+dh = GJ 

Thus, we see that corresponding to a root a of the 
equation ac? + ba + c = 0, there is a linear factor z— a of* 

ac? + bz + c. 

Since, from (1) it is clear that aa” 2+ba+c has got two 
and only two linear factors of the form z: — a, (real or imagi- 
nary, distinct or coincident), it follows that the quadratic 
equation ac? +02+с=0 has got two and only two roots 
(real or imagihary, distinct or coincident). 

Note. We give below a proof which is instructive to show that 
a quadratic equation have morethan two different roots. 

If possible, let а, 8, У be three different values of the 
unknown quantity z, which satisfy the standard quadratic 


equation 
act? +bx+c=0 oo - (1) 


«Неге it is tacitly assumed that every equation has a root. 
D 
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Since each of these satisfies the equation, we must have 


` аа? +ba +c = 0 cea ses (@) 
ap? +bB+c=0 ex; we G) 
ay? +by + c— 0. © - (4) 


Subtracting (3) from (2), we get 
š a (a? — 8*) - b (a — B) = 0, 
or, (а Ba (2+6) - b] — 0. 
Now, since a is different from f, (a — 8) cannot be equal 
to zero, 


a(a+f)+b=0, -- - (8) 

Similarly, subtracting (4) from (3), we get 
а (8-»)- 5 —0. =S + (6) 
Subtracting (6) from (5), a (a -7) =0 = (7) 


which is impossible, since by hypothesis, a = 0 anda Z y. 
Hence, a quadratic equation cannot have more than two 
different roots. 


Note. Now, if we assume that the quadratic equation az?-Fbz--c 
=0 is satisfied by three different values of т, say, a, B, y then proceed- 
ing as above, we shall obtain from relation (7) that а=0, since 
(a—7) =£ 0 and hence from (6), we have b=0 and from (4, с=0. Thus, 
the equation becomes 0.z* -- 0.z-i-0=0 and this being true for all values 
of c, is an identity. Thus, if a quadratic equation is satisfied by more 
than two different values of the unknown quantity, it is an identity and 
not an equation. 2 

41. Nature of the roots of a Quadratic. 

It will now be shown how without solving a quadratic, 
the nature of its roots can be determined. We take the 
typical equation az? + bz: + c = 0, the roots of which are 


— b у NP ETT ng RENTE: 
2a 2a, 2a 2a 


and we suppose that a, b, c are real quantities. The expres- 
sion b? —4ac enters into both the solutions. Hence, the 
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nature of the roots of the quadratic depending upon the 
value of b? — 4ас will be considered. 

(i) If 0° – 4ас is positive, i.e., b? > 4ac, fen eae 
is real and therefore both the roots are real and unequal. 
In particular, if b? —4ac is positive and a perfect square, 
both the roots are rational, provided a, b, c are rational ; 
and if b° —4ac is positive but not a perfect square, mey are 
irrational. 

(ü) If 0° —4ac is zero, Le, b?-—4ac, both the roots are 
real and equal.” : 

(iii) If b° — 4ac is negative, i.e., b? < 4ac, both the roots ' 
are imaginary and unequal. 


Note 1. From above, it is clear that both the roots are real if 
b?” —4ac is positive or zero, i.e., if b? —4ac is not negative. 


Note 2. Tho quantity 0° —4ас is called the Discriminant of the 
quadratic equation az*-Fbz--c-0 (or of the corresponding quadratic 
expression), since itis so very useful in discriminating the nature of 
its roots. ` 

‚ Note 3, From (i) it is clear that a quadratic with rational coeffi- 
cients cannot have one rational and another irrational root and 
from (iii) it follows that a quadratic with real coefficients cannot have 
one real and another imaginary root, 


42. Conjugate Roots. 

(i) Im а quadratic equation with rational coe ficients, 
irrational roots occur in pairs, i.e., if p+ „Ја be one root, the 
other root will be the conjugate irrational quantity p— ~g 
and conversely. 

Let the irrational quantity p+ /q be a root of the 
quadratic ,az*+bz+c=0. Then, Ë 

a (p+ Ja) +b (p+ Ja) +с=0 
ог, (ap? +aqtbpt+c)+ Aq (2ap-* b) — 0. 
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Since rational and irrational parts cannot cancel each 
other, [ See Art. 18 (ii) ], á 


ар? +aq+bp+c=0 and 2ap +b=0. © (1) 
Now, alp- Ja)? *b(p— Ja) +e 
= (ap? + аа + bp * c) - Va (ap +b) 
=0— A/q.0 by (l), =0. 
p- Ja is also a root of ap +br+c=0. 
(i) In a quadratic equation with real coeficients, imagin- 
ary (complex) roots occur in pairs, i.e., if p +iq be one root, 


the other root will be the conjugate imaginary quantity 
p — iq and conversely. 


Let the imaginary quantity p+iq be a root of the 
quadratic 
az? + bz c- 0. 
Then, a(p-+ iq)? + b(p 4 iq)-- c — 0, 
or, (ap? – аа? +bp +c) * i(2apq + ba) = 0. 
`. Equating real and imaginary parts, [See Art: 25(ї1)1 
ар? – ag? +bp+c=0 and 2apq+bq=0. = (1) 
Now, a(p—ig)* +b(p—ig) + с 
= (ap? — aq? + bp + c) —i(2apq + ba) 
=0-2.0, by (1),=0. 


p — іа is also a root of ax? + bm + c = 0. 


48. Relation between Roots and Coefficients. 
Let а, B be the roots of the quadratic az? t bz c—0 ; 
then from Art. 35, it follows that 


cup Ib? — дас SOS Alb? дас, 


a= v and: p= 2a 


w g 
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2 6 DELI {ду 
© (i) a+p= 2a a 
m (= 0) — („7/22 —4ac)* b? — (b? — 4ac) 
(ii) ав dui dus 
24ac . 0. 
4a? а 
Thus, 
à ono DL. Coeficient ofc. 
(i) Sum of the roots = — coefficient of ° 


absolute term... 


(ii) Product of the roots — CUERO 


b 


c 
m+ = =0, so 
a a 


Cor. If the equation be written in the form 22+ 


that the coefficient of д? is unity, the above relation may be stated 
thus :— ^ 

In а quadratic equation with coefficient of z? as unity, 

(i) the sum of the roots és equal to the coefficient of x with the 
sign changed, 
(ii) the product of roots is equal to the absolute term. 

Note. It evidently follows from above that the quadratic equation, 
of which the sum and the product of the roots are p and q respectively, 
if 2° -рх+0=0. 

44, Formation of a quadratic whose roots are given. 

Let the roots а, В of a quadratic be given. Suppose 

w? + pr + q = 0 Бе the required quadratic equation, 

Then atf--9p and oB =g. S 

s. The required quadratic equation is 
a^ — (a + Bm t oB—-0 КП) 
or, (v — а)(а— 8) - 0. 
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The equation (1) can be written in words thus : 


m? — (sum of the roots) 2 + product of the roots = 0. 


45. Illustrative Examples. 


Ех. 1. For what values of a will the equation c? —(3a—1) m+2a? 
+2a—11=0 have equal roots ? 


Here the discriminant must be zero. 
С. (8a—1)? —4 (222+ 2a~11)+0, 

or, a*—14q+45=0, 

or, (a—5)(a—9)-0; .:. a=5, or, 9. 

Ex. 2. If a,b, сате rational and a+b+c=0, show that the roots 

of the equation ` / 
(b-Fc—a) x? -- (c--a— b) z-- (ad-b — c) 0 are rational. 

Here, the discriminant ` 4 
=(c+a—b)*—4 (b+-c—a)(a+b— c) . 
=(-a—-b+a—b)? —4(b-a—b—a)(a+b+a+b) 

[ since c= — (a+b) ] 
=4b? -- 10a (a+b) 
74 [b* + 4a? + Aat = 4 (2a-+b)* =a perfect square, 


and since a, b are rational, therefore the roots are rational. 


N. B. The equation reduces to az? --ba-+-c=0 ; +. Discriminant 
=b°—4a(—a—b)=(2a+b)*=a perfect square, 


Ex. 3. Find the equation with rational coefficient, one of whose 
roots is 3+ n5. 
Since one root is 3+ 4/5, the other root must bo 3— м5 [Art. 42(i)] 
+. Sum of the roots=(3+ 4/5)+(3— 4/5)=6, 
product of the roots=(3+ J/5)(3— ./5)=9-5=4; 


|." The reqd. equation is z? — 6z4-4— 0. [ Art. 44 ] 


` 
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Ex.4. Find the quadratic equation with real coefficients, one of 
whose roots is 5— ,/—3. 
The other root must be 5+ ,/—3. [ Art, 48(%1) ] 
Sum of the roots=10 and their product =25+3=28 ; 
-. The reqd. equation is z?—10x+28=0. 
Ex. 5. Find the value of 2? — 12? —92-- 88 when z= 5+ A/—8. 
The equation whose roots are 5+ ,/ —3 and 5— ,/=3 is 
2° —10z+28=0. [ See Ez. 4 above ] 
Hence the value of x? — 1074-98 is 0, when z—54- A/( — 8). 
Given expression = z (2° — 1022-98) +3 (z? —10x-+28)+4 
=@х0+3х0+4=4. 


*Note. In examples of this type, i.e., in the evaluation of expres- 
sions containing z when c is of the form a+ Jb or a+ м/(—0), the 
method of procedure is “First form the quadratic, one of whose roots 
is the given value of 2; then with the help of this expression, the 
evaluation of the given expression becomes easier. 


Ех. 6. If be the ratio of the roots of the equation ax? +bn-+c=0, 


т >, [ б. U. 1934] 


show that oad 


Lot а be one of the roots, so that ra is the other root. 


bi; 3-2. vss 

_ Then a-rac — =з ie, a(l4-7)— - (1) 
c 5 га An 

and ата= =. e, а= - = (2) 


b? c 
PARIL eine antc. 
From(1, а xg from (2), a a 


VN асри Wem еда 
JU gU (ur)? ar PD T “ac 


Ех, 7. Find the condition that the roots of the quadratic equation 
an? +-bx-+-c=0 should be 
(i) equal in magnitude and opposite in sign, 


and ` (ii) reciprocals. 
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(i) If the roots be equal in magnitude and opposite in sign, then 
their sum would be zero. 
:. Sumofroots- — > =0, or, b=0. 


b=0 is the required condition. 


(ii) Let the roots be a and 1 ` 


= = product of the roots =a x 1 =1. 


4. c=ais the required condition. 
Ex.8. Find the condition that the roots of the quadratic equation 
ах? +ba+c=0 should be 
(i) both positive 
(ii) both negative 
(iii) one positive and the other negative. 


(i) If the roots are both positive, «-- 8 and a8 must be both posi- 
tive, t.e., —b/a and c/a are both positive. = 


Hence, the required condition is that the signs of a and c should 
be like and opposite to that of b. 


(ii) It the roots are both negative. a--8 is negative, and af is 
positive, i.e., —b/a is negative and c/a is positive. | 


Hence, the required condition is a, b, с must all be of the same 
sign. 


(iii) If one of the roots is positive and the other negative, a8 must 
be negative. .'. cla is negative, i.e., c and а must be of opposite signs. 


The numerically greater root will be positive or negative according 
as the sum of the roots is positive or negative, i.e., according as bJa is 
negative or positive. | 


Hence the numerically greater root is positive if b and c are of the 
same signs and a of the opposite sign and is negative if a and b are of | 
the samo signs and c of the opposite sign. 
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Ех. 9. Find the condition that im the quadratic ax?+bz+c=0 
(i) one root is zero, 


(ii) both the roots ате zero. 


(i) If one root is zero, са = product of the roots= 0; 
The required condition is с=0. 
(ü) I both the roots are zero, sum of ihe roots as well as the 
product of the roots are zero ; —bja=0and cla=0; 
.. Tho reqd. condition is b=c=0. 
Ex. 10. (i) Find the condition that the two equations ax?-Fbx--c 


=0 and a’x?+b’x+e'=0 may have one root common. Assuming that 
this condition is satisfied, find the common root and also the other roots 
of the equations. 

(ii) What is the condition that the above two quadratics should have 
both the roots common ? 

(i) Let a be the common root; since it satisfies both the 
equations. 
aa?+ba+c=0, 
аа +b/a+c'=0. 
*. By the rule of Oross-Multiplication, 


а? — od 0 
bc! —b'c a ab — ab -0 
à Ebo! ту с ca/— с'а Ма ` 
d Ofen and also= aay oe - (2) 
d (bc/—b'c)(ab'—a'b)— (ea - € 'a)?. se . (8) 
This is the required condition. \ 


From (2), it follows that the common root a is 


be! — b'c са с'а 
ca с'а ab! —a'b 


which are obviously equal because of the relation (3). 


Since, the product of the two roots of the Ist equation = c/a. 
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«`. The other root of the 1st equation, obtained by dividing c/a by 
either value of the common root, is 


c (ca’—c'a) ог 24-а), 
а (bc' — b'c) à (ca/— c'a) 
Similarly, the other root of the 2nd equation can be obtained. 
(ii) Let a, В be the roots of the 1st equation and a’, 8”, those of 


the 2nd equation ; since both the roots are common to the two 
equations, 


S. a+B=a'+ 8’ and а=," 


b оо; 

i = and — =, 

a a а а 
М арс 
46, G= = 
Marocco 


This is the required condition. 


Note. It is easily seen that in case (ii) the two equations are 
equivalent. ‹ 


Examples VIII(A) 


In the following examples letters a, b, с еіс. denote real quantities 
unless otherwise stated. 


1. Isthe following*an equation or identity ? 
(i) (z^ — a)(b — a) + (x° — b)(a — b) = (a — b)°. 
(ii) (z — m)? + (z — n)? 
=a (z — m) + z (z — n) +m (m — z)-+ n (n — z). 
2., Show that the roots of the equation 
(b—cm)* *2(c— a) v (a - 0) «0 
‘are always real. 


9. Show that the roots of ax? + bz + c — 0 are rational, 
if a + b+ c — 0 and if a, b, c are rational. 
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4. If the roots of the equation 
(a? +b?) 2° — 9 (ac +d) æ+ (c? +d*)=0 
are equal, then à : b::cid. 
5. Show that the roots of the equation 
' (a? — be) 2° + 2 (b? — ca) z + (c? — ab) =0 
will be equal either b= 0, or a? + b? + c? — 3abe = 0. 
6. For what values of m will the equation 
2? — 9 (5 + 9m) z + 3 (7 + 10m)= 0 
have (1) equal roots, (2) reciprocal roots ? LO. U. 1936 ] 
7. It the roots of the equation z? — pz q^ = О be real, 
prove that p cannot lie between — 2g and +90. 
8. For what value of m will the equation 
a b 


a мые ea та. 
т+а+т ++ 


have two roots equal in magnitude and opposite in sign ? 
9. Prove that the roots of the equation 
(z — a)(z — b) + (z — be — b) + (z — ox — a) =0 

are always real and cannot be equal unless a = b = c. р 

10. If the roots of z^ + 972: + ра = 0 are real and unequal, 
‘then those of z? — 9 (p + q) z + (p° + q? + 9r°)= 0 are imagin- 
ary and vice versa. 

11. Show that the values of v obtained from the equa- 
tions az? + by? = 1 and ag by =1 will be equal, if a—b=1 

19. In a quadratic equation of the form z* 4 pz -- q — 0, 
the absolute-term is misprinted 45 for 48, and the roots 
are therefore obtained as 5 and 9. Find the roots of the 
equation correctly printed. 
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13. Obtain a quadratic equation with rational coefficients 


one of whose roots is 
gir 4 ХРА 
G 34 Js Gi) Jax Ja b) 


maria “Seu 
14. Find the values of the following expressions 
(i) 2° — 120° + 512 — 76, when z = 4 — /=3. 
(i) z* +4a° + 622 + 4r + 9, when z = J-8-1. 
(iii) c3 — 92? — 72-8, when z- 2 + BY, 
15. If one root of the equation x*—px+q=0 be twice 
the other, show that 9p? = 9q. ,L G. U. 1937 ] 


16. If one root of the equation ат? +0г+с=0 is the 
square of the other, prove that b? +а?с+ас? = Заро. 
*17. Form the quadratic whose roots shall be 
(i) m times the roots of z^ — pz + q = 0, 
(ii) greater by h than the roots of a? — pr + q = 0, 
(iii) cubes of the roots of z?-prtq-0, 
' (iv) arithmetic mean and geometric mean of the 
roots of z? — pz + q = 0. 
18. Find the condition that one root of ат? +be+c=0 
may be R 
(i) n times the other root, 
(ii) nth power of the other root. 


19. (i) Find the condition that the roots of the equation 
аш? + bz + a= 0 may be in the ratio Qm : n. 
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(ii) If the roots of az? + bz +c=0 be in the ratio p : q, 
show that 


Ma, fa oye 
J? 1+ E 0. 

20. (i) ТЇ a and f be the roots of д? +р®+а=0, show 
that ав > is aroot of qz? — (p° —9q) 2+7=0. LO. U. 1931] 


(ii) If а be a root of the equation 4z?--9»—1-0, 
prove that 4a? — 3a is the other root. 


21. Show that the ar ithmetic mean of the roots of 
2° —даж+Ь% =0 is the geometric mean of the roots of 
ж? — 9bz -- a? = 0 and vice versa. 

22. If the ratio of the roots of az? +br+ce=0, be equal 
бо that of the roots of аут? + bc - c — 0, then 

b n Pa GT Ga Cote 

28. Determine the values ofm for which 32? + 4mz + 9 = 0 
and 2v°+8a-2=0 may have a common root. 

[ 0. U. 1934] 

24. Ifthe equations z*--pz-g—0 and х°+рх+а' =0 
have a common root, show that it must be either 

pq = Pd e. 4-9. 
q-q 2-р 

25, Show that the equations (g —7) 2°  (r p) z +(p— q) 
=0 and (r- р) 2° + (p— q) z + (a —r)= 0 have a common root. 

26. If the quadratic az? +br+c=0 and ba*+er+a=0 
have a common root, then either a+b+c=0, or, a=b=c. 

27. If a+b+c=0, show that each pair of the equations 
w? +ат+0с=0, o*+ba+ca=0 and z*-corcab-0 will 
have a common root. 

28. Prove that if the quadraties v*--pz--6—0 and 
2* + qmd p-0 have a common root, then either p=q or 
р+а+1=0. [ C. О. 1939] 


m 
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29. Prove that if the quadraties z? +bx+ca=0 and 
д? + em + ab= 0 have а common root, their other roots will 
satisfy z° + av + bc = 0. 


ANSWERS 
i. G) Identity. (ii) Identity. 6.()2,3. (8) — 3. 
83807 12. 6,8. 18. (i) 4z? —6z--1—0. 
(ii) ba? —2az4-a— 0. (iii) 112? -62+1=0. 

(iv) qu? — (p? —29)z4-q— 0. 14, (i) 0. - (ii) 12. (iii) 6. 
17. (1) x°- mpz-d- m^q —0. (ii) 2? — (p+-2h)z+ (V? +ph+9)=0. 
(iii) z?--(3pg—5?)z--g? — 0. (iv) 2? — (3p-- J/a)z-- 3p N/q — 0. 

18. (i) (n4-1)? ac=nb?. (ii) (2 U+ (e) = b, 
a a a 
19. (i) ac(m--n)? = b? mn. 28. 1, X. 


46. Symmetric functions of Roots. 


Any expression involving the roots of а quadratic 
symmetrically, can be easily expressed in terms of the 
coefficients of the quadratic. The general rule in such a 
case as “Hapress the given expression in terms of the sum 
and the product of the roots and then write down the values 
of the sum and the produci im terms of the coefficients". 
This is illustrated in the examples below. 


We shall also illustrate by examples the formation of 
quadratics whose roots are the symmetric functions of the 
roots of a given quadratic. 


Ех. 1. Т} а and B are the roots of the equation aw*+bx+c=0, 
express а +87 in terms of a, b, c. ГС. U; 1985 ] 


at +B? = (a+ B)? - 208 (— °) =a с 


а 
— 0" _2¢ _b?—2ac 
а д а? ` 
Ех. 2. Ifa and B are the roots of the equation o? t pe--q=0, find 
the values of (i) aB-? + Ba-* and (ii) a^8* + B*a?. 
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Since a--8— —p and a8— 0, we have 


(ii) «*8*-- 8*a* —a*8* (a*-- 87) — (a8)* (a+ B)* — 88 (a-I-B)) 
=9* {(—p)*—39 (—p)} З 
=ро* (30—р°). 
Ex. 3. Ifa and В are the roots of x*+px+q=0, form the equation 
* whose roots ате (a —8)? and (a + B)*. [ C. U. 1988 ] 
Here a+B=-—panqda8=g. 
Sum ot the roots of the required equation 
= (a — B)?-* (a-- B)* = 2(a3 + 8°) 
=2 {(a+ B)? – 288) — 2 (p* — 24). 
Product of the roots— (a — £)? (a+ )? = (a + 8)° (а B)? — 408} 
—p* (p? —49)=p* — 4р?0. 
Hence, the required equation is 
%° —9 (p* — 24) z-- p* — 4p?q— 0. 


Examplex VIII(B) 


1. If a, f are the roots of the equation ac^ +ba+c=0 
find the values of the following in terms of a, b, c 


fele NUM ccce Reg 


a 


2. If a, В are the roots of the equation x” +pxu+q=0, 
find in terms of p, q the values of the following : 


(0 ара Beas (ii) a* +аВ? + g*. 
(ii) a7? p-*. Gii) (L+a+a°)(1+6 +3), 
(v) a? (a°p™ — B) + B° (Ва + — a). [ 0. U. 1941] 


5 (vi) (a+ p) * + (6 + p) 2. 


3. Ifa and В are the roots of az? +00 +с=0, find the 
equation whose roots are 


G) a° and 0°. LG. U. 1933] 
(ü) ав > and Ba^*. [ C. U. 19361 
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(iii) a? + 8°? and a^ + Bae 
(iv) a+ B * and B a^^. ] [ C. U. 1939] 


4. If p and g are the roots of the equation 2° +7a+12 


=0, find the equation whose roots are (p +q)” and (p — g)°. 
ГО. U. 1945] 


5. Express the roots of the equation 
q?z? — (p? – 99) 2+1=0 
in terms of those of z? + pz + q = 0. 
6. Ifa, В be the roots of pz? + qz + q—0, show that 
j К ay al е. УЙШ oy 
В а p 
7. Ifa, В are the roots of z^ —pz-q-—0, form the 


equation whose roots are i 
(i) ma+ nB and na +mB. (ii) a +a28" and В+ Ват". 
(iii) 2a- В and 28 — a. 
8. Ша, В and 7, ó be the roots of x*—px+q=0 and 
m? — yz -- q'—0, find the value of (a —»)(8 — б) (8 —?)(a — д). 
9. If a, f and а’, В be the roots of z^ — pz q=0 and 
x? — p'a  q' =0 respectively, find the value of 
(a-a’)? +(a— 8)? +(8 —a')° + (8 — 8)". 
10. ‘If a, В and 2,6 be the roots of z^-4 pr—r-—0 and 
ш? +рт+т =0 respectively, prove that 
(a — 7)(а— б) = (8 — 7)(8 — ô). 
11. Ifa, and 7, ô are the roots of z^ —Qua +b? —0 and 
g? — 9c + d? = 0 and if aó = By, prove that a?d* —b?c?. 
12. If the roots of az^ +bu+c=O0 differ from those of 
a'z? + bz + e= 0 by a constant, show that 
b? —4ac b? -4ac, 


18. Form the quadratic whose roots are the reciprocals 
of the roots of az? + bz + c = 0. [ G. U. 1944 ] 
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14. If the roots of az" °+ba+c=0 are the UT of: 
those of a's? + D'z + c' =0, show that a:b: c: RR 


15. If the roots of z?--2pr-g—0 and w? +947 +р= 0 
differ by a constant, show that p+q+1=0. [0. U. 1944] 


16. Ií one root of the equation z° + ag + b= 0 be a root 
oí the equation m° + em + d =0, its other root is a root of the 
equation, z* + (2a — c) e + (a? — ас+ d) - 0. 


ANSWERS 
1. (i) b (ii) изгесе). (i) 5 b? e l. 
Nd 2 h i 
a UD (ii) (p° — op? — 89). 
(iii) т. (iv) 1-p+p?-¢—p0 +07. 
w) pip? — 4q)(q — p°). (vi) p*—4p*qt29*. 
q q* 


3. (i) aa — (b? —2ac)z + c? = 0. (ii) ac (z-- 1)? — b?c. 
(iii) a2c?22 —(a2b? -- 52 c? — 923? c— 2ac?)z + (b? — 2ac)? = 0. 
(iv) aca? + b(a-- c)z4- (a-- c)? — 0. 4. 22 — 502+49=0. 

277, 87° ; a, B being the roots of the later equation. 

7. (i) 2? —p (m+n) a mnp?4-qn —n)*- 0. 

(ii) gu? —p (p? — 24) z+ p*q 0. 
(iii) 22 —pz4-99 —9p* — 0. 8. 2(g4-0')  pp'. 


9. 2 (p? —29-- p? —99'— pp). 18. cex?--bz--a-0. 
47. Factors of the Quadratic expression ax?-- bx + с. 


Леб a, В be the roots of the quadratic equation 
ac? + bz + c= 0, 


so that aspe -? aud айт. 
° ЯА 2, Ёё с 
Now, ax? +ba+c=a\a + = m+ 2) 
і а а 
= айш? — (a + B) z + afl 
= ala — a)(z — ). 


<, 
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Note. The student should note carefully the distinction between 
а quadratic equation and a quadratic expression. In the quadratic 
equation ax*+bx+c=0, z can have only two values but in the quad- 
ratio expression az?--bz--c, х can have any value. 


Сог. 1. Ifa, B be the roots of z?-- pz--q—0, then 
z? + pz--q= (z—a)(z — 8). 
Сог. 2. It follows from above that az?--bz-- c is divisible by z—a 
if a is а root of az? + bz+ c= 0. 
We have seen another method of proof of this important result in 
Art. 40. We give below a third method. i 
By actual division we see 


2-а Y az*--bz-- c ( az--(aa-- 0) 
ax eS шы 
c (ao -+b)+ c 
2 (aa-- b) — aa? — ba. 
aa*+ba+c 
Thus, we see that if az? --bz--c be divisible by z—a, we must have 


aa*+ba+c=0, i.e., a must be a root of az?-t-bz-- c0. 

Note 2, Itis evident from above that the nature of the factor of 
a quadratic expression depends upon the nature of the corresponding 
quadratic equation. Hence the factors will be (i) rational, if b*— 4ac 
is positive and a perfect square and a, b, c are rational ; (ii) real and 
irrational, if b*—4ac is positive but nota perfect square; (ii) imagin- 
ary, if b*—4ac is negative: (iv) real and equal, if b?—4ac=0. 
When the factors are equal, then az?+ba+c=a(r—a)?={ Va (x —a))*. 
Thus az? -- bz-d- c is a perfect square, if 5? = ac and a > 0. 


48. Condition for a common linear factor. 


Since a factor of the expression ac^ + bz +c corresponds 
to a root of the equation az?--bz--c-—0, it follows that if 
two quadratic expressions az?--bz--c and ат ++" 
haye a common linear factor, the two corresponding equa- 
tions az* +02+с=0 and a's? t b/z -- c/ =0 have a common 
root, the condition for which is [ See Art. 46, Ex. 10. ] 


(bc' — b'cY(ab' — a'b) = (ca — cd). 
This is therefore the required condition that the above 
two quadratic expressions have a common linear factor. 
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49. Factors ofthe general Quadratic expression in 
,x and y. 


The general quadratic expression in т and y can be 
resolved into two linear factors under certain conditions. 


Let az? + 9hz + by? + 902+ 9f + c be the general quad- 
ratic expression in v and y. I 


Consider the equation 
az? + Shay + by? + 9дж + 9fy + c —0, 
or, am2-+ 9m (hu + g) + (by? + 9fy-- c) 0 
which, treated as a quadratic in v, gives 


Lom (+) Siva)? = a(by? +9fu + c), 
a 


The exp. az? + Qhay + by? + дж + 9fy + c 


m fe huta- AK g) — atby? + 2+0) 
p а 


x Ë: Jura Jut ay ау €9fy Fo), 
a 


Thus, the two factors will be both linear, if 
(hy + 9)? — a (by? + 2fy +c) is a perfect square, 
i.e, if y? (h? —ab) + 9y (gh — af) + (g? — ас) 
is a perfect square, which requires that . 
4 (gh — af)? = 4 (h° — abY(g? — ac), 
or — g*h?— 92afgh + a*f? =h"g? — h*ac — abg? + а®Ьс, 
il. abe + 9fgh — af? — bg? — ch? = 0. ' 
This is the required condition, and the expression on 


the left is called the discriminant of the general quadratic 
expression. 
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50. The sign of the expression ax?-- bx-- c. 

The sign of the expression as? +bs -+c depehds on the 
nature of the roots of the equation, az? + bz + c= 0. 

If a, B are the roots of the equation, then 


ac? c bz + c = a, (z — a)(z — В). 


Three different cases are to be considered. 
(i) The roots real an equal, (a = В) : 
as? +br+c=a (v—a) —axa positive quantity. 
aa? + bz +c has the same sign as a. 
(ü) The roots imaginary : 
Let a=m +in and B=m—in, И 
az? +br+c=a fv- (m+ in)}{x — (m — in) 
=a {(x—m) — ink{@e — m) + in} 
=a (v —m)?* + n°}, since i? = - 1 
—a Ха positive quantity ; 
an” + Ба + c has the same sign as a. 
(iii) The roots real and unequal : 
Suppose т lies between a and f. 
Now, if a < z < В, then z—a is positive and 2-f is 
negative. 
« But if В < z < а, then x-a is negative and z— 8 is 
positive. 
In either case, (r— a)(z— B) is negative and hence 
а (z—a)(— В) is positive or negative, according as a is 
negative or positive. 


ac? + bz + c has a sign opposite to that of a. 
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Next suppose z does not lie between a and B. 

Now, if x be greater than both a and B, then v — a and 
т — В are both positive. 

But if z be less than both a and B, then 2-а and z— f 
are both negatiye. 

` -. In either case, (r—a)(r— B) is positive and hence 
a (r—e)r-—B) is positive, or negative, according as a is 
positive or negative. 
ac? + br +c has the same sign as a. 
Thus, for all real values of m, the expression az? + bz + e 


has the same sign as a, except when the roots of the equation 
az? + bz + e= 0 are real and unequal and т lies between them. 


51. Magnitude of the expression ax? +bx+ c. 
Let ад? +be+c=y; then dz? +ba+ce—y=0. 
Sale Jb? — 4a. (6—0). 
2a 
Since z is real, the expression under the radical sign 
must not be negative [ See Art. 41 ]. 
d eniin «0 
4ac— 


ie, 4a fy- fes p «0 noe - (1) 
: 4ac—b* E К, 95 
1.0. тру X 0, if a is positive * (9) 
and > 0, if а is negative - (3) 
From (2), it follows that if a is positive, for all real 
values of z, the value of y, ie, of az^-bz-c is > or 


= im E and hence in this case the least or minimum value 
5 ; 
..4ac —b* . 
ON а 


4a 
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and from (3), it follows that if a is negative, for all real 

values of zw, the value of y, i.e., of am? + br c is < or 
=_12 

"ied and hence in this case the greatest or maximum 

4ac—b*. 


value of y is 4a 


Note 1. It is evident from above that when the expression is either ° 


Ae рах b 
maximum or minimum z= TEES 


Note 2, The above result can also be established in another way. 
This is illustrated in the examples below. 


52. Illustrative Examples. 
Ex. 1. Prove that for real values of x, the expression 30° — 6248 
can never be less than 5. [ C. U. 1935) 
3z*—6--8-3 (a? — 24+1)+5=3 (z—1)2 + 5. 


Since, for all real values of ж, (z—1)? is never negative, 


+. 82? —6л-+-8 can never be less than 5, 


Ех. 2. If æ be real, show that the least value of 42° —4gJ-1 is zero 
and the corresponding value of z is 3. ГС. U. 1937 ] 
42° —4ш-+-+1=(02—1)%. .'. Itis either zero or positive for real 
values of z, and hence its least value is 0 ; and the corresponding value 
of z is given by 9л—1=0, i.e.n c=}. 
2*-F94r—T1 
2^-F9r—T 
between 5 and 9. ГС. U. 1938] 


Ex.3. If z is real, prove that can have no value 


Then z* (y—1)+2 (y—17) «—(7y—71)=0, 


pe 2200—17) 0/4 -ITE (у—1)(7у— 71) 
ВЕ 2 (0—1) 
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Since, x is real, the expression under tho radical sign, i.e., 
А {(y—17)? +(y—1)(77—71)} must not be negative 

ie, 448 (0° —14у4-45))--------. 

ёо, 82 00—800 9))-------- 


y can have no value between 5 and 9, for 
when y > 5 but < 9, one of the factors, viz., (y—9), becomes negative 
and hence the expression becomes negative. 


Examples VIII(C) 
1. (i) If z is real and expression 
z? + (b — 9a) x +a (0—0), 
is positive, show that z can never lie between z and a — b. 
(ii) If 2 is real, show that 4c--7— 32° will never be 


greater than 32 
Gü) Show that 9z*--5r--6 is positive for all real 


values of >. 
(iv) Prove that 10s? — 17% +3 is positive for all real 
values of z except when z lies between z and š. 
- (i) Show that (z— 1)( — 9)(z — 3)(z — 4) + 5 is positive 


for real values of 2. 
Gi) Divide the number 10 into two parts such that 


the sum of their squares is the least possible. 
—8a+4 


3. Show that ? rue. lies between 7 and +, if z be 
real. LC. U. 1940] 
92° — 2m + ` 

4. If v be real, prove that qi NS = cannot lie 
between 1 and —7. [ О. U. 1944] 


дт? + bx +2 
5. Prove that Заз аар CO have апу real yalue 


if ж be real. 
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6. If т be real and a have any value between 1 and 3, 


skin 0) 
show that “Z — 7" 5 can have any real value. 
atg- 2r 
t лб S. mic е 
7. Find the limits between which teh must lie 


for real values of x. 
8. (a) If z is real, find 
(i) the greatest value of (z + 1)(8 — z). 
(ii) the least value of (z + 9)(e + 3). 
(b) (i) Find the maximum value of — 32° + 67 — 1 and 
the value of z for which the expression is maximum. 
(ii) Find the values of а which make 
w? —am+ 1 — 94° always positive for real values of z. 
9. Show that the greatest and least values of 
6z* — 99m + 91 » 
5z° — 18g + 17 [ О. U. 1944] 
for all real values of z are $ and 1 corresponding to the 
values 1 and 9 respectively of z. 


10. Prove that the expression z^-F9bz-c is greater 
than, equal to, or less than (z + 0)°, according as the roots of 
the equation z? + 9bz + c — 0 are imaginary, equal, or real. 

11. Ií z and y are two real quantities connected by the 
equation c? + 19zy + 42 — 96x — 44у + 89 =0, then z cannot 
lie between 4 and 1 and y between š and 1. 

. 12. Show that if the quadratic expression 
2? + 9 (a + b + c) z+ 3 (ab + bc + ca) 
be a perfect square, then a= b —c. 
13. Find the condition that the expression 
ac? + 9ha by? 
may have two factors of the forms y — ma and mq + v. 
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14. Détermine the values of a for which 
4c? — 19ry + Ay? +4w— 2 (8-а) y — 4 
is resolvable into linear factors. 
15. Show that if ав? by? + с2° + 2ayz + 9bzz + 2cvy is 
resolvabie into linear factors, then a? + b? +o — Sabe = 0. 

\ 16. If æ is real show that 92—22 — 3 can have all 
values between — о and —2 and none between —2 and 
+o, i 

17. If azy-bz-cy-d can be resolved into factors, 
show that ad — bc. 

18. Find the condition that 

ax? + Qhay + by? and a/z? + 9W/zy + b'y? 

may haye factors of the forms y—mzx and my +a 
respectively. 

19. Factorise 6x? — 19zy + 15y* +932 — 36y + 21. 

20. If р > 1, then for is values of z, the expression 
æ? — 94 p° 


Ds p*l. 
Soro RES s lies between 21 an а =й 1 


91. Prove that if v is real, the expression (£7 161 m c) 
is capable of assuming all values if a, b, c are either in 
ascending or in descending order of magnitude. i 

99. It aw? + 2hay by? + 2ge + 2fy + c is а perfect square, 
show that f— + (b), 0= + (ca) and h= + J/(@), pro- 
vided that the negative sign does not precede an odd 


number of the radicals. 


ANSWERS 
2. (ii) 5, 5. 7. 3.3. 8. (a) (i) 4. (ii) —3. 
(0) ü) 2; 2=1. (ii) а lies between —3 and 4-3. 
14. +5. 


13. а+ф=0. 
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Examples VIII(D) 


[ Additional Examples on Chapter VIII] 


1. If one root of the equation az?--bz--c-—0 be four 
times the other, show that 45? = 95ac. [ C. U. 1940 ) 


2. If the difference of the roots of the equation 

. ©*-pnt+q=0 be the same as that of the equation 
12° — qa + p=0, show that p+q+4=0, unless p= q. 

10. U. 1941] 


3. If one oí the roots of 2° +pe+q=0 is the square 
of the other, show that p° —q (83p—1)+q*=0. [C.U. 1948] 
4. Та, В are the roots of s? тосч =0 and 7, 8 are 
the roots of 2° + qz + 1 = 0, show that 
(a — 7)(8 — ?)(a + 6)(B + 5) = —p?. 
5. If each pair of the three equations 
2° —p,2 tq = 0, 2° - paz + qa = 0, z? — pam + qs = 0 
have а common root (not common to all three), prove that 
1^2. Epei t 4(q1 tga + аз) = 92(рьрз + papi * Dips). 
6. Show that the ratio r of one root of the equation 
ac? + bx + c = 0 to the other, is given by the equation 
í 8 
аст? + (2ac — b?) >+ ac = 0. 
7. If the equation az? + bz--c—0 is not altered when 
each of its cae is increased by the same quantity, 
show that z = 1. 


8. If the roots of the equation aa? +2br+c=0 be 
а and B and those of the pn Aa? + 9B 4 O20 be 


s r 
а+д and f +ó, prove tha =e ЛҮ) A 
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9. Ifa and B be the roots of the equation 22 + 9az + 
= 0, form a quadratic with rational coefficients, one of 
whose roots is a-- B + (a? + B°). 


10. Find 2 so that the values of z given by 
2 а b 


9r ctc s-o 
may be equal If 2,, A, are the two values of 4 and Ti Ше 
the corresponding values of z, show that 
4349 = (a — b)° and mim, —c?. 
11. If the equation az? + 202+с=0, az?  9b/z t c/—0 
have a common root, prove that the equation 
(b? — ac)u* + (2bb' = ac’ — a/c)z + (b'? — a/c') - 0 
has equal roots. 
12. Find the quadratic equation one of whose roots is 
` () 2ab - (н) ENARA Yd 
V (a+b)- J(a* +b?) (а= B) - J(= 90) 


(=e а=: x 
13. Tf (2722 + 98 + 3) P positive for real values of z, 


show that z cannot lie between 5 and 7. 
14. If ay-bz-—c4(z—a)-(y—5)*, show that no real 
values of z and y will satisfy the equation unless 
c? < (a? +b?), 
15. If т-а is a factor of aya*+2b,e+c, and eta, 
a factor of aga" + Ораш + ey, prove that 
(010a 0309)" + (a); t abis + Dy 04) = 0, 
16. If, a, 8 are the roots of aw*+br+e=0, find the 
values of 
(i) laatb)? + (ав +)” ; 
(ii) (aa +b) ° + (ap +b) °. [ €. U, 1943 ] 
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17. Show that the expression (= Mee а) will be 


capable of all values when z is real if a? —5? and а — 2 
have the same sign. 
18. a a+ B be the roots of z? + pz +q=0, prove that 


E aon will be the roots of 


(p? — 4gY(p*z? аат) 16g — 0. 

19. The difference of the roots of a quadratic equation 
is а and the quotient obtained by dividing the greater root 
by the smaller is b. Find the equation. 

20. Show that the expression 


(z? = 4X? + 3z + 2)(z° m2) 
m + 5z—+ 7 


is positive for all real values of z. 


ANSWERS 
9. 22 +420-+920= 0. 10. a+b+2 (ab). 
12. (i) 2?—2 (a+b) z+2ab= 0. (ii) z2—9x (a—0)-- a? +b — 0. 
due =й b(b* —3ac) 
16. (i) (ii) SINE Na 


19. Каур —a (b? —1) a+a7b=0. 


SUPPLEMENT TO CHAPTER VII 
THE CONCEPT OF SIMPLE ALGEBRAIC FUNCTIONS 


521. Polynomials. 


Any algebraic expression containing only one variable z 
is called an algebraic function of z. 


A function of z is generally denoted by f(z) It may 
also be denoted by other symbols, such as, g (x), $ (a), wv (a), 
F (а), ete. 

A function of z of the type, 

f (a) = aa" + ат" аз" + bau et аһ 
is called а polynomial, ao, a5, @o,...... » 4-1, ап being in- 
dependent of c. P 


Note. f(z) = ao, where ао is a constant, should also be considered 
as a funotion of z, retaining the constant value ao for all values of [AN 

f(x) =aox+a, is called a linear function of z. 

f (x) = аот? +2a,2+a, is called a quadratic function of z, 

J (z) = aoz? -- 82,2? --3a47--a, is calld a cubic function of m. 


J (z) = aoz* + Aaye" r 6a,z° --4a,z-a, is called a biguadratic or 
quartic function of z ; and so on. 


52/2. Rational Algebraie Functions. 


The fonction £9 ) where f (z) and g (z) are polynomials 
in т, is called a rational algebraic functions of x. 


Note. Since "Division by zero (i.e. а/0, 0/0) is meaningless”, 


the function He 2i is undefined at the zeros of g (x). 
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i —®°—@+1 
Ех. 6. Find the greatest and the least values of f (z) = REESE 


for values of v. Also find the corresponding values of z. 

[ Greatest= 3, for а= —1. Least-$, for c=1.] 

Ех. 7. Show that, when (02+ 0) is divided by (z—a), the remain- 
der is (aa +b). 

Ех. 8. Show that, when (az*+bx+c) is divided by (z—a) the 
remainder is (aa? + ba + c). 

Ex.9. Find the remainder when (3z?—72*--4) is divided by 
(r—2), without performing actual division. [0] 

Ех. 10. If р, 9,7 are rational, and (z) = 


0202-7, where 
f (2)— 0, prove that the roots of f (z)= 0 are rational. 


Ex.11. Find the least value of f(z) = [z+ 1), for positive values 
x 
of т, and the greatest value of f (v), for negative values of z. 
} [2; -23 
Ex.12. It ọ (x) =pr?+gr+r, (z) = lx?+mz+n, prove the 
following : 
(i) Ф (0)=0 and у (z)=0 have the same roots, when p/l=g/in 
rn; 
(ii) Ф (=) 2 0 and у (z)=0 have the roots of one reciprocal to those 
of the other, when p|n=q[m=r]1; 
(iii) ф (2)=0 and у (z)=0 have their roots proportional when 
q*[pr=m°|ln. Г 
Ex.13. For ihe function, f (z, y) = (2—1) — 4 (2+y)+8, show 
that f (z, 9) 7 f (u, 2). 


CHAPTER IX 


PERMUTATIONS AND COMBINATIONS 
SEC. А. PERMUTATIONS 


53. Permutations defined. 


The different arrangements, that can be made out of 
& given set of things, by taking some or all of them are 
called their permutations. 

Thus, ab, ba aro two different permutations of tho two letters a, b. 
Tho permutations of three letters a, b, c taken two at a time are ab, 
ba, ac, ca, be, cb and the permutations of these three lotters a, b, c 
taken all at a time are obviously abc, acb, bea, bac, cab, cba. 

The number of permutations of n different things taken 
r at a time is usually denoted by the symbol "Р, or „Р,. 


54. Permutations of things all different. 


То find the number of permutations of т different things 
taken т at a time (r < n). 


The number of permutations of » different things taken 
7 at a time, is the same as the number of different ways in 
which r places can be filled up by the n things. 


The first place can be filled up in z ways, for any one 
of the n things can be put in it. When the first place has 
been filled up in any one of these n ways, the second place 
сап be filled up in (n—1) ways, for any one of the remain- 
ing (n— 1) things can be put in it. Since each way of filling 
up the the first place can be associated with each way of 
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filling up the second place, the first two places can be filled 
up in n (n— 1) ways. 

When the first two places have been filled up in any 
one of these n (n— 1) ways, the third place can be filled up 
in (n — 2) ways, for there are now (m — 9) things left to fill 
up the third place. Each of these (n —9) ways can be asso- 
ciated with each of the n (z — 1) arrangements of the first two 
places. Hence the first three places can be filled up in 
n (n.— 1)(n — 2) ways. 

Proceeding in this way and noticing that-at any stage 
the number of factors is the same as the number of places 
filled up, the total number of ways in which v places can be 
filled up 

=n (п – 1)(n- 9)(%— 8). to r factors 
=n (n — 1)(n — 2)+++++{n — (z — 1)} 
=n (n — 1)(n — 9): (n -r+ 1) 
Hence, "P.—n (п ~ 1)(п 22):----(n- r-- 1) - (1) 


Сог. 1. Putting т= in the formula (1), we have the 
number of permutations of n different things taken all 
at a time, 


ie, "Py-n(n-1Y(n-2)--- to n factors 
=n (n— 1)(%— 9):----.3. 9. 1. 
"P, = [n. ... n ... (2) 


Obs. The product 1. 9. 3...... (n—9).(n — 1). n, ie., of 
continued product of the first n natural numbers (#,е., of 
т consecutive integers beginning with 1 and ending with n) 
is usually denoted by the symbol [z or 2! and either symbol 
is read as factorial n. 


Thus, [5 or 5 ! = 1.2.3.4.5 = 120. 
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Сог. 2.. "Р„=з(»—1)(%— 9). (һ—т+1) 
_(%—1)(%— 9):----- (0-71) |n=r 
n-r 


H 
i. "p= es +5» oss (3) 


Note. It is evident that "P, is greatest when r=n or n—1; for 
obviously "P,-—"P,.,. 


55. Permutations of things not all different. 


To find the number of permutations of n things taken all 
together, when the things are not all different. 

Let the n things be represented by n letters and suppose 
p of them are a's, q of them are b's, r of them c's and the 
rest all different. 

Let z bo the required number of permutations. 


If the p a’s are changed into p letters different from each 
other and from the rest, then by changing the arrangement 
of the p new letters only among themselves, without alter- 
ing the position of any other letter, each permutation would 
give rise to p! different permutations; hence ifthis change 
were made in each of the z permutations, the number of 
permutations would become z X p !. 

Similarly, if in any one of these new permutations q b’s 
are changed into q letters different from each other and 
from the rest, we should obtain from each permutation 
q! permutations by changing the order of these g letters 
only. Hence the total number of permutation would now 
become zx p! xq! 

Again, if the + c's be changed into r letters different 
from each other and from the rest, the total number of 
permutations would similarly become z X g lx p ! x у |, 
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But now, there are n different things and the permuta- 
tions of n different things taken all at a time is 2 ! 
zXplxg!xr!-n!. 
X (i.e., the required number of permutations) 
n! 
p'q!r! 
Note. The above method is perfectly general and is applicable 
when more than three kinds of letter are repeated. 


56. Permutations involving repetitions. 


The number of permutations of n different things taken 
T at а time, when each thing may be repeated wp to 7 times in 
any arrangement, is n”. 

Let the z things be represented by z letters. 

Evidently, the number of permutations in this case is the 
same as the number of ways in which r places can be filled 
up by these т different letters, each letter being repeated 
once, twice, thrice,... up to 7 times. 

The first place can be filled up in » ways, since any one 
of the n letters can be put there ; when the first place has 
been filled up in any one way, the second place can also be 
filled up in n ways, since the same letter can he used again. 
Thus, the first two places can be filled up in nxn or 
^? ways. Similarly, the first three places can be filled up 
in n? ways. 

Proceeding in this way and noticing that at any stage 
the index of z is the same as the number of places filled 
up, the number of ways in which + places can be filled up 
is evidently equal to n”. 


Thus, the required number of permutations =n". 
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57. Restricted and Relative positions in Permuta- 
tions. 

There are some problems on permutations in which the 
positions of things are restricted or assigned ; for example, 
Some things are always to be kept together or some things 
are to be placed in definite positions etc. ; also some pro- 
blems occur in which it is required to find the positions of 
the things relatively to themselves instead of their absolute 
changes of positions. These are illustrated in the examples 


below. 


58. Illustrative Examples. 

Ex.1. Three persons enter a room where there are seven vacant 
chairs in a line ; find without assuming the formula in how many ways 
they can take their seats. E 

The firs& person can occupy any one of the 7 chairs; then the 
Second, any one of the remaining 6. Hence the firs two persons can 
occupy the chairs in 7 X 6 ways. Corresponding to each way of occupying 
two chairs by tho first two persons, the third person can occupy any 
one of the remaining 5. 

*. The total no. of ways reqd.— 7 X 6x 5— 9210. 


Ex.2. If"P,:"P,—2:1, find n. 
+ Wehave Drop a 
zs. m (n—1)(n—2)(n—8)(n—4)=2n (n—1)(n— 2). 
Cancelling the common factors n (n—1)(n—9) from both sides 


(since n= 0, 1, 2 cannot obviously by the solutions of the equations, the 
permutations of 1 or 2 things taken 3 or 5 at a time having no mean- 


ing), we have 
(n—3)(n-4)=2, or, n?—7n+10=0, 
or, (n—2)(n—5)=0. .*. n=2, or, 5. 


Rejecting the inadmissible value 2, we get n=5. 
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Ex. 3. Prove that |2n=|n.2" 41.3.5....... (2n—1)}. 
121—1.2.3.4.5------ 2n 
— (1.3.5 (2n — 1)} X (2.4.6--:-::9л) 
— (1.3.5. (2n— 1)} x (2.1) . (2.2) . (2.3)......(2.n)} 
=41.3.5:-.--- (2n — 1)} x 2” (1.2.3.------л) 
= [n.2" (1.3.5----- (2n — 1). 


Ex. 4. In how many ways can the letters of the word laughter 
be arranged so that the vowels may never be separated ? 

Considering the 3 vowels as one, we have only 6 things 1, g, h, t, T, 
(а u e) to arrange. Hence the number of arrangement of tho letters in 
which the vowels stand together in the order (a u e)=°P,= 16 = 720. 

Again, the vowels being 3 in number can bə arranged among them- 
selves in [3 or 6 ways. 

+’. the total no. of arrangement гедӣ. = 720 x 6= 4320. 

Ex.5. In how many ways can 5 boys form a ring ? 

Let A, B, C, D, E be the 5 boys ; let us make one of thom say 4 
fixed and then find the no. of arrangement of the remaining # taken 
all together. This is equal to *P, i.e., |£or24. Hence the reqd. no. 
of ways in which 5 boys can form a ring- 24. 

Note1. Tho student should note carefully the distinction between 
the arrangements in a row and the arrangements in a circle ; in a circle 
there will be no "ends" to a set. Thus, the no. of arrangements of 
n different things (in a row) taken all together is |x, whereas the no. of 
arrangements of different things (in a circle) taken all together їз 
100—1). Во in some text-books these two kinds of arrangements aro 
distinguished as linear permutations and circular permutations, 

Note 2. In the above arrangements, clockwise and counter-clock- 
wise orders are distinguished ; if this distinction is not made, the 
answer would be +.24=12. Thus, if 5 beads of unlike colours are 
threaded on a ring, there are only j [4 or 12 different designs; for if 
the ring containing beads in any order, be turned over on its other 
side, the clockwise and counter-clockwise arrangements become 
identical, 
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Note3. If the question were this :—“In how many ways can 
5 persons be seated at a round table?” The answer would be °P, 
ie. |5 ; for in this case, the positions of the persons with respect to 
the table and not with respect to each other are required. 

Ex.6. In how many ways can the letters of the words Mississippi 
be arranged ? 

There are 11 letters of which i occurs 4 times, s occurs 4 times and 
p occurs 2 times. 


Hence the reqd. no. of ways, 


ш 55 
“ин [ by Art. 55 ] 


Ex.7. In how many ways can the letters of the word balloon 
be arranged, so that the two l's do not come together ? 

Since there are 2 l's and 2 o's, therefore the no. of arrangements of 
letters of balloons subject to no restriction, is by Art. 55, 


ie 
E 371 60. 
ee 
The no. of arrangements in which the two /'s come together is 
obtained by regarding the two Ps as forming a single letter and is 


therefore = -2= = 860. 


Hence A no. of arrangements in which the two Ёз do not come 
together -— 1960 — 360= 900. 

Ех. 8. А servant has to post 5 letters and three are 4 letier-bomes 
in the locality ; in how many ways can he post the letters ? 

Each letter may be posted in 4 ways, since there are 4 letter-boxes. 
Again since there are 5 letters, the total no. of ways reqd.=4* = 1024, 


Ex. 9. Prove by general reasoning that 
epu per Arce 
The по. of permutations of n things taken r at a time=(i) no. ot 
those that do not contain a particular thing, say a+(ii) no. of those 
that do contain it. 
(i) The no, of permutations in Pus case is clearly equal to the no. 
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of permutations of n—1 things taken vat a time, i.e., ""' P. since one 
thing is to be always excluded. 


(ii) Leaving aside the particular thing a, the ro. of permutations 
of the remaining (1— 1) things taken r—1 ata time, is""!P, ,. Now 
since in any one of these arrangements, a can Ье placed in any one of 
the r positions relative to these (r— 1) things, we shall get from each 
such arrangement, + different permutations. Thus in this case the 
total no. of permutations=7r."""P,_,. 


Hence from (i) and (ii), we get the above result. 
Note. This can also be easily established by applying the formula. 
for "P,. 
Examples IX(A) 


1. There are 6 colleges in a certain town ; in how many 
ways can a man send 3 of his sons toa college, so that no 
two of them may read in the same college ? 

2. Suppose there are 5 steamers plying between Calcutta 
and Shibpur; in how many ways can à man go from 
Calcutta to Shibpur and return by a different steamer ? 

3. Five letters are written and five envelopes directed ; 
in how many ways can the letters be put in the envelopes ? 

4. How many numbers each lying between 100 and 
1000 can be formed with the digits 1, 8, 5, 7, 9, each of the 
digits occurring once and only once in each number ? 

5. There are 16 stations ona local railway line. How 
many different kinds of single inter-class tickets must he 
printed in order that it may be Possible to book from one 
station to another ? 

6. (i) If" 7B, : пар =5:19 ; find n. 

(qoe. accus p ARTI 
(iii) ПЕ ар. 56 апа" "р, — 19. gna m and n. 
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7. Show that 
G) *P,=xn"” lp, =(n—+r+1)"P,_.. 
(i) *P,-2P,43.2P, n" P,—"** P... — 1. 


8. Show that 9.6.10.14... to n factors 
= (n + 1)(n + 2)(n +3)... to n factors. 


9. In how many ways can the letters of the word 
Monday be arranged ? How many of these arrangements 
do not begin with MW? How many begin with M and do 
not end with y ? 

10. (i) In how many ways can the letters of the word 
Article be arranged, so that the vowels may occupy only 
odd positions ? 

(ii) Find how many different words can bé formed 
with 5 given letters of which 3 are consonants and 2 are 
vowels, no two consonants being juxtaposed in any way. 


(ii) Find how many words can be formed of the 
letters in the word ‘failure’, the four vowels always coming 
together. [ О. U, 1940 ] 


11. How many numbers between 4000 and 5000 can 
be formed with the digits 2, 8, 4, 5, 6, 7 ? 

19. How many odd numbers of 5 significant digits can 
be formed with the digits 3, 2, 7, 4, 0 ? 


18. Of the numbers formed by using all the figures 
1, 9, 8, 4, 5, 6, 7 only once, how many are even ? 


14. Find the total numbers of ways in which the letters 
of the word mechanic may be arranged, so that the vowels 
may never be separated. 

15. In how many ways can 8 oranges of different sizes 
be distributed amoug 8 boys of different ages, so that the 
largest orange is always given to the youngest boy ? 


16. (i) In how many ways can 6 examination papers be 
arranged, so that the best and the worst papers may never 
come together. 
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(ü) Show that the number of ways in which z boys 
can be arranged, so that the tallest and the shortest of them 
may never come together is (n—2) |n—1. 


17. In how many ways can 5 First year students and 
3 Second year students be arranged, so that no two Second 
year students may sit together ? 


18. If the number of 4-permutations of m things, in 
which one particular thing does not occur, is equal to the 
number in which it does occur, find n. 


19. In how many of the permutations of 10 bhings 
taken 4 at a time, will one particular thing (i) always occur, 
(ii) never occur ? [ C. U. 1936 ] 


20. In how many ways can 4 Arts students and 4 Science 
students be arranged alternately at а round table ? 


21. In how many ways can 6 different beads be strung 
on а necklace ? 


22. In how many ways can 7 persons sit at а round 
table, so that all shall роб have the same neighbours in any 
two arrangements ? ç 


28. In how many ways 5 men and 2 ladies be arranged 
аб а round table if the two ladies (i) sit together, (ii) are 
separated ? 


24. Find the number of arrangements that can be made 
out of the letters of the following words— 


(1) India, (ii) Calcutta, 
(iii) Examination, (iv) Proportion, 
(v) Assassination, (vi) Abracadabra. 


25. Show that the letters of the word anticipation can 
be arranged in three times as many ways as the letters of 
the word commencement. 


26. А library has 5 copies of one book, 4 copies of each 
of two books, 6 copies of each of three books and single 


—a[ 


PERMUTATIONS AND GOMBINATIONS 197 


copies of eight books. In how many ways can all the books 
be arranged ? 


27. Show that the number of ways in which the letters 
of the word arrange can be arranged, so that two 7’s do not 
come together is 900. 


28. Show that the number of arrangements that can be 
made from the letters of the word Orion, so that the two 
consonants may not stand together is 36. 


29. In how many ways can 3 prizes, one for good con- 
duct, one for regular attendance and one for general profi- 
ciency, be given away to 10 boys ? 


30. (i) How many numbers of not more than 4 digits can 
be formed with 3, 4, 5 ? 


(ii) Find the sum of all the numbers that can be 
formed with the digits 1, 2, 3, 4 in the scale of 10. 


31. In how many ways can a boat’s crew of 8 men be 
arranged if 3 of the men can only row on stroke side and 
2 others can only row on bow side. 


32. Prove that the number of permutations of n diffe- 
rent things taken 7 at a time, in which two specified things 
occur леті one another is 2(n—1)(n—2)(n- 3):--(m -r+ 1). 


ANSWERS 
1. 120. 2. 90. 3. 190. 4. 60. 5. 940. 
6.() 9. Gi 4. Gü) m=6, n=2. 9. 720; 600; 96. 
10. (i) 576. (ü) 12. (iii) 576. 11. 60. 12. 36. 
13. 2160. 14. 2160. 15. 5040, 16. (i) 490. 17, 14400. 
18. 8, 19, 2016; 3094. 20; 1152. 21. 60. 22. 9590. 
23. (i) 940. (ii) 480. 24. (i) 60. (ії) 5040. — (iii) 4989600. 


(iv) 151900. (у) 10810800. (vi) $3160. 26. (B954 ((6)*. 
29. 1000. 30. (i) 120: (ii) 66660. 31. 1728, 
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59. Combinations defined. 


The different groups or collections that can be formed 
out of a given set of things by taking some or all of them 
at a time (without regard to the order of their arrangements) 
are called their combinations. 

Thus, the combinations of the three letters a, b,c taken two at 
a time are ab, be, ca. 


The number of combinations of different things taken 
r at a time is usually denoted by the symbol "C; or nOr. 


60. Combinations of things all different. 
To find the number of combinations of v adest thangs 
taken r at time (r < n). 


Let m denote the required number of combinations. If 
the r different things in each combination be arranged among 
themselves in all possible ways, each combination will produce 
|r permutation. 


«combinations will produce v X|r permutations. 


When all the things in each combination are arranged in all 
possible ways, all the possible permutations of з different 
things taken 7 at a time are obtained. 
Hence, ælr="Pr=n (n> 1)(%— 92): (0-7 +1). 
= eed i. 
"M ng, = n. (n 1)n x (n r+1) a) 


Now, multiplying the numerator and the denominator 
of the fraction on the right side by |n—7, the above result 
can also be written in the following factorial from, 


= (9 


Cor. "0; =љ;" = "0-Х |r. 
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Alternative method. ( Without assuming the formula for 
number of permutations. ) 


Let the n different things be denoted by the z letters 
С (Lone d аһ. Each combination in which a particular 
letter say G, occurs, can be obtained by combining a, with 
each of the combinations of the remaining (m— 1) letters 
Qo, 63, аһ taken (r— 1) at а time. Hence, the number of 
combinations in which a particular letter occurs is 
ROPE 

Therefore, if all the combinations of the n letters taken 
таб а time be written down, every letter occurs in them 
"-10. , times and hence the total number of letters in 
them is n xX"-^*0, ,. But the total number of letters in 
them is also equal to rX"O, since each combination 
contains 7 letters and the total number of combinations 
is "Gy. 

нх" =n X Q x, 


п E 
or, ng. = x"-1Q, i. 
An I nl = 
Similarly, "^ !0,-.,— EEG (62 Ë 


E = 9, п-з 
т Ora aay O5 


=7+9 
ткз = TL п-т+ї 
n-r- Q5 3 x C4 


n-rtl 
l 


obviously,  "7"**0,— 


Now, multiplying together the vertical columns and can- 
celling the common factors, we have — 
E 2h(n-1(4n-9).(n-r*1) * 
+. 7 (т— 1)(т— 9)...9.1 
i LA (n Tn — 9)... (n — r4 1). 
Lr 
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61. Complementary Combinations. 

To prove that the nwmber of combinations of т things 
taken т at a time, is equgl to the number of combinations of 
n things taken (n —7) at a time. 

| 
(alu ap pa = ole e 
Or [ri nz m 
Ae [n 2 тат 

ue On=r (mr) l in-nar |m-rir 

45 nC, = "Сп. 

Otherwise : 

As often we select r things from m things, so often we 
leave (n —7) things ; therefore the number of ways in which 
T things can be selected from n things is the same as the 
number of ways in which (z —7) things сап be selected from 
n things. Hence the result. 

Cor. If”C,="0,, then either r=?" or r+ 7 =n, since 
"0;="Cn—y and hence 7' =%— r. 


Note. In the aboye formula (1) if we put r=n, іб becomes 
Slop dust 
MIO 
may be intelligible in this case, the symbol [o is considered as equi- 
valent to 1, though strictly speaking, it has no meaning.£ 


and "С, is obviously 1. Hence, in order that the formula 


Again in the formula "0,-.="0,, if we put r=n, we have 
"C,="C,=1. Hence, the symbol "C, is considered as equivalent to 1, 
though strictly speaking, i& has no meaning. 


62. The relation "C,-F "C, —"*1C,, 


In 
"Or+ "Ora m = Dar 


a ea URS jJ 
TES PES asas d 
m ntl 

| 


n=r r(n—r-- 1) 
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Alternative proof : 


The total number of combinations of (n + 1) things taken 
7 at а time may be divided into two groups (i)-one including 
а certain particular thing and (ii) the other excluding that 
partieular thing. Now the number of combinations in 
which the particular thing is included, is the number of 
combinations of the remaining x things taken (r— 1) at 
а time, t.e., "C,-,: and the number of combinations from 
which the particular things is excluded, is the number of 
combinations of the remaining n things taken 7 at a time, 
3.6, "Cy, 


ng. + ng: = nir 


63. Restricted Combinations. 


(i) The number of combinations of т things taken + at 
a time in which p particular things always occur is elo ux. 

(ii) The number of combinations of т things taken r at 
a time in which p particular things never occur is "-?0,, 


(ii) Ifp particular things are first set aside, there will 
remain (n— p) things, and hence if (7 —p) things be first 
selected in every possible way from these (n — р) things and 
then added to the p particular things, we will get all the 
combinations in which p particular things always occur. 


Hence, the required number = ?-?Q,. ,, 


(ü) Since p particular things are not to be included in 
any selection, if we set aside these p things from n things 
and then select things out of the remaining (n— p) things, 
we shall get all the combinations in which р particular 
things will never occur. 


Hence, the required number —"-70,, 


64, Permutations of things not all different (Alter- 
mative Proof). ' 


Let the » things be represented by z letters and Suppose 
p of them are a's, q of them b's, 7 of them c's and the rest. 
all different. 1 
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Then the number of ways in which z places can be filled 
up by these z letters, putting one in each place, is evidently 
the required number of permntations. 


The р letters a can be put in the n places in "C, ways, 
because there are n places to choose from. When the 
p letters a have oocupied their places in any one way, the 
q letters b can be put in the remaining (n-p) places in 
^-2Q, ways. When the pletters a and q letters b have 
occupied their places in any one way, the + letters c can be 
put in the remaining (з—р—а) places in "°C, ways. 
And the remaining (n — p — q —7) different letters can be put 
in the remaining (n— p — 9—7) places in |n-p—G—7 ways. 

[ See Art. 54, Cor. 1] 


Hence, the total number of ways in which the above 
т letters can fill up the n places 


="gyx "90, x" *0,xln-p-q-r 


|n In posee [д aa A 
[pm-p |gm-»-q Ir ln=p=q=r [n-p-q-v 
celi s 
leial 


64. (a) Illustrative Examples. 


Ex. 1. Find the number of different triangles which can be formed 

` by joining the angular points of a polygon of m sides. Show that this 
polygon has km (m—8) diagonals. 

A triangle can be formed by joining any three of the m points and 

these 3 points can be chosen in "C, ways. Therefore the number of 


triangles e "C, = 1017 Dn), (m —1)(m-— 2). 


The polygon has m angular points. The total number of lines 
that can be formed by joining any two of these points is "C,, ie., 
3m (m — 1). 

But of these, the m sides of the polygon are not diagonals, 


.'. The number of diagonals = ёт (m—1)—m=4m(m—3), 
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Ex.2. Prove that 


2n—1)* 


чор. «4% Qn lán /[[1]? 
Here left SEO prs Bu [z pn -B/f С? 


We have |2n | [n — 2" (1.8.5------ (2n — 1). [ See Art. 58, Ex. 3] 


Now, writing 2n for n in the above result, we get 
(én / [2n 2?* (1.8.5 *(4n—1). 


. "Ou. 92 413 (1n—1) 
USC ang, 92—138; v-1)p 


=reqd. result. 


Ex. 3. (i) Find the number of different straight lines obtained by 
joining n different points on a plane, no three of which are collinear 
with the exception of p points which are collinear. 


(ii) Find also the number of triangles formed by them. 


(i) If no three points were in the same straight line, the total 
number of straight lines would be"C,=4n(n—1). But p of the points 
being in the same straight line, 3p (p— 1) straight lines are lost and in: 
their place, we get only one straight line in which the p points are 
situated, 


Hence, the number reqd. = 3» (1—1) - 3p (p 1) 4-1. 
(ii) Since a triangle is formed by joining any three points not in the 
sume straight line, thereforo reasoning'as before, the required number 
of trianglo- "0, —?0,— $n (n—1)(n—2) -3p (n —1)(p — 9). 


Ex, 4. From 10 persons in how many ways can a selection of 
4 be made (i) when one particular person is always included and 


(ii) when 2 particular persons are always excluded. al 


(i) Since the particular person is to be included in every selection, 
we have only to choose 3 out of the remaining 9. 


Hence, the no. of ways= 


(ii) Since two particular persons are always to be excluded, we 
have to select 4 persons out of the remaining 8. 
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Hence, the no. of ways- *C,— 


Ex. 5. А candidate is required to answer 6 out of 10 questions which 
are divided into 2 groups each containing 5 questions, and he is mot 
permitted to attempt more than 4 from any group. In how many different 
ways can he make up his choice ? i [ C. U. 1983 ] 

Let А and B be the two groups, each containing 5 questions, Now 
the candidate can select 4 from А and 2 from B or 3 from A and 3 from 
В or 2 from А and 4 from B. Hence the number of differont ways in 
which he can make up his choice 


770, X*C,--*0, Xx *0,--*0, x °C, 
—50, X*0, 3*0, X 50,450, x*0, 


Examples IX(B) 


Fais .In an examination paper containing 10 questions, 
а candidate has to answer 7 questions only ; in how many 
ways ean he choose the questions ? ' 


2. А boy puts his hand into a bag which contains 
10 differently coloured marblesand brings out3. How many 
different results are possible ? 


3. In a boarding house, a different set of 5 boarders is 
appointed in the executive committee every week. If the 
number of boarders be 12, find how many weeks will elapse 
before the same set of 5 boarders will be in office again. 


4. How many different triangles can be formed by 
joining the angular points of a decagon ? 
Find also the number of the diagonals of the decagon ? 
5. (i) I£ "P,=836 and "0.— 56, find n and r. 
(DRE Orte Qr to acuit ou па тата 


(ii) Show that the product of any r consecutivo posi- 
tive integers is exactly divisible by |r. 
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6. Prove that 

G) "Cr 0: лат ОИЕ =", 

(ii) ng» T2Q.4. ZEO +++ пора Et Oras 
7. Show that 


ЖО ep ean ape es (OR ET 


8. A person bas got 12 acquaintances of whom 8 are 
relatives. In how many ways can he invite 7 guests so 
that 5 of them may be relatives ? 


9. Out of 9 Swarajists and 6 Ministerialists, how many 
different committees can be formed, each consisting of 
6 Swarajists and 3 Ministerialists ? 


10. In how many ways can a committee of 3 ladies and 
4 gentlemen be appointed from a meeting consisting of 
18 ladies and 14 gentlemen ? 


11. At an election there are 5 candidates and 3 members 
are to be elected and a voter is entitled to vote for any 
number to be elected. In how many ways may a voter 
choose a vote ? [ G. 0. 1935 ] 


12. From 6 gentlemen and 4 ladies, a committee of 5 
is formed. In how many ways can this be done so as 
to include at least one lady ? [ О. 0. 1937] 


13. In a group of 15 boys there are 7 boy-scouts. In 
how many ways can 12 boys be selected so as to include 
(i) exactly 6 boy-scouts ; (ii) at least 6 boy-scouts ? 

LO. U. 19481 


14. A cricket team consisting of 11 players is to be 
selected from 2 groups consisting of 6 and 8 players respec- 
tively. In how many ways can the selection be made on 
the supposition that the group of six shall contribute no 
fewer tham 4 players ? ГС. U. 19381 


15. Ont of 5 conservatives and 3 liberals, a committee 
of 6 is'to be chosen. In how many ways can this be done 
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(i) when there are 4 conservatives in the committee ; 
(ii) when there is a majority of conservatives ? 


16. A certain council consists of a chairman, two vice- 
chairmen and twelve other members. How many different 
committees of 6 can be formed including always the chair- 
man and only one vice-chairman ? x 


17. Find the number of ways in which p positive signs 
and z negative signs may be placed in a row so that no two 
negative signs shall be together. 


18. Out of 17 consonants and 5 vowels, how many 
different words can be formed, each consisting of 3 con- 
sonants and 2 vowels ? СС. U. 1939 ] 


19. Show that in ?"O,, the number of combinations in 
which a particular thing occurs, is equal to the number in 
which it does not occur. 


20. A committee of 6 is chosen from 10 Arts students 
and 7 Science students so as to contain at least 3 Arts 
students and 2 Science students. In how many different | 
ways can this bé done if two particular Science students 
refuse to serve on the same committee ? 


21. А football club is to play 10 football matches with 
the local teams. The results of these matches (win, loss or 
draw) are to be predicted. How many different forecasts 
can contain exactly 6 correct results ? 


ANSWERS 
Крй лу — BhozEPL. Л hipo sp A oe ey, 
(ii) 2= 34, ~=14. 8. 336. 9. 1680. 10. 816816. 
11. 95. 12, 246. 18. (i) 196. (і) 259, 14. 344, 


15. (i) 15. Gi) 18. 16. 990. 17. |p--1/m|p-n--1. 
18. 816000, 20. 7800. 21. 3360. 
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65. Greatest Value of "Cp. 


To find for what value of r the number of combinations 
of n things taken т at a time is greatest. 


We have, 
"g= — n(n— Y 9)... (mr 9) — 74-1) 
x 1.9,3...(r- 1)r 
> ng, = IQ 7 (79) r9), 
73 1.9.3...(r — 1) 
Morea il e 


£0; > = or s" Or. 


: к Bs 
according as arx = = оо 6 


ie, азт—7+]]> = or <+ 
2.0. aS nt1 > =ог< 2n 
i.e, as т < = or > š (n4 1). 


(1) Let л be odd and = 2m + 1 ; then 
4 (m+ 1)=m + 1, 
"Cy > = or < "OL. 
according as > < = or > m +1. 


Thus, in the series "Оу, "C,,..."0,, so long as r < m +1, 
each term is greater than its preceding and when r=m +1 
"0,="Oy—1 Le, "Cmti="Cm. And for r> m+1, each 
term is less than its preceding. Hence, "Съ and "O5, 
which are equal, are greater than any of the rest. Hence 
nG, is greatest when r= and m +1 bes when r—£(»-— 1) 


and $ (n4 1). 
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(2) Let n be even and = 9m say ; then š (n Ë 1) = + Е 
з Ор =o nos 
according asr < = or > m+}. 

Thus, in the series "C1, "О»,..."Ол, so long as т < m +, 
that is, for values of r from 1 up to m inclusive, each term 
is greater than its preceding and for values of r from m- 1 
onwards, 7 being > m + $, each term is less than its prece- 
ding. Hence, "Cm is the greatest term. 2m 


Thus, "C, is greatest when г= m= 1n. 


66. Total number of combinations of things all 
different. 


То prove that the total number of combinations of n differ- 
ent things taken any number at a time is 9" — 1, 

In making a selection out of the n things, each thing 
may be dealt with in 2 ways, for it may either be selected 
or left out. Since either way of dealing with any one thing 
may be combined with either way of dealing with each of 


the other (1 — 1) things, the total number of ways of dealing 
with n things is 2 x 2 x 2... to n factors = 9”, 


But this includes the case in which all things are left 
out, which is inadmissible and hence rejecting this case, 
the required number of combinations = 9" — 1. 

Cor. We thus see that 

BG +2203 + ?С% + eee "Os = On = Ha 


67. Total number of combinations of things not all 
different. 


To prove that the total numbər of combinations of 
(p+ q+ +=) things of which р are alike of one kind, q are 
alike of second kind, v are alike of third kind, and so on, 
taken any number at a time, is (p + 1)(q + 1)( +1). — 1. 
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The p like things may be disposed of in (p--1) ways; 
for we may take either 1, 2, 3,... or p of them at a time or 
may not take any of them. Similarly q like things can be 
disposed of in (q +1) ways; and so on. Since each of the 
(p+1) ways of disposing of p like things may be combined 
with each of the (q +1) ways of disposing of q like things, 
p and q like things may be disposed of in (p + 1)(q + 1) ways. 
Similarly p, а, 7 like things may be disposed of in 
(р +1)(а + 1)(у + 1) ways; and so on. But this includes the 
case in which all the things are left out. Hence, rejecting 
this case, the total number of combinations 

=(р+1)(а + 1)( +1) — 


68. Division into Groups. 


(i) To find the number of ways in which (m+n) things 
can be divided into two groups containing m and w things 
respectively. 

The number of ways in which m things can be selected 
out of (m +n) things="*"Cm and each time that m things 
аге taken, m things are left out to form the other group 
containing n, and this can be done in "Cn ie, in one way 
only. 

Hence, the required number of ways 

[m+n mn 
[mimtn-m- m|n 


= m+" 


Note. Ifn=m, the groups are en aland in this case the number 


of different ways of subdivision= + since two groups can be 


EE 

interchanged without getting a new subdivision. If 2m things are 

to be distributed equally among two persons, the number of wåys will 
[2m 


Td 


however be 
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Gi) To find the number of ways in which (m+n+p) 
things can be divided into three groups containing m, т and 
p things respectively. 

Тһе m things can be selected out of (m +m + p) things in 
тит (а ways; then the z things out of the remaining 
(n+p) things in "*?C,, ways, and lastly the p things out of 
the remaining p thingsin ”Cp i.e., опе way. Since each way 
of grouping m things can be associated with each way of 
grouping n things, we get the required number of ways 

= TED Gee x EDOM 


dm tntp x np _ mt+nt+p 


[minty "pip " [min [p 


Note 1. If p=n=m, the groups are equal and in this case the 


3m 
(puris 
division in any way can be arranged in [3 ways. If the 3m things 
aro to be distributed equally among three persons, the number of wasys 


F | Bon 
will be {imi} 


different ways of subdivision = fog the three groups of sub- 


Note 2. The above results and proof may easily, be generalised for 
any number of groups. 


Illustrative Examples 


Ex. 1. In how many ways is it possible to draw a sum of money 
from a bag containing a rupee, а four-anna piece, a two-anna piece, 
and an one-anna piece ? 


One, two, three or all the coins may be taken out. 
.". The reqd. no. of ways=*C,+*C,+4C,+*C, 
2*—1 [See Art. 66, Cor. ] 


15. 


lI 
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Ex. 2. p һ% many ways is it possible.to make а selection by 
taking some or all 12 fruits, namely 5 cocoanuts, З oranges and 5 pine- 
apples ? 

Now out of 5--3--4 i.e., 12 fruits, 5 are alike of one kind, 8 are 
alike of second kind and 4 are alike of third kind. - 

7. The reqd. no. of ways=(5+1)(3+1)(4+1)— 

—6.4.5—1- 119. 

Note. In the above method of proof, fruits of the same kind are 
all taken to be of the same shape. If however they are of different 
shapes we should apply Art, 66 instead of Art. 67 and in this case the 
reqd. no, of selections would be 

(2° —1) x (2? —1) x (2* — 1) i.e., 31x 7 x 15= 3255, 
provided we include a£ least one fruit of each kind. 

Ех. 8. Find the number of selections and arrangements that can be 
made by taking 4 letters from the word expression, 

Here we have 10 letters in all viz. (e, e), (s, з), z, p, r, i, o, n. Thus, 
we have in all 8 different kinds of letters. Wor a group of 4, the letters 
may be classified as follows :— 

(i) Two alike, two others alike. 

(ii) Two alike, two others different. 

(iii) All four different. 

From (i), we get 1 selection 

(ii) we get °C, x *Os ie., 2X 91— 49 selections. 
(iii), we get °C, i.e., 70 selections. 


-. Total no. of selections=1+42+70=113, 


In finding the different arrangements of 4 letters, we haye to 
permute in all possible ways each of the above three groups. 


*. Total no. of arrangements 


= e 
"dpt txt 


=6+504+1680= 2190. 
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Examples IX(G) е 


1. Prove that the greatest value of 2"0, is double the 
greatest value of *"~7C,. 


2. А scout-master wishes to make up as many different 
parties as he can out of 10 boy-scouts, each party consist- 
ing of the same number. How many boys would there be 
in each party and how many different parties would be 
formed ? 


3. The total number of combinations of 2n different. 


things: the total number of combinations of n different 
things = 65 : 1: find the value of n, 


4. From 4 mangoes, 3 oranges and 2 pine-apples how 


many selections of fruits can be made taking at least one of 
each kind. L 


[ Here fruits of the samo kind are of different shapes ] 


5. Inhow many ways can 5 oranges be divided between 
2 boys, so that each may receive at least one orange ? 


[ Here oranges are оЁ different shapes ] 
6. How many different factors can 210 have ? 
7. In an examination а minimum is to be secured in 


each of 8 subjects for a pass. In how many ways can 
. & student fail ? 


8. Show that number of all possible selections of one 
or more questions from eight given questions, each question 
having an alternative is 3° — 1. 


9. If P, denote the number of permutations 
ent things, taken r at a time, show that 


1 ЖҮ Dy m 
JUL e am ЕТ 


[| Use er] 
rl 


of n differ- 
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10. Out of 3 rupees, 5 half-rupees and 6 four-anna pieces, 
in how many ways can a person subscribe to a famine 
relief fund ? 


11. Prove that the total number of selections that can 
be made out of the letters ‘daddy did a deadly deed’ is 1919. 


12. Тһе different sections of the Science Congress need 
the services of 3, 4, 5 volunteers respectively. If 12 students 
volunteer, in how many ways can they be allotted to 


different sections ? 


13. Find the number of different ways of dividing 
mn things into 7 equal groups. 


14. In how many ways can 12 apples be divided equally 
among 4 boys ? 


15. Find the number of selections and arrangements 
that can be made by faking 4 letters from each of the words 


(i) examination and (ii) parallelogram. 


16. If of p+q+r things, р be alike, g be alike and the 
rest different, show that the total number of combinations 


is (p + 1)(g - 1)2" - 1. 
17. There are 12 balls of which 4 are green, 3 black and 


5 white ; in how many ways can they be arranged so that 
no two white balls may occupy contiguous positions ? 


18. If m parallel straight lines are intersected by 
n parallel lines, show that the number of parallelograms so 
formed is 7 


dn (m — 1) (в 1). 


ANSWERS 
2.05. = (дуана: —— 36. a. 315; b. 30. 16.15; 
v. 955. ' 10, 107. . 12. 27720. 13. imm--(y*|m. 14. 869600, 


15. (i) 136, 9454. (ii) 150, 9510. 17. 1960. 
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Examples IX(D) 
[ Additional Examples on Chapter IX] 


1. The cylinder of a letter-lock contains 4 rings, each 
marked with 5 different letters. How many unsuccessful 
attempts to open the lock may be made by a person ignorant 
of the key-word ? 


2. How many combinations can be formed of eight 
counters marked 1, 2, 3, 4, 5, 6, 7, 8 taking them 4 at a time, 
there being at least one od@ and one even counter in each 
combination ? [ C. U. 1941] 


3. A committee of 7 is to be chosen from 1838 students 
of which 6 are Arts students and 7 are Science students, 
in how many ways can the selection be made so as to always 
given a Science majority ? " 


4. A publisher proposes to issue a set of dictionaries 
to translate from any one language to any other. If he 
confines his plan to five languages, how many dictionaries 
must he publish ? 


5. How many different algebraical quantities can be 
formed by combining a, b, c, d, e with the + and — Signs, 
all the letters taken together ? 


6. In how many ways can two sides of 6 players each 
be chosen from 12 men ? 


7. In how many ways can а man wear 5 rings on the 
fingers (excepting the thumb) of one hand ? 

8. In how many ways can the letters of the word 
“pernicious” be arranged without changing the order of the 
vowels ? 

9. In how many ways can the letters of pallmall be 
arranged without letting all the /'s come together ? 


10. Itm straight lines be drawn in a plane, no fwo being 
parallel and no three concurrent, how many points of inter- 
section will there be ? 


11. In how many ways can 52 cards be distributed 
among 4 players so that each may have 13 ? 1 
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12. There are 7 different situations vacant, of which 
3 must be'held by men and 2 by women ; the remaining two 
may be held by either men or women. If 6 male and 
3 female candidates present themselves, in how many ways 
can the situations be filled up ? 

13. Five men A, B, O, D, E are going to speak at 
a meeting ; in how many ways can they take their turns 
if (i) B does not speak before A, and (ii) A speaks immedi- 
ately before В? 

14. How many numbers greater than a million can be 
formed with the digits 2, 5, 0, 5, 4, 2, 5 ? 

15. Of the permutations of 10 things taken 7 at a time 
in how many do 8 particular things occur ? 

16. Four letters are written and four envelopes are 
addressed. In how many ways can all the letters be placed 
in the wrong envelopes ? 

17. Find the number of numbers less than 1000 and 
divisible by 5 which can be formed with the digits O, 1, 9, 
3, 4, 5, 6, 7, 8, 9, each digit occurring not more than once 
in each number. [ 0. Ú, 1942] 

18. In how many ways can three cards be selected from 
a pack of 52 cards, if at least one of them is to be an ace ? 


19. A person wishes to make up as many different 
parties as he can out of 10 friends each party consisting 
of the same number. How many friends should he invite 
at a time and in how many of these parties would the same 
man be found ? 

20. Ata game of cards, 2 cards being dealt to each 
person, any one can have 1326 hands. Find the number 


of cards. 


ANSWERS 
4 ie о ТАШЛЫ en eG ase 
7, 6720, 8. 30099. 9. 780. 10. dn (n—1). 
152. 4», 8640. 13. (i) 60. (ii) 24, 14. 960. 45. 176400. 
(use 
16. 9, 47. 194, 18. 4804. 19, 5;196. — 20. 59. 
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CHAPTER X 


BINOMIAL THEOREM 
SEG. A. POSITIVE INTEGRAL INDEX 


69. Introduction. 


An expression containing two terms is called a binomial 
expression, thus, z +y, z — a etc. are binomial expressions. 


The Binomial Theorem* is a general algebraical formula 
by means of which any power of a binomial expression can 
be expressed as a series. 


70. Binomial theorem for a Positive Integral Index. 
To prove that when n is a positive integer, 


(ax) za" "С.а" 'x "Cal хаф... 


+" Opa" xl eee +х", (1) 
t eu cu 
=a" na^ 'х+ р> Qa xe Ыр 
pruou Gor ан +x", (2) 


We have 
(a + 2)" = (a + m)(a + z)... to n factors, 


Every term in the above continued product of n factors 
is obtained by multiplying together n letters, one taken from 
each of the n factors and hence is of n dimensions, Thus, 
each term in the product being formed by multiplying 
together several a’s and remaining z's and being of n dimen- 
gions, must be of the type a” "u" where r may have any 
value from 0 to n (the first term corresponding to r—0 and 
the last term corresponding to т= т). 


* Tt was first discovered by Newton. 


BINOMIAL THEOREM 147 


Now each term inyolving a" "z^ is obtained by taking 
v out of any r of the n factors and а out of the remaining 
7,—7 factors. Therefore the number of terms which involve 
а?” 2" must be equal to the number of ways in which 
r things can be selected out of n and hence the coefficient of 
а" а" is "O, and by giving to r the values 0, 1, 9,... in 
succession, we obtain the coefficients of all the terms. 


Hence (a +2)" =a" +"C,a" 22 "0,0" 202 t ever 
"05 ай". + mt [ `. д, ="0, = 1 
Alternative Method (Method of Induction) : 


By actual multiplication, we haye 


(a +a)? 2a?-9az4z?-—a?-?0,az«?, + (i) 
(a +a)? = a? + 3a?z + Зах? + a? 
—a? + 3O,a2m + Оа? + mŠ, . (ü) 


The theorem is thus seen to be true when z2= 2, and 3, 
“Let us assume therefore that the theorem is true when 
n has some particular value say m ; t.e., let us suppose that 
(a +a)™ =а" + "0а" 0+ Oa" g? ЗЕ) 
PO aM TET e д", Sse Git) 
— Multiplying both sides of (iii) by (a + z), we have 
(a +)" = (a x){a™ +m Qm tz + eae 
+ тат" ttet a") 
= am+1 + ("Or + 1) а" ("02 du mo a™ ige 
qe (O O A S E 
Since "Q, - "0, ., ="+ 10, [ See Art, 62] 
and "C0, +1l=mt+ TSE 
(a +)" = qamri EIS m*ig qmo ah MELO qm-iy2 JEn 
ar ЫИ у, am ritiy + < Ce +ат+® 
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Thus, if the theorem is true for л =m, it is also true for 
n=m+1, But it is true for »=3; therefore it is true for 
n=4, and being true for n=4, it must be true for n=5 ; 
and so on. 

Hence, the theorem is true for all positive integral 
values of л. 

Note 1. The method of induction consists in showing that, if the 
theorem is true for some particular integral value of n, say m, then it 
is true for n=m+1. Consequently, if it is true for n=2, then it is 
true for n=3, and therefore for 1 —4 ; and so on. 


Note 2. For the sake of brevity, the notation (n )i is used to denote 


л (n —1)(n— 9)-- (n — r+ 1) 
p. i3 
fraction, r being a positive integer. 


» where n is positive or negative, integer or 


Obs, (i) When a quantity is expressed in a series, it is said to be 
expanded, and the right side of relation (1) or (2) above is called tho 
expansion of (a+ z)", and the coefficients, "Со, “Oi, "Q,,--"O,,:--" Oy, 
of the successiva terms are called Binomial coefficients. 

(2) It is clear from the expansion (1) that the number of term’ in 
the expansion of (а-+ 2)" is finite and is equal to (n+1), š. one more 
than the index of (a--2). 

(8) In every term the index of z is always one less than the ordinal 
number of the term and is the same as the suffix of C and the sum of tho 
indices of a and c is n. 

(4) From the expansion (2) it is clear that the number of factors 
both in the numerator and the denominator of each coefficient is one 
less than the ordinal number of the term. 


70A. We give below an independent proof of the Binomial theorem 
in the form (1--2)" for the convenience of the students. 


To prove that, when т is a positive integer, 


(Ltx) E1 "Сах "Cox? bee Op x xn s (@) 
—2)--(n— 
Eon xp los") RS 1) ха OL 1n E (n r+4) or 


etx a (д) 


I 
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By actual multiplication, we have 
(Uta)  1--92-F2* - 18 *C mn? (i) 
| E (1-2)? 21--8z-- 92? 2? 5 13-? C2? C4? +a “e (ü) 
The theorem is thus easily seen to be true when n=2, and 3. 
Let us assume therefore that the theorem is true when z has some 
particular value, say m, i.e., let us suppose that 
(L-2]"—1-"O,z-"0,z4-RUOt tet", 7 (i) 
Multiplying both sides of (iii) by 1--z, we have 
(1 z)^* = (1-- z)(L-- "C, 4---- "C, a bu 
=1+("б,+1)ж+("О„+”0,)х? ++ ` 
HPO MGs) ааа, 
Since "C,+"C,-,=""'C, [ See Art. 62 ] 
and ™0,+l=m+1="*'C,. 
(12-2) *1 = 14-10 tC yt ee MIC, hb eee pti, 


Thus, if the theorem is true for n= m, it is true forn=m+1. But 
itis true for n=3 ; therefore it is true for »=4 and being true for n=4, 
it must be true n=5; and so on. 


Hence the theorem is true for all positive integral values of л. 


Note. It should be noted that the coefficient in the expansion of 
both (a--z)' and (l--z)" are same. In fact (1+2)" is the particular 
case of (a--z)", when a=1. Hence putting a=1 in the expansion of 
(a+a)", that of (1+2)" can be deduced. 


B 
Again, (aa) 1a(14- 5| =a" (12-9)*, where у= 2 
g a a 
=a" ETC. "Cay? eb yy 
c g? m 
=a" +70, at C at E) 
—a"-F"C,a"-! z-"O5a?-?z? 4 --- Eg. 


Thus, the expansion of (a+ =)" can be derived from that of (1--a)*. 
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71. ' Particular Forms. 

Since the expansions of (a+ т)" and (1+ 2)" are true for 
all values of z and a, hence writing —z for z in the expan- 
sions of both, we have 

(a —«)"=a" = "Оа" а ЕЛ0 а? 2° лыр ( ES lg" Dn (1) 
(l-a) -1- "0,2" 0,2? = =: + (= 1a © (2) 

‘Thus, we see that in the expansions of (а= 2)" and 
(1 — x)”, the terms are numerically the same as those in the 
expansions of (a +2)” and (1 + ж)” respectively, and are alter- 
nately positive and negative; and in both cases, the first 
“term is positive, and the last term is positive or negative 
according as n is even or odd. 


72. General Term. 


The (r+1)th term in the expansion of (a + z)" is usually 
called its general term, because any required term may be 
found from it, by giving а suitable value to r. The (z+ 1)th 
term is sometimes shortly denoted by Tr+ı or iy. 

In the expansion of (a +x)”, 

2nd term —"0,0"^ tx 
3rd term = "0.0" °T? 
4th term = "03а" 20°. 
(+ 1)th term = "0а" т”. 
Similarly, in the expansion of (1 + z)”, 
(r + 1)th term ="C, x”. 
Thus, the general term in the expansion of (a + c)" 
ene, ат" у" = ОА 9o PED а-к gr... (4) 
Lr 
Similarly, the general term in the expansion оў (1+ а)" 
n (n—1)(n—2)---(n—r+1) p 
="ng.xr =—— х 


; т. (8) 
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The general terms in the expansions of (a — =)" and 
(1— т)" are respectively , 
(— 1)" "0, a" а" and (- 1)" "C, х". 


73. Middle Term. 

To find the middle term (or terms) in the expansion of 
(1+ 2)". 

(i) Let n be even апа = 2m, so that m = 3n. 

Since the total number of terms is љ+ 1, ien 9m + 1 (an 
odd number) there will ba only one middle term, viz. the 
(m + 1)8h term, i.e, the ($n + 1)th term. Hence, 


^ f n 
the middle term is " Cis." , i.e., we 


(ii) Let n be odd and = (2m +1), во that m=4 (n— 1). 
Since the total number of terms is т +1, i.e, 2m + 9 (an 
even number), there will be two middle terms, i.e.n the 
(m + 1)th and the (m+ 2)th terms, i.e., the {t(n — 1) + 1% and 
{200+ 1) + 1}th terms. Hence, the two middle terms are 
"Cyn -1) 37D апа "Cxnaiy a), ie., 


LAT aly [m n- In 
BaD. +1) д рай Scr) 


CR] 


(m= 1) 


The numerical coefficient of the two middle terms are 
the same. 


74. Equidistant Terms. 

In the expansion of (G +x)” or (1+2)” the coefficient of 
terms equidistant from the beginning and the end are equal. 

The coefficient of the (r+ 1)th term from the beginning 
is "C,. Again, the (r+1)th term from the end has 
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{0+ 1)— (у+1)}, i.e., (n—r) terms before it and is therefore 
the (n — ++ 1)th term from the beginning, and hence its 
coefficient is ”On-r. 

But "Cy="Cn-y. [See Art. 61] 

Hence the coefficients of the (r+1)th term from the 


beginning = ће coefficient of the (r+1)th term from the 
end. 


75. llustrative Examples. 

Ex. 1. Expand (1-2y)°, 

Writing —2y for х in the formula (1) of Art. ТОА, we have 
(1—2y)"=1+°¢, (—2y)+°C, (—2y)?+°C, (—2y)? +- to 7 terms, 


Now, since "C.—"O,-, we need calculate the coefficients only 
up to "C. The rest may be written down at once; for °C,="C 
*C,=°¢ 
.*6; m 


2, 


Since, °C,=6, °C,=3.6.5=15 ; °C, =1.6.5.4= 20, 
ate (L-9])* 5 1+6 (—2y) +15 (— 25)*-:20 (—95)* 4-18 (- 2y) 
Y +6 (—25)* + (-2y)* 
=1-12y+-60y? —160y° +240, —1923° + 647°, 


Ex. 2. Find the coefficients of x in the expansion of (s +9) E: 
т 
Suppose z occurs in the (r--1)th term ; 


the (r-- 1)th term= ^g, (ew?) =" BE *О„д10-з+ qar 


Since this term contains z. .'. Gr OAT xy) 


205 10-3r-1, ie, r-3. 


.'. The 4th term contains z and we require its coefficient, 


2 
Now, the 4th term="C, (ш), Ey- 5O ta’ = 10a*z. 


«*. The reqd. coefficient=10a°. 


——— ( 
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Ex.3. Obtain the term free from z in the expansion of 
12^ 
*(2+ 3)": [.6..U. 1931] 


Let the (r+ 1)th term be free from z. 


Now the (r--1)th term — ?"C, 229-7. 1 =s One haa 
x 


In order that this term may be fee from т, the index of 2) namely 


2n—2r must be zero, i.e., 2n —2r —0, т=п. 
Hence, the (n+1)th term is free from т; 


2 WB 
the (n-4-1)th tome Om Er which is, therefore, the reqd. term, 


Ex, 4. Find the middle term of (a — 20)*. 

Sinco there are 9 terms in the above expansion, the middle term is 
the 5th term. 

.'. The reqd. middle term = *C,a* (—20)* 


85.6.5. 219455 = 
7i2o34 2*5* —1190a*b*. 


Ех. 5. Find the first five terms af the expansion of (1+a—2n*)? in 


ascending powers of 2. 


=1+7 (z— 2x2) +21 (z—22*)* +85 (x —22*)* 4-35 (z — 2x?)* 
+torms in higher powers of z than z* 
=1+T (z — 9z2)+21 (z2— 42? + 421) +35 (02 — 62 + ++.) 
435 (at +.) 
=14 72+ Tx? —492°—91a*---- 
Ех, 6. Prove that 
(12-2)?^—9nz паа (тее) z2(1+z)2"-2 
nan (ana) өл-4\, a? (1-®т)°^-*+-- to (n+1) terms 
=(1— 2°)". 
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Left side=(1-rz)2" fi-n тегаи ES )- «] 


1 2! 1+2, 


=(t+2)*" [1-28 аа) 


+2 1+2, 


Examples X(A) 


1. . Expand the following binomials :— 


(0 (2a + 35)°, (ii) (a° — a Jb)’. 
(iii) (2° —1)*. Gs) [z+ zi 
© (1-4) (s) (142) +0 


2. Find the coefficient of zŠ in (1+ Э) 


—@)°, 


@ b 2%+1 
3. Expand E + 2) ' giving in particular the 
general term and the two middle terms. [ 


4. Find the term independent of z in the 


О. U. 1932] 


expansion of 


Е 1 12 A 
(a? + =| б C. U. 1934] 


5. In the expansion of (1--2)"*? where 


m and » are 


positive integers. prove that the coefficients of z” and a” 


are equal, 


6. Find the term independent of z in the 


jl 9 
(s) 


7. Find the value of B 
(i) (4/2--1)* = ( J8 — 1)5. 
(i) (2+ J(1-a)]* - (3- J(2—a)i5. 


C. О. 1935 ] 
expansion of 


C. U. 1936 1 
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8. (i) Find the two middle terms in the expansion of 


e 1 1 B ( 1 las 
eti] efe 
(ii) Find the middle terms in the expansion of 
EGN [z b » 
(a) [z i) (b) b + 3 


(с) (17 2c + z^)". 


9. Find the term independent of 2 in the expansion of 
. D a 
(1+) (1+ zi : 
x 


10. Find the coeflicient of z in 
10 
(1 - 22 + 32%) (1+ 1) : 


41. If in the expansion of (1+2)°"**, the coefficient of 
a" and ”** be equal, find 7. ГС. U. 1930] 


2 T 
19. ind the term independent of « in (1 +z) s - 1) . 


13. (i) Show that the coefficient of the (p+1)th term in 
the expansion of (1 +)" is equal to the sum of-the co- 
efficient of the pth and (p+1)th terms in that of (1 + 2)". 

Gi) Show that the coefficient of the middle term of 
(1+х)?” is equal to the sum of the coefficients of the two 
middle terms of (1+ 2)*"-*. 


14. Show that the middle term in the expansion of 


д) ccs 
(3) (1 +2)?" is EAG 57 йрн па", 


2n ry 25 
Gü (2- 1) i 19:5 1), (= 9)". [ G. U. 1943] 
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15. Find the first four terms of the expansion in ascend- 
ing.powers of z of (1-- zt 22)". 


16. Expand (1 + z+ z2)”* in ascending powers of z as far 
as g? 


17. Show that the coefficient of z^ in the expansion of 
7ай 
MAS "s Ма) [3 (2+). 


18. Find the coefficient of x” in the expansion of 
(z + 2)" + (@+9)" (2+1) +(z+9)"-2 (z +1)? +++ 
t (z +1)”. 
19. Simplity 
a" (w= 1) "Ола" (a — 1)7* (z 1) eee 
"Ora" (z — 1) 95" (z+ 1)" + eee q (z + 1). 
20. Show that, if m is any positive integer, 
_ m m 220 qm (m Ta ee 222) 53 t(- 2)?715 — 0, 
21. If» is a positive integer, prove that 


fitnt 0D n (n = 2-9), Jj 


<fi 4954 2* [nin +2” (9n um ac. 2 


Si ant 9" On D) on э Gn- 18n- 23), .. 


22. Show that if z is a positive integer, 
(1— а)" — (14- z)" — 9nz (1 + ә)" 


2n (2n — 9) 


ИЛДӘ 


амаа 
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23. Show that 


E ANSWERS 


1. (i) 394-9402 b-- 7902? 7? 3- 10802? 5? + 8102b* + 2435", 
> 5 
(ü) at” — 62:103 4-152! ?5— 20475? -15a^b* — 6270? +a" b. 
(iii) m't — 8714-9821? — 50719 -- T0z5 — 55z^ +28x* — 8x? -- 1. 
(iv) a? T5 + 21a? --B5z- 3027 + Blan Te b n7. 
10,45 120,910. 252 210 190,45 10 


1 
(i-r Шз а = ш Жш wt Tas at hito" 


(vi) 2(1-- 102? +52"). 2. 210. 


ILLE (es Fed Ey = (E anti 
s. (4) temo, (£) me. (5 e) ° 


PACEM 
General term — sag, ($ ) . 


Middlo terms ****0, Ё and HOn, P. 
4. 9th terms= 495. 6. 4th term —1792/9. 
7. (i) 82. (ii) 2(365 —363a-- 63a? — a°). 
2n 1 Qn+1 HN 


.( , —1716z-*. 
8. (i) (a) 17162, — 1716x (b = E 231^ тарат zn 
" 359; In 9, 2+0)! 
(ii) (a) 924. (b) 252: (c) ins 1)". 9, 5 (e 
10. 540. 1i. n. 12. 70. 15. 14604210? +5027. 


16. 1--nz-d-dn (n--1) a? +n (n—-1)(n+4) 2°, 


oe fare TT}, 19, (z?--1)*. 
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76. Greatest coefficient. 

To find the greatest coefficient in the expansion of (a + т)" 
or (L+ z)". 

The coefficient of the (r--1)th term in either of the 
expansion is "О, From Art. 65, we know that 


(i) when n is even, "О, is greatest, if r—3n ; 
and (ii) when n is odd, "C, is greatest, 
if r=} (0-1), or, 3 (n 1). 
Hence when n is even, (52+ 1) ФЬ i.e. the middle term 
has the greatest coefficient. 
And when z is odd, f$ (n — 1) + 1] th, or, {$ (n + 1) + 1] th 
i.e. the two middle terms have the greatest coefficients, the 
coefficients of these two terms being equal. 


77. Greatest term. 


To find the greatest term in the expansion of (a+ m)", 


where x is positive and a > 0. 
Теб ty denote the rth term in the expansion. 


n (n— 1)(n — 9) — + 9)(n — + + "c 1) 
(r= 1) т 


п (ne 3)(n— 9): (n 7729). LE 


Then, £j, = 


Thus ine, = or < d, 
according as (n —7r--1)z > = or < ar, 
ien according as (n+1)a > = or < (z+ a)+ 


ntl 


; = = or" 
tess as ZU 


um 
Tor; 
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PIS 
Case I. Let aa be an integer and =р say. 


Then, so long as r < р, tr+ı > tr i.e.n each succeeding 


term is greater than the preceding one so the terms go on 
increasing up to £y. 


When r=p, Ёру =Й, ies prim. 


For values of r > p, (i.e. from p + 1 onwards) tr+1 <tr, 
and the succeeding terms therefore gradually diminish. 


Hence tp; = tp and these are the greatest terms, 


"s : 
Case II. Let atl, be not an integer, and say=q+ 


a positive proper fraction, q being an integer. 


geil 
Then, for values of r up to q, r < ur and hence 


trea > tr. 
And for values of = q+ 1 or greater, фә, < tr. 
Thus, íq41 > ta > {а-а ^ and tazı > tare > tars" 
Hence, ѓа is the greatest term. 


Obs. If (n+1)a/(z+a) is a proper fraction ie., (n+1) z< (z+a) 
ien œ < aln, the first term is the greatest and if (n-- 1) z/(z--a) > n 
ien ш > na, the last term is the greatest, 


Note 1. Тһе greatest term in the expansion of (1--z)" can be 
deduced exactly in the same way ; only we һауе to write 1 for a, 


Note 2, Since the numerically greatest term in the expansion of 
(a—2)" will be the same term as in the expansion of (a+ 2)", therefore 
in finding the numerically greatest term in the expansion of (a—2)", we 
should ignore the negative sign and proceed as above, 
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78. Properties o£ Binomial coefficients. 

For sake of simplicity, binomial coefficients "Co, "C1, 
105... Cr... etc. are often written as Op, C4, Os,...Cr... 
Thus, 

(а) = "Оа "Оа "On ix" > +o", +++ (l) 
=0o+ Cyr + Cou? +++ + Oy 07 + Ona” +++ (9) 
С". "Go="C,=1] 

(i) In the expansion of (1+ x)", the sum of the coefficients 
of all the terms is 2”. 

Put 2=1 on both sides of (9). 

= oE GY + Оа 7-05 
= sum of all the coefficients. 
(ii) In the expansion of (1+2)", the sum of the co- 


efficients of the odd term is equal to the sum of the co- 
efficients of the even terms, each being equal to 9", 
Put «= -1 on both sides of (9). 
OS Com Cras — oco +(—1)"Cn. 
Go FOs +O Vor DECR +. 
5. (sum of all the CIN 
=+,9 9" = оа 
Cor. From (i) above, it follows that 
O45 O5 +- -0,-—9" —]1, 
This show that the total number of combinations of 
n thing taken 1, 2, 3,...n at a time is 9" — 1, 


Note. It should be noted that the numerical coefficients in the 
expansion of (a+ z)" has also the same two Properties. This can be easily 
shown by writing down the expansion of (a+a)" and putting a=x=1 
for the first case, and a=1, x= —1 for the second case, 
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79. Illustrative Examples. 


Ex.1. Find which is the numerically greatest term in the expan- 
sion of (5—42)**, when x=§. 


ii 12-7 + 


Here, duae f numerically 
t; T 
ea, since z= а, 
ar ГАБ 3 


Se da > t if 8 (13-7) > 15r 
ie, if 104 > 23r, ie if r< 433. 


Hence, tr+ı < ty, i0. tr > trin iE r > 438. 


CS 4 >t, >t, and t; >te > tro 
17. 5th term is the greatest. 


Ex. 2. Find the value of the greatest term in the expansion of 
(14-22)*, when z=1. 


Tua 8=7+1 oz» i = 
— 7 7.9g- —-.9, since z—1. 
Here, =p, x TEF oye 


SS Tr > =ог < T, according аз 2 (977) > = or <r 


i.e., se + 18-2r> = or <r , 
ien see ote 18 > = or < 8r 
4.6., ore ө r < = or > 6. 


I, > T, > T,=: and T. = Т, and T, > T, > Toe 
&.. 6th and Tth terms which are equal, aro the greatest. 


_ 8.7.6, 
71323 


.'. The value of the greatest terms is 1792, 


Ex. 8. Show that the greatest tem in the expansion of (1-+z)2% 


will have the greatest coefficient if x lies between E and "+1, 


Since the greatest coefficient is that of the middle term, and since 
middle term is the (m--1)th term, there being altogether (2544-1) terms, 


11 
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therefore we are to find the condition that the (m-+1)th term will be 
the greatest term. 


Since £44, is the greatest term. .*. £,., > tm and also Ím+i > inks. 
ЙЫРЫ АТА: о sh yacha эру Бо (1) 


and "фыр > fmin; S. "Сыа" > Omp 378» 2. (9) 


2m— -mcl 4 m+1 т 
«<. from (1), = DER. hen = z>lorz> z S 
and from (2), E 
2m-(m+1)+1, ; m mtl, 
MEL z <1, ie, ж ®< 1 ога < MEF 


m ml 


Hence, z lies between an 
Lz rS m 


Ех, 4. If in the expansion of (a--z)", P be the sum of odd terms 
and Q the sum of even terms, sow that 


0 P-ga c 
(ii) 4PQ=(a--z)2"—(a— а)". 


Let to, б, ta;-.-tn represent the successive terms in tho expansion 
of (a-- z)", 
, Then, (a3-2)" — totti tty tee +һ, 
and (ап) 4 —---(—1)* ta 
de P=lto+t,-+t dee 
@=ї iie 
USO PHOStotti tistis m (ada), 


P—Q-ío—t t 4m (q—z)", 
S. Multiplying, (P+ Q)(P— Q) = (a —a)".(a — z)", 
бү P-Q — (a2 — 2)", 


Also, 4PQ=(P+Q-(P- IO =a)?" 
Ex. 5. Prove that 


(i) MOI ros ТС. U. 1988] 


(ii) Co? 0? 052 + +.0,3= NC [ C. U. 1941 ] 
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(i) Left side 
сш То n(n—1)(n—9) 


п+2. ub dcc г еза to n terms 
=n+n(n—1)+" nin ас өөө Tn 
=nfi+ (n= таа) олоо +1} 


=n(1+1)"->=n.2"-1, 
(ii) We have (I+z)"= 054- CO z+ Caz? +-+ Ope". - (1) 
Also (@+1)"= Соз" C," +0,04- ROS - (9) 
Multiplying (1) by (2), we have 
(1+-a)*"= product of the two series on the right of (1) and (2), 


Now, the coefficient of any power of æ on the left— the coefücient 
of the same power of z on the right. 


The coefficient of z" in the product of the series (1) and (2), 
705? 0,24 042-05. 


Coefficient of д" in the expansion of (14-2)?"— ^O, 2180. 
p» [n 
Hence we get the required result. 
Otherwise : $ 
We haye, (1+2)?=Co+C,2+C 0? + (1) 


Changing z into 2, we have 


NS 1 1 
(1+ i) 20,0, 10, 


P 
Multiplying (1) and (2), we have 


n I 
(15:2)* - (ie i) = product of the series in (1) and (2) 


1+2)?" ies i 
or, пат. produot of the series in (1) and (2). - (3) 
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Now, the term not involving z in the right side of (9), 
—056*- 0,?- 0, 

and the term rot involving z in tho left side of (3), 
= coefficient of z^ in (1--2)?^—?"G, 2 Bn) 


ag 


and since these two terms must be equal, the required result follows. 
Ex. 6. If m, n and r be positive integers, r > m or n, prove that 
POL" C, - "0,70, "ОО "О тС "0, 
We have ` 
(1+z)>=1+"O o "Qaa +... "Оу"; 
а)" a" Qua? fone IO, aT beeen”, 


Now, coefficient of z” in the product of these two series 
"ООО "О, PO, Hore -E"O, 
^ =co-efficient of z^ in the expansion of (1-- a)" x (1 +a)” 
= co-efficient of 2” in the expansion of (1+-2)™*" 


amri 


Note. This result is known as Vandermonde’s Theorem. Tt can 
also be easily established by the Theory of Combinations. 


Examples X(B) 


1. Find the greatest coefficient in the expansion of 

(i) (14-2)5. (ii) (1—2)**, (iii) (13 2)*n*8. 
2. Find the greatest term in the expansion of 

10 

(i) (1+ 2 ' when a=], 2—9, 

(ii) (1-452)! *, when z= 2. 

Gii) (ar — by)’, if a=2, b=5, 2—3, y=4. 
9. Find the value of the greatest term in the following 

expansion : 

(i) (1 +z)°, when z= 3. 

(ii) (1—32)5, when z = 13. 

Gü) (1— 22)*°, when z =s. 


BINOMIAL THEOREM 165 


4. (i) Show that the greatest term in the expansion of 
(1--2)?"** has also the greatest coefficient if z lies between 
en quia. 
nag n 

(ii) Find the limits within which z must lie in order 
that the greatest term in the expansion of (1+a)** may 
have the greatest coefficient. 


5. The coefficients of the second, third and fourth 
terms of the expansion of (1+a)" are in Arithmetical 
Progression ; find n. 


6. (i) If three successive coefficients in the expansion of 
(1 +z)!“ be 220, 495 and 799 ; find m. 


(ii) If a,b,c be the three consecutive coefficients of 
the expansion of a power of (1+) prove that the index of 
th wer is Sacs asso) b(a + д), 

Өр b? —ac 
7. If the pth, (p--1)th and (p+ 2)th. coeficients of 
(1+ 2)" are in A. P., show that z^ —n(4p +1) - 4p? — 2-0. 


8. In the expansion of (1--2)*5, the coefficients of the 
(2r-- 1)th and (z+ 5)th terms are equal ; find z. 


9. If two successive coefficients of an expanded bino- 
mial are equal, show that the next preceding and the next 
succeeding coefficients are also equal. 


10. Ií2,,45,G5,G0, ате any four consecutive coefficients 
of an expanded binomial, show that 

аа Gs 843. 

Gitaa Gs+a, Go +аз 


11. Prove that the difference between the coefficients of 
z"** and z^in the expansion of (1 +2)" is equal to the 
difference between the coefficients of z^** and 2" in the 


expansion of (1 + z)”. 
12. Ifa,b,c,d be the 6th, 7th, 8th and 9th terms in 


the expansion of (1 + 2)", prove that ñ — <, 
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18. If P, denote the product of E the тс. in 
the expansion of (1 + z)", show that 


Pası (n + 1)" 
Pa n! 
14. It (1*2)" — C, * C32 4 Con? +--+ Ons”, prove that 
(i) G, = 20, * 30, — ---- +(-1)"* n0, = 0. 


(ii) 0o +20, +30, 4 ----- + (n 1)0, = (n+ 2).9"-, 
(ii) Cy +30, +503 4 + (2n. 1)0„ = (n + 1)9”, 
@ +01 Cs + Cs P On _2*- 1, 
(iv) ero ating tat ite vo 1 n+l 
ГО. U. 1945 ] 
011203 a a nOn _ n(n- 1). 
б) б E GL tio SE ЧК u 2 
(vi) ei $25 Crt Oa) 2 (Cn-1 + Cn) 
+1)" 
Е 040,777 On 
{, Px. 
‚ (vii) 050, 0105. 1 0405 = Ln 
(viii) Co0r +04 Cra + бб» rns + On-rOn 
_ | 
n=? intr 
(ix) 0,2 * 20,*--80,* + --- n0,* = zm 
(z) 0,2 —0,?-- 0,? — xus (=o) 50), 


n 
or(-1)? B according as т is odd or even. 


15. Show that (Co C4 +0, t + @,)° 
— ange E Bue HS rog pree + nga 
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16. (i) It (1-222) = ag t aic Get +... +@еп@°”, 
. show that - 
(a) ao Fa, t ast +Gen=3". 
(O) ао б. аз = soe +a = 1. 
(GH) Iba yag Cry pesce ty represent the successive terms 


in the expansion of (a +2)”, show that 
(lo -tatta =)? + (у -ta tts =)? m (a? to^). 
17. Show that, if m is a positive integer 


gm — aM om-1 4 ma-i 1) .gm-2 Tus ( E 1)” =, 


18. Show that, if x is a positive integer, 


9n(9n— 1), 9n (9n. — 1)( 2n—2). 
21 8! 


m(n—1) РЯ 


1+2n+ 


25 


19. Prove that if m is a positive integer, ] 
a — "0. (z+) "0 (z 9) - "Os (z + Зи) +- = 0. 
20. Prove that if n is a positive integer, 
Ег lte n lt9z '4 1+8@ Vs 
g 1+лт 2 (1 + nz)? Os (E+ na)? =0., 
21. Apply the Binomial Theorem to find the value of 
(i) (98)°. 


(ii) (1999)? correct to 3 places of decimals. 


ANSWERS. 
1. (i) 70. (ii) 462. (iii) | 4n+3/ | 2n+2)9n+1, 
2. (i) 4th term. (ii) 5th and 6th terms. (iii) 4th term, 
8. (i) 38. К) 70. Qi GH $ < z< z. B. T. 


6. (i) 12. 8. 7. 21. (i) 941192, (и) *997.— 
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SEC. B. FRACTIONAL OR NEGATIVE INDEX 


80. Introduction. 


It has been shown that when z is a positive integer, the 
Binomial Series 


n(n—1) 2 px n(n — 1)--:(n — 74-1) TOUR 
lctnzt jes Ir pes CE 
terminates after (n + 1) terms. 
For if in the general term, values greater than n are 


given to 7, one of the factors in the numerator of the 
coefficient 


— —" vanishes. 
lr 


The coefficient of every power of higher than the 
nth becomes zero. Hence the series terminates at c". 

But if in the above series, be fractional or negative, 
then since r is a positive integer (r--1 being the ordinal 
number of а term); can fever have such а value whereby 
any factor in the numerator of the coefficient of the genera] 
term vanishes. Therefore in such a case, however large the 
power of z is, its coefficient would never vanish and hence 
the above series would not terminate and would become an 
infinite series. 


Now, infinite series cannot be properly and adequately 
treated without having recourse to the principle of conver- 
gency and divergency and a complete rigorous proof of the 
Binomial Theorem for fractional or negative index.as well 


as of the Exponential Theorem is beyond the scope of an E 
elementary treatise, 


81. Binomial Th 
index. 


To prove that when т is negative or fractional, 
LI E) ха+...... \ 


eorem for fractional or negative 


s GTH e... too — 2 (D) 


provided z is numerically less than 1. 


— - 
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Let f(n) denote the series on the right side of (1), 


then f(m)=1+ ma E 2 s (@ў 
fG)-1-n vun Эл . (8) 


(mt nY(m-n—1) s 


[2 са (4) 
Now, when m and n are positive integers, by the 
Binomial Theorem for a positive integral index, we have 
(т) 2 (0 2)" ; f(n) = (1 + ж)" 
and f(m+n)=(1+a)™*”, 
But (14- z) x (1 3-2)" — (1+ 2)"*^ evidently. 


When m and n are positive integers, 


{1 + me pom 1) 2+ -Mi + na see 1) Tèt 2 


=1+(m +n) z+ с (5) 


and /(m +mn)= 1 -+ (m -+ nx) z+ 


(m +n)(m * n — 1) 
[2 

Now when апу two algebraical expressions containing 
a finite number of terms are multiplied together, the form 
of the product is always the same, whatever values positive 
or negative, integral or fractional, the symbols involved in 
the expression may have, provided the number of terms in 
the two expressions does not become infinite for any such 
yalues of the symbols.* If the number of terms does become 
infinite, then the form of the product will remain the same 
provided a certain condition is Fulfilled. + In relation (5), 


* This is iowa as the “Principle of the Permanence of algebraic 
forms.” 

+ Here the question of convergency arises, which is beyond the 
scope of the present treatise, 
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when fractional or negative values are given to m and « in 
the series on the left side, the number of terms in both the 
series become infinite, still the form of the product will 
remain the same, since z is numerically less than unity. 


Hence, if z is numerically less than 1, 


the relation (5) will be true for all values of m and т, 


i.e., f (m) * f (n) = f (n +n), for all values of m and n, 
Jm) x f (n) xf (p) =f(m +n) x f (p) =F (m + + p). 
Similarly, f (m) x f (n) x f (p): to a finite number of factors 
=f(m+n+p+- to a finite number of terms),-- (6) 
for all values of m, т, p,... 


h 
, 


(i) Let n be any positive rational fraction = p where h 


and / are positive integers, 
`. Ву the relation (6), we have 


Abest) to k factors 


ute i 1904 to асов); 


= (1 +)”, since h is positive integer. 


А h [h 
`. xg (2) h k mm 2 
e а) =; |= LEN eee el 
. Nae ena ee ЕГ 
Thus, the theorem is proved when m is positive rational 
fraetion, provided. — 1 < z < 1. 
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Gi) Let n be a negative rational number (integral or 
fractional) and equal to —s, where s is positive. 


TThen by V MENT a T 1. 


Jo a= Ko ü m since s is positive 
=(1 +=). 


(XE s(=s=1) 
12 
This proves the Binomial Theorem for any negative 
index, provided — 1 < z < 1. 


Thus, the Binomial Theorem is completely established 
for fractional or negative index, when z is numerically less 


. (lta) =l- sm +22 ree sm saa 


than unity. 

Obs. When wis numerically equal to unity, the Binomial Theorem 
is’ true under certain conditions but the proper treament of these 
cases is beyond the scope of this elementary work. When a is greater 
than unity, the Binomial Theorem is not true. This is easily seen by 
putting 2=2 in the expansion of(1—2)-'. Thus, 

(1-a) 9 14 2-2? bm? ee 

Putting z=2, we get —1—1--9--2*--2*-F--*, which is absurd, since 
left side is negativo and right side is positive. 

Note 1. The statement that “z is numerically less than 1” is 
sometimes expressed by the notation | z | < 1. 

Note 2. It should be carefully noted that the successive coefficients 
. in.the expansion of (1+a)", when n is not a positive integer, cannot bo 

denoted by the symbols "Co, "C;, "O,,..., "C;..., for in these symbols 
n stands for a positive integer, whereas the n in (1 z)" is either 
a fraction or a negative number. 

Note 3. It would not be out of place to mention here that the 
Binomial Theorem for fractional or negative index has sometimes 
been established by an improper use of what is known as the Principle 
of the Permanence of algebraic forms, thereby leading to the absurd 
result that the Binomial Theorem is true for all values of z even when 


179 INTERMEDIATE ALGEBRA 


the index is fractional or negative. The fallacy lies in the fact that 
the Principle of the Permanence of forms which is, strictly speaking, 
applicable to those cases only where the number of terms in the 
expression does not become infinite for any values of the symbols 
involved, is extended without restriction, to the case where the number 
of terms does become infinite for some values of the symbols. ] 


82. Vandermonde's Theorem. 


If т be а positive integer and m and n have any values 
whatever, then 


=mr+rmr-,n, +— 


where the notation my; stands for 

т (n = Y (m — 9)...(m — r + 1). 
When += 1, (m + n), =m +m = (m4 +n.) obviously, 
Multiply both sides by m+n- 1, | 

<. (m-n) (m+n-1)=m(m+n-1)+n(m+n- 1) 
=m(m-1)+mn+mn+n(n- 1) 
=Ma + дут Hno, f 
$e, (mtn) =m, + °бутулү ns. | 


Thus the theorem is true when >= 9. 


let us assume that the theorem is true when r has any | 
particular value, say p. Then, we have 

(m +n) = m> + TO m.m, + 70 sm ana +*+ ту. t (9) 

Multiply both sides by m +w р. | 

<. (m + n)y(m + n — p) | 
=mp(m-p+n)+ TOms- n4 (m—p+1+n-1) 

+?Camp-2%s (m—p+2+n—9) 4- + np (n—p +m) 

= (ripa + mnn.) + 204 (тп + Mp-473) 


+70. (тоз + mans] + 7 + лр. 
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= торі # туюу (1 +20G,)+mp- ne (DO, +?0ь) 
+ + р-з пері (05 70544) +t tps ; 
(m + т)р+ъ. ; 
= mpr t) Omp t O4mo mg t°- F npr 
[55 6: +201 = 2280912, 1 
Thus, if the result is true for any value of r, it is true 


for Ње next higher value of 7; but it is true for r=1, 9; 
and hence it is true for 7=3, 4 etc. and it is thus true 


universally. 


83. Alternative Proof of the Binomial theorem for- 
fractional or negative index. 


To prove that if n is negative or fractional 


(Le d ens L 2029 xt LOL DG Do ren VE 
provided is numerically less tham 1. - (1) 


Let f (n) denote the series on the right side of (1) and let 


nr denote n (n — 1)(n — 2) (n — r+ 1), then 


ex CM зе (9) 
`. f(m)= cima a? ЗАР" +o (3) 
and /(m + n) = Lens o + да 2+ 


(m n)r + ^ 
Lr Cet ue 
Now, since v is numerically less than 1, multiplying 
together (2) and (3) and picking out the coefficients of the 


n (4) 
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successive powers of z, we see that the coefficient of z" in 
the product of f (m) and f (n) 


Mr Ne тт 
Нат . 2 +... + 
Le 12 lr : 
1 (riae b 

= im TMr- + e Mr-oNe T `" +r 


а L (m +%),, [ By Vandermonde’s Theorem. | 


Jf (m) x f (n) 


(m n)» в db doo al 


La © E By tere 


à + 
= 1--(m +n), z + 800 


=f (m+n). 
Thus, when x is numerically less than 1, 
f m) x f (m) =f (n + n) 


for all values of m and z. 

Now, the rest of the proof is the same as that given after 
the relation (5) in Art. 81. 

84. General Term. " 


The (7+1)th term is usually called the general term. 
Let us denote it shortly by 7,1. 5 


Since (1 +z) 5 1+ nz + шей 4 == Aa 


S TIER matinee) xP 


*Itis given in text-books on Higher Algebra that the product of 
two infinite series is not always equal to the product of their sums but 
only under a certain condition, the discussion of which is beyond the 


scope of this elementary treatise and here this condition is fulfilled 
since z is numerically less than unity. 


——Jw——— — лж —- 
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Cor. (i) In the expansion of (1—2). 
T=- n (n— m —r41) m 
(ii) Zn the expansion of (1+ z)". 
mz [sc tomi Conr) E 
= (73 эшет intr- or 
(iii) Zn the expansion of (1—2)7". 
—n(-n-3)(72-9)-(7n—r-1) EF 


2 Tr = A 
Ee nfo intone te). (I.a 
=" (n+ 1)(n+2)---(n+7—1) a 


U 
рр: (7227 (72) A a 
Note. From (iii), it is clear that every term in the expansion of 


(1—2)7" is positive. 


85. Particular cases. 
The students should be familiar with the following 
particular cases of the Binomial theorem as they occur very 


frequently. 


(1) (1-21 ne BSD aS copa 


(2) (+) "= үш 22- 


(3) certe iine giqe— 


@ (ШЕ t= Lae be cer у ЕЕ 
(5) =a) ғат едЕ HET 
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(6) (1-2) ^ 14 Qe + Ba? + +... + (r+ 1) a+ 
(7) (1-2)? 21-9 3z- 6r? +-+- + (r+) +9) a7 ++ 


(8) Эте стл mie 


86. Expansions of (а+ x)", n being negative or fractional. 


When т is not a positive integer, we must write 
A "n n 
(а +x)” in the form {a (1+ 9)! > or, £ (1 ct 21) z 


according as z < a or > a and then expand. Then, 
(i) Let z < a; then z/a < 1. 


ear eee 
ma" {itn ® | z ) + =) 


n(n=1) аз 


= ntt n-i 2 
=a +n. agt 2 +... 
|2 m a 


(ii) Let z > a, then а/ш < 1. 
eer ee t] moe] 


e entente (2) 4 


4 m - 1) g^ E 


L2 


n-i 


=o" tno КЕЛ 


87. Greatest Term. 


The general discussion of the method of finding the 
greatest term is not quite necessary as the student will 
have no difficulty in determining the greatest term in any 
particular case, the method of obtaining it being the same 
as explained in Art. 77. This is illustrated in the examples 
below. 
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88. Illustrative Examples. 
Ex.1. Egpand to four terms (1—2)-*, given ]z] < 1. 
By the formula of Art. 81, 2:3 |z|< 1, we have 
(I= a)-#=14(—9)(—a) + ESD) (_ 
ааа ja 


Se eit 


Ех. 8. Write down the coeficient of the (r+1)th term m the 


expansion of (1— on) 3. n ГС. U. 1938 ] 
By the formula of Art. 84, 


ina 


.'. The coeff. of 2^ — 


; 1,3.5++++++(27 — 1).9.4.6-----.9, 
Note, It can be putin the form EN ).9.4.6-......9y. 


12 


178 INTERMEDIATE ALGEBRA 
Ех. 4. Find the coefficient of z5 in the expansion of 
3 
(1--2z--3z?- +--+ to infinity)". 


Now, (1+9r+3z?°+ 
The (r+ 1)th term ot (1 —z) 


(1—2)-*: 
=} (r+1)(r+2) z”. [ Art. 85] 
.'. The coefficient of x =} (5-- 1)(5-- 9) 2 91. 


Ex. 5. If y-2z—-z?-tz'-z*4- 


++ to infinity, show that 


BS Yb y? y eee to infinity. 
Since YH C— a? tg -gtt 
ve 1-y=l- gtr- mt mes. 
1 
= 72 = 
52) 1+2 


d 1+2=0 eleg y! et ees 
“ы а= у+у ну үн. 
H š EET 
Ех. 6. Find the coefficient оў z'° in @=n)" [ C. U. 1937 ] 
Ae ЖЕ —g)32(1—45)-3 {2а 
(= а)? (1-2 2)(1—a)-* = (1-2) +2(1—2)-*, 
&. Тһе reqd. coefficient of 2:0 
=coefi. of 210 in (1—2)-? -- coeft. of z? in (1—2)-? 
=4,11.12+4.10,11=66+55=191. 


21 
Ех. 7. Show that the 11th term in the expansion of (14-32) ° is the 
first which has a negative sign. 


Let (7+1)th term be the first negative term. 
Now, = зр, SE, 
T 


E p, x Str, 


Эд. 


Since z and T, are positive, Т,;, will be the first negative term as 
soon as 9j—7 is negative, i.e. as soon as the integer r > 94 i.e, 
where r=10. 


7. The (r+1)th i.e., the 11th term is the first negative term, 
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Otherwise : 
The (r--1)th term in the expansion of (1--2)" being 
n (n—1)-(—r-41) z 
T 

itis evident that the terms will continue to be positive, so long as 
n+1> r,ie.solongasr < n+1. 

Hence, in the present case, the terms will continue to be positive, 
so long asr < 8+1, ùen 7 < 98. 4 

'. The first negative term will occur when the integer r is > 9%, 
i.e, when 7=10. .'. 11th term is the first negative term. 


Ex. 8. Find the greatest term in the expansion of (1-2)-";-when 
2718 and n=$. 


We have, d numerically 


- £*r-1 12 874112, 
T 13 3r 13 


255 Т. > T, so long as 12 (3r+1) > 18.3r, 
ie., 96r+19 > 39r, 
ie, r < 4. 


Hence, for all values of r up to 3, we have Т, < T,, but if r=4 
then 7+, = T, and these are the greatest terms. Thus the 4th and 5th 
terms are equal to one another and the greatest. 


Examples X(C) 


1. Expand up to four terms: 


Qu- @a-ey% Gü) (- 369 


(vii) (a2) ^. (Уй) (2^) *. 


180 INTERMEDIATE ALGEBRA 
2. Prove that the coefficient of z^ in (1—2) 0*3) is 
equal to that of a” in (1—2)-*), 


3. Write down the coefficient of z” in (1 — 22). 


EST 
4. Find the general term in the expansion of (1—nz) ”, 


5. (i) Prove that the coefficient of æ” in the expansion of 

- o |2r 
1-4) ` is (=. 
( z) 3 fp? 
(ii) If £, denote the middle term of (1 2)?7, then will 


-i 
lo tty Hia ++ =(1—4ш) 7. 
6. Show that the general term in the expansion of 
n 
Та в Pp q)(p  29)--p + (r— 19], 
y) "ds T 1.9.3-----. 2.05 9% 
7. What term of (1 _ is qs of the same term of 
(1 Tui ? 


8. Show that three consecutive terms in the expansion 
of (1 +@)" can be in continued proportion if n +1= 0. 


9. Expand in ascending powers of z as far as 2°, 
AL e m? +g? + to æ), 
10. Find the coefficient of z" in the expansion of 
(l-re? — g9 +... to со )З, 
11. Prove that 


(1-22? — --- to 9) x (1o- z-- +- to ©) 
—7lta*-cg* fo œ, 


BINOMIAL THEOREM 181 


3E t à 
12. Expand VE) in ascending powers of т as far 
аѕ т“. 
18. Show that 
(Lata? tto ©)? — 149m 809 bn te 
[ C. U. 1922] 


14. (i) Show that the coefficient of z^ in 7—7 is 2. 


+ 3 
Gi) Find the coefficient of 2” in fe 25 


[ G. U. 1939] 


15. Find the coefficient of a” in the expansion of 
(1+ 92+ 32? + 4x? +++ to e° )?. 

16. Find the coefficient of 2? in the expansion of 
(192-32? —4z? + to =)", + 

17. Prove that the coeficient of z^ in the expansion of 
(1-2+2°-т°%)7* 15 1, 
[ Write (1-z2*—2))'—(142—2)* J 

18. Find the coofficient of z" in the expansion of 


1t4z* tz 


(te ^ 
(ON z, ` (ü) (1-а) 


(i) xcti 
19. Find the coefficient of т” in 
(1 +@)(1 4 2*1 2*1 29): too, ш? < 1. 
20. Prove that the coefficient of z" in the expansion of 


I+ et. gis 1, 0 or —1, according as 7 is of the form Зл, 
3n-1, or 3n + 1. 
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21. Expand Gan) in ascending powers of = as 
far as z?. 
22. Find the first three terms in the expansion of 
— a . 

(1-2)* J1—z 

23. Prove that 
(Lt a.a? 4 to o (1-97 4-322 +. to ©) 
=3 (1.9 9.3x + 3.4? +++ to =), 


24. If y-—9z-3z*- dm +.. to co, express z in а series 
of ascending powers of y, up to the third term. 
[ C. U. 1931] 
25. Ify=3r+6gr"+10r? + --- to ©, then 
СӨЛ) 1.4 24 1.4.7 y? 
= 3^ 32, 32197 + БЕГЕ B” к” 
26. What is the first negative term in the expansion of 
(13-2) and what is its coefficient ? 
27. Find how many terms are positive in the expansion 
of (1 — x), 


28. Find which are the greatest terms in the expan- 
sion of 


(i) (L72)7*, when z = 2, 
(iii) (1+ш)%, when z=2. 
29. Show that 
аб=1+л(1- L Im De ...... 
30. Prove that 


2 8327 423 
+g) = +7 х0 
Сеа at rs t P 
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ANSWERS 


1. (i) 162+ $0? tir EM penes 
(i) 12-32? --dz* Hitet E Eig + 
(iii) 1-30 $a? — уух? — set —--- 
(iv) s= r*+ rt- gHr’ 

а 1 @* Ghee Sa 
ey йык E CE Ep 
(05g а 8 а 16a 
(vi) 1420+ 52? tipe s 

ы gor ies 
(vii) a с 


(viii) a7* —427*--102-* 2027 * +--+ 


3. 9". 4, бк®1(@ъ+ шепнш щш; 27 
7. 8th term. 9. 1+&4т+321+352°. 10. (-1). Ar + 1)(r +2). 
12. Lot he? Ал? ja. 14. (ii) 4n. 15. 4(r+1)(r+2)(7 +3). 


16. [2n/{[n}?- 18. (i) In? +2n+1. (ii) n?-+3n, (iii) 9"—2". 19. 1. 
21. l4àz- 2 rst nnn 22. 1—gat Va — 
24. ze dy- iy b mnn 26. 5th; —ršs- 

27. 2 terms. 28. (i) 6th and 7th terms. (ii) 3rd and 4th. 


89. Application of the Binomial Theorem. 

The Binomial Theorem has many important applica- 
tions, the most useful of which are the determination of 
approximate values of certain algebraical and arithmetical 
quantities, the summation of certain infinite series and the 
expansion of some rational fractions. These are illustrated 
in the examples below. 


90. Illustrative Examples. 


Ex.1. Applythe Binomial Theorem to find to 4 places of decimals 
the value of N(102). 
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(102) = (1002-23 = {100 (1.-,2,) 
=10 (1 FX 


19 2 
=1041—'01- :00005+- 0000005 — ---} 
= 1070995. 


1.9.3 


cube E (esame. 


Ex.2. If c be a quantity so small that c* 
comparison with 1*, show that 


=: у p 5 
(5) ar | їз very nearly equal to 2+ AU 


tol or 
— 
"| 
mc 
al 
A 
+ 


a \2 
x) un 


A (5) (8) co) 


1 92» 424 Qa \2 
=1 Bg ese 
ENDS (2) t 


=the given series, on simplification. 


may be neglected in 


КАЕ 


i 
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Ex. 4. Find the binomial expression whose expansion is 
ILS wa hi 
тасарна s ГС. U. 1950] 


and hence determine its sum. 
The series may be written in the form 


1 181 1851 
нараз за t 


3 
e., 1+ i 


| 


id den (yan m 


-ü-3 3-9) i-si- ua. 


ш 
Note. If we expand (1—2) 3 by the Binomial Theorem and 
simplify, we get 


„2 үр(р+@),х° | p(p-aYp-9]) 2° ,.. 
1+p @ 5 21 хт 31 or 
Hence we find that the successive factors in the mumerators of the 
coefficients are in А. Р. with a common difference q, the denominator 
of the index. Hence, if we have a series in which this law holds, we 
infer that it is a binomial expansion of the aboye form. 


Ex. 5. Find the sum of the coefficients of first (r+1) terms in the 
expression of (1—2)-^. ` 
Suppose (1—2)-* —ao-Fai2-- 422° Far gne - (1) 
It is required to find aota, ++ ar. 
Wehave (1—2)^* 2 1-kz-kz^ deb = (9) 
Hence, aota, +: + ar. 
= coefficient of z” in the product of the series (1) and (2) 
— coefficient of z” in (1—2)-*.(1—2)^* 
= coefficient of 27 in (1—2)7° 


n erone i [ See Art. 84, Cor. ] 


a(r +5) _ (r+ 1)(z+-9)(r +3)(r + (73-5), 
2; 1.9.3.4.5 
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Examples X(D) 
1. Evaluate correct to three places of decimals by the 
Binomial Theorem : 
(i) $/(999). Gi) „/(101). 
Gü) SG. | (E 
2. If т be so small that- its cube and higher powers 
may be neglected, show that 
уке pe M, 
0 (1 + 4z)° CRM ° 
(ii) (+2)? +(1- z) 


=9+0+552, 
G-r)? 


3. If {xis so large that 3; is negligible, show that 


A (z* +1)- (s? — 1) = 2 approximately. 

4. Show that (0+ 2)" : а" is nearly a- mz : a, if m is 
very small compared with a. 

5. If ac is small compared with b°, show that 

» b 
рса но на 

are approximate values of the roots of az? + bx += 0. 

6. Show that 


1-z ,n(n*1l) (1-2 
tap Í = iu =-=} 
(2) -9n11-n — ign cs ee 


7. Show that 
а +13 1.3.5 
S з qu 4.8 Cg T 


[ viaa] 
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8. Show that 
acc) cade eed) Em ЧӨ E 
al Š Ar aS) 
9. Show that 
8.5, 9.5.7 |... 
J8=1+ i ig taeda 
10. Show that 
UAM aes inp eq "s 
J@+)) 1*z j toa\i+a) * 
11. Show that 
1-252 (n.4-92) — 1) _ (n + 32)(n— 1)(»— 9) 0 
ics"  |9.( +z) 13.02 : 
12. Prove ux : 
9m L m (m + 1) (ery miM 
Limp 1.2 lm. ^ 
<i 9m т б». 9m ) Y. 
=й у” 1.2 1-т v 
13. Prove that 
12254 , 2n (2n 9) | зһ (an allan) nee 
3 3.6 
—€ п MED pe dT 
| on {i+ 3 +" 56 3.6.9 
| 14. Show that 
I m (D. ln n(n + 1)( + 9). 1 Y 
Vigne aH ДИЛЕ qid ОО 
15. Prove that 
m , т(т+ 1), m (ur Den) 
"кр 8s 24 ee} 
т" [у mm — 1) Ne „Л 
[^ 7+ ти 7.14.21 
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: 16. Show that the sum of the coefficients of the first 
(r+ 1) terms in the expansion of (1 — z)”* 
(n+ 1)(% + 9)---(» +). 
[7 
Find the sum of the series 


ыш, LAT 
(144 +48 ' 48.1917 to. 


Jay js SHY Hol 
G14 $192, 4189.1, to œ, 


18. Find the cube of 


17. 


as far as z^ in its 29:6 form. 
19. If isa positive integer, prove that 


= 2 2. —02 
1-354 06 "а 1 ч)! n = 90) A, бр, 


where the series extends up to (n + 1) terms 


| The series=coefficient of z° in (1+ z)" x (1+ i] 


ANSWERS 
(ii) 17005, 


Gi) wi. 


1. (i) 9'997. 


(iii) 0:983, 
17, (i) 9%, 


(iv) "913; 
18. Lac? Hg? at. 


CHAPTER XI 
LOGARITHMS 


91. Definition of Logarithms. 


Logarithms of a number with respect to a given base 
is the index of the power to which the base is to be raised 
in order to be equal to the given number. 


Thus if а= N, then ‘s’ is the index of the power to 
which ‘a’ (which is called the base) is raised to give ‘N’. 
Hence by definition, ‘a’ is the logarithm of ‘N’ with respect 
to the base ‘a’, and it is usually written as 2 = [00а N. 


Since 2°=8, .`. loga 8=3, ie, 3 is the power to 
which 2 is to be raised to give 8. Again, since 38*-—81, 
log, 81=4. 


It should be noted that the logarithm of the same 
number with respect to different bases, will be different ; 
for example, to get the same number 64, we must raise 2 
to the power 6, whereas we are to raise 4 to the power 3 
and 8 to the power 2 only ; hence log, 64—6, log, 64=3, 
log, 64=2. 

Thus so long as the base is not stated, logarithm of 
a number has no meaning. 

Very often when it is known which base is being used, 
the base is omitted for the sake of convenience. Also some- 
times when any relation is found to be true whatever be the 
base, the base is omitted for the sake of convenience. 


Note. Since the equation a*= —7 cannot be satisfied by any real 
yalue of z, whether positive, or negative (a being, a real positive 
quantity) therefore 

logarithm of a negative quantity (in a system of logarithm whose 
base is a real positive quantity) must be imaginary. 
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92. Special Cases. 


We know that if а be any real non-zero finite quantity, 
then a°=1. 


Hence, loga 1=0, in other words, 


(i) logarithm of unity with respect to any finite quantity 
(other than zero), as base, is zero. 


Again, a being any quantity, а = a. 

Hence, 1=log, a. In other words, 

(ii) logarithm of any number with respect to itself as base 
18 unity. 


Note. a*— 0, when z——c< if a> 1 and when 


2 +оо, 
#0 <а<1. 


Thus, we have loga 0— + œ according as a> or < 1, a > 0. 
Hence, 


logarithm of zero to a base greater than unity tends to minus 
infinity and to a base less than unity tends to plus infinity. 


93. Properties of logarithms. 

(i) loga (m x n)=loga m+loga n 
in other words, logarithm of the product of two quantities 
is equal to the sum of their logarithms taken separately. 

Put loga m= 2, loga т =y, 

and loga(mxn)=z; 

then from the definition, 

A а= т, a! =n 
and = a*=mxXn=a™x = ду, 
so that "z-—mc-dy. 
-. loga (mn) =loga m + loga т. 
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Сог: loga (m.m.p...) 
—]loga m+loga n +loga p+ 
^- loga(mnp)=l0ga (mn) + loga p =loga m + loga т +loga p, 
and so on for number of factors. 


(ii) loga (2) =loga m -loga n 


in other words, logarithm of the quotient of two numbers 
is equal to the difference of their logarithms. 


Put loga m=2, loga n=y, loga (") = z. 


Then from definition, a” = m, a! =n, 


Ld 
z n. a - 
and а= = =. = а" Y, so that z=%-— y. 
n а 
qm 
loga ^) =loga M — loga n. 


(iii) loga (m)" =n loga m 

Or, logarithm of a power of a number is the product of 
¿he power and the logarithm of the number. = 

Put log, m=% and loga (m)"=z. 

Then by definition, a” =m, and a^ = (m)! =(a")" =a", 


n= 


z-—mnr. 7. loga (т т loga m. 


94. Change of base. \ 

We shall now find out the relation between the logar- 
ithms of the same number to two different bases, whereby, 
if the logarithm of & number with respect to one base be 
given, that with respect to a different base may be obtained, 


The relation is, - 
loga m = 1055. m x log, b 


" 
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Put loga m-z,logo m=y and loga b = z. 
Then from definition, a? = m, b" =m, a^ = b. 
Hence a*-m —Db!-(a*) = a". 


m= z. -. loga m=logs т X loga b. 


Сог. 1. logsaxlog, b=1 or, logs a —1/loga b. 


1 
Det logoa-z. ез dm с йо UOS 
and loga b — y, 2. а=, 
1 1 
= a. = = ore = 
ах = a". a y. ay 1, 


ie, log»aXloga Ь= 1, or, logy a=1/loga b. 


Note. This result can also be obtained by putting m=a in tho 
result, log; m= log, m X1logab, since loga a=1. 


` Cor. 2. loga т =logs m/logy a. 


Let loga m-—2; then а = т. 


Taking logarithms of both sides with respect to the 
base b, we get z logy a=log, m. 


7. ©=logy m/logy a. Hence the result. 


Thus if logarithm of both m anda with respect to b be 
known, then the logarithm of m with respect to a is obtained 
by multiplying the former logarithm by the constant 


en 1 À ue 
multiplier o: This multiplier which transforms the 


logarithms of a number from the old base to the new, is 
called the modulus of the new base. 
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95. Illustrative Examples. 

Ex.1. Find the logarithm of 324 to the base 3/2. 

Let z be the required logarithm ; then 
(34/2:—5394—3:,.22—(3,4/9)*.  .". m—4. 


«^. 418 the required logarithm, 
Ex. 2. Show that 

Т log 33 —9 log 3$--3 log }5= log 9. [ C. U. 1922] 
=log 10—1og 9=log (5x 2)—log 3* —log 5+log 2—9 log 8. 


log 23 =1од 25—log 24=log 5° —1og (3x 2*)=2 log 5—1og 3—3 log 2. 
log $3—1og 81—1og 80—1og 3* —log (5x2*)=4 log 3—1og 5—4 log 2. 
7. Left side 

=7 (log 5+log 2—2 log 3) —2 (2 log 5—log 3—3 log 2) 

+3 (4 log 3—1og 8—4 log 2) 

=(7+6—12) log 2--(7—4— 3) log 5+(—14+2+12) log 3 

=log 2. 
Otherwise : 


The left-hand expression Vs 
10)? — log (22)? --log ($3)? 


юу)», (взе) 
Jen E Ju x (gear) x30 Jj h 
105. 3:5. 39x91 , 
=log (fra orsa» шр mlog 2. 


Ex. 3. Show that 
анар bxloga c—1. ГС. U. 1934 ] 
[ by Cor. 2, Art. 94 ] 


log, a=loge 4X 17, — a 75 


1 
&. Left side=log. ax TEE Xlog. bX loga c 


=log. aX loga c 
=1. [by Cor. 1, Art. 94] 


13 . 
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Ех. 4. Ifa series of numbers be in G. P., show that their logar- 
ithms are in A. P. 


Let the numbers be a, ar, ar?, ar?,..., an", 
Now, log a=log a. 
log (ат) =105 a+ og r. 
log (ar?) log a+log 7? =log a+2 log r. 
log (ar?)— log a+log r? =1од a--3 log r. 
log (ar"-*) «log a+log r^-* =log a-+(n—1) log r. 


Obviously, .". log (a), log (ar), log (ar?)...... ; log (ar"-*) are in A, P. 


of which the first term is log а and the common difference is log v. 


Note. Here for the sake of convenience, the base is omitted 
throughout. / | : ў 


Examples ХІ(А) 
1. Find the logarithms of 
(i) 125 to the base 5/5. (ii) 1798 to the base 2 4/3. 
(ii) “1 to the base 9./3. (і) 2401 to the base 4/7, 


2. What number is the base when 4 is the logarithm 
of 1296 ? 


3. Prove that 
(i) log, m X logs n = logs m x loga n. 
(ii) log; logs log, 16=1. 


4. If logem * log, n = 109, (m+n), find m as a simple 
function of n. 


5. Show that logy 2 lies between fand 1. 
6. Simplify logs V6 + log. 8. 
7. Prove that log (1--9--3) — log 1 *-log 2 +102 3. 


8. Show that log", + log ^^ + Jog а" 
5 ow thai Og m og 2% +108 p, = 0. 
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9. Ifthe logarithm of 2° to the base y? be equal to the 
logarithm of y? to the base 21°, find the value of each 
logarithm. 


10. If log (z^y?)— a and log (2) =b, find log z and 
log y in terms of a and b. 
11. If a? -b? — Tab, show that 
. log fs @+)}=4 (log a + log b). 
12. Prove that 
(i) log a + log a? +log a? + +++ + log a^ — 3o (n +1) log a. 
(ii) log a + log a? +log a® +++: log a?” =n? log a, 
13. If as v log log у _ log z 
—z z—z @-у 
14. idi that 
(i) loga b X logy c x loge d X loga a = 1. 
(ii) loga b X logy c X logo d X **: X loga 7 X loge a= 1. 
15. Prove that 
(i) log 4-2 log š + 3 log $+ log 2: 
(ii) 7 log 4$ +6 log $+5 log 2 +108 $2 ae 8. 
16. (i) a" =b”, show that n log, z—m logsz. 


' then z^y*z^ —1. 


(ii) It a” 5** — 7*5 5?7. then z log (4) =log a. 
9 [ G. U. 1937 ] 
17. Find the value of 
log 4/97 + log 8 -log 4/1000, 
log 1'2 
18. Show that - 
7 log 1$ + 5 log 2+3 log $0 = log 2. 


[ G. U. 1936] 

19. Evaluate logs J2V2./9...to co. Е 

20. If т, y, z are in G. P., show that 
loga ©, loga y, loga z are in A. P. 
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21. Ií a,b,c are in б.., show that 
loga т, logo T, loge z are in H. P. 
a(b+e-—a)_b(e+a-=b)_ (a+ b— c) 
E T log a los b logc : 
show that b°c?=c%a° = bbz. 
23. Prove that 
$ P y-log 2 x 1799 z-logz у 2100 -log y — du 
LO. U. 1939, 44) 
24. zy —a, gy"? =b, en t= c, prove that 
(n= n) log a + (n —1) log b+ (L—m) log c = 0. 


1 ET 1 
25. It y=4 ET gag ley thon =a VEz 


all the logarithms being calculated to the base a. 


ANSWERS 
1.002. (06. ii) + (ул 26 01 g 
10. log z—3(a--3/) ; log y 1(a— 91). 17. 13. Hom 


. +$. 


96. Common Logarithms. 


Any number can be used as the base of logarithms and 
corresponding to any such base, a system of logarithms of 
all numbers can be found. In practice, however, only two 
Systems of logarithms are used viz., Napierian System and 
Common System. 


In the Napierian System called after the name of the 
inventor John Napier, the base is the incommensurable 
number e, where 


n SU Sot г 
Glos pc uen [ See Art. 102] 
an infinite series whose value correct to 5 placés of decimals 
is 271828. This system is used in all theoretical investi- 
gations. f 
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When approximate numerical calculations are made by 
means of logarithms, the logarithms are always to the base. 
10. On this account logarithms to the base 10 are called 
Common logarithms. This system was first introduced by 
Henry Briggs. 

We shall now proceed with the consideration of the» 
common system of logarithms and the base being under- 
stood to be 10 need not be written. 


97. Characteristic of Mantissa. 

From the equation 10* = л, it is evident that the common 
logarithms will not in general be integral and that they will 
not always be positive. 


`' For instance, 123 > 107 and < 10°. 


log 193 =2 +a fraction. 
'09 > 107° and < 10и 


Again, 
log '02— —2+a positive fraction. 


* 
Def. The integral part of the logarithm of а number 
is called the Characteristic and the decimal part (i.e. the 
fractional part when expressed as a decimal) is called the 


Mantissa. 
Thus, since log 648=2'81158, the characteristic of 
log 648 is 2 and its mantissa is “81152. 


Generally, if two numbers have the same figures arranged 
in thé same order and therefore differ only in the position 
of the decimal point, then one must be the product of 
the other and some integral power of 10; and hence from 
Art. 98(i), the logarithms of numbers will differ by an 
integer, Thus, log 328'5 =log 3:285 + log 100=2+log 3'985. 


Again, since log 2="30103, we have log '02—1og (2+ 100) 
=log 2—log 100 =`80103— 9=(— 1769897) ; but owing to 
the above property, as a matter of convenience common 
loyarithms are always written with the decimal part positive. 
Thus log 02 is written not as —1°69897, but as 2°30103 
(e, —2--'30108). Here the minus sign refers only to the 
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integral portion of the logarithm and is written above the 
figure to which it refers. The characteristic and mantissa 
of log '02 are respectively — 2 and “30103 and not —1 and 
= `69897. 


Hence, the characteristic-of the logarithm of a number 
"may be positive or negative but the mantissa is always 
positive 


98. Characteristic by Inspection. 


Let us first consider logarithms of numbers greater than 
one, 


We have, 
10° = 1, cg. Moya al =0. 
10*= 10. <. log10 =1. 
102= 100. -. log 100 =9, 
10? = 1000. <. log 1000=8 ; and so on. 


Thus, if is clear that logarithm of a number between 
1 and 10 lies between O and 1; ie, the logarithm of a 
number containing 1 digit-only in its integral part is Оа 
positive proper fraction, and hence, its characteristic is 0. 


The logarithm of a number between 10 and 100 lies 
between 1 and 2; i.e., the logarithm of a number contain- 
ing 2 digits only in its integral part is 1 +a positive proper 
fraction, and hence, its characteristic is 1. 


The logarithm of a number between 100 and 1000 lies 
between 2and 3; i.e., the logarithm of a number contain- 
ing 3 digits only in its integral part is 9 +a positive proper 
fraction, and hence, its characteristic is 2. 


And generally, the logarithm of a number containing 
n digits only in its integral part is (n. — 1) +а positive proper 
fraction, and hence, its characteristic is (n - 1). 


Thus, #he characteristic of the common logarithm of any 
number greater than unity is positive and one less than the 
number of digits in the integral part of the number. 
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Now let us consider the logarithms of positive numbers 


` less than one. 


We have, 
10° =1 102120 
212 elec 

103-121 “log ‘1= +1 
10-°=—4;="01 log ‘01= -2 

102 ES 
10752.1,-:001. <.. log'001=-3; 

108 1 -. log ; 

and so on. 


Thus, the logarithm of a number between `1 and 1 lies 
between —1 and 0; i.e. the logarithm of a decimal having 
no zero just after the decimal point is —1+а positive proper 
fraction and hence, its characteristic is —1. 


The logarithm of a number between “01 and ‘1 lies 
between —2 and — 1; i.e, the logarithm of a decimal having 
1 zero just after the decimal point (cf. '06) is —2+a posi- 
tive proper fraction and hence, its characteristic is — 2. 

The logarithm of & number between ‘001 and '01 lies 
between —3 and — 2; i.e., the logarithm of a decimal haying 
9 zeros just after the decimal point (cf. (0028) is —8+а 
positive proper fraction and hence, its characteristic is* — 3. 


And generally, the logarithm of a decimal having n zeros 
just after the decimal point is — (n + 1) +а positive proper 
fraction and hence, its characteristic —(n- 1). 


Hence, we have the following Rule : 

Thus, the characteristic of the common logarithm of any 
positive number less than unity is negative and is numerically 
one greater than the number of zero immediately after the 
decimal point of the number. 
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90. Numbers having the same Mantissz. 


The mantisse of the logarithms of all numbers consisting 
of the same significant digits arranged in the same order 
but differing only in the position of their decimal points, are 
the same. K 


Let z be any number ; then z x 10” or æ+ 10" 
and n are positive intege: 
the same digits as t, for 
power of 10 does not c 
digits in the number. 


‚ Where m 
rs, is evidently a number having 
multiplieation or division by a 
hange the sequence of Significant 


=log z-log 10" =]og z +m log 10 
=log z +m. - (1) 


Also, log ( +10") =log z — log 10” 


Now; log (z x 10) 


= log x -n log 10 
=log v—n. (2) 
Thus in (1) an integer being added to and in (2) an 


integer being subtracted from log z, the decimal part z.e., the 
mantissa remains the same in both the cases, 


Hence, we get the above result. ë 


Illustrations : 


Let us consider the logarithms of the numbers 


* 48130and 48:13, having given log 4813 — 36894. 


(i) log 48130—1og (4813 x 10)= log 4813-10510 
= 3'6824+1=4-6994, 


Gii) log 48°18 =log 418 — log 4813—1og 102 


79:6824— 9 —1:6824. 


Thus the logarithms of the numbers 4813, 4813 
have the same significant digits arranged in the same 
differ only in the position of their 
mantisstm, 


0, 48'13, which 
order but which 
decimal points, have the same 
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100. Principles of Proportional Parts. 


Suppose we find from the Table, logarithms’ of the two 
numbers 6257 and 6258, and we want to find the logarithm 
of 62576 ; how are we to proceed ? 

х In order to meet such cases, the “Principle of Propor- 
tional Parts’ may be used. The principle may be stated 
as follows : 

If the value of a quantity depending on a variable 
quantity « be tabulated for different values of т at regular 
small intervals, then in most cases, for а very small change 
in æ (which is called the argument) the corresponding small 
change in the tabulated quantity (called the function of the 
argument), is proportional to the change in z. а 

We shall assume the truth of this principle, for a strict 
proof of it, with the proper restrietions under which it is 
true, depends on the use of Calculus. For the tables with 
which we are concerned, it is true for all practical purposes, 

The applications of this principle im determining the 
logarithm of a number as also in determining the number 
whose logarithm is given, is illustrated in the following 


examples. 


101. Illustrative’ Examples. 
Ех. 1. Given log 63374=4°8019111 and log 68375 = 48019180. find 
107 03:3743 and find the number whose logarithm is 28019136. 
Here log 63374 — 48019111 and log 63375 = 48019180. 
Hence for an increase of 1 in the number, the increment in the 
logarithm is ‘0000069. (This is usually spoken as ‘diff. for 1 is 69’), 
Therefore by the Principle of Proportional Parts, i increase in s 
logarithm for an increase of “3 in the number is 
*3 x ‘0000069 = "00000207 = ‘0000021 nearly. 
log 63874'3 = 4:8019111--0000021 = 4:8019139. 
*. log 633743 —1 8019132. ] 
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Again, 4°8019136 lies between 4'8019111 and 4'8019180, the difference 
from the former being 0000025. Hence 4°8019136 is the logarithm of 
a number lying between 63374 and 63375, say 63374+-2. 


Then difference for 1 being 69 (i.e., '0000069) and difference for z 
being 25 (i.e., *0000025), 69 : 95 : : 1 


а 


Hence, log 63374°36...... = 4'8019136. 


The required number whose logarithm is 2:8019136, baving the 
same mantissa, must be formed of the same digits and its characteris- 
tic being —2, the number must be *06337430... 


Note. The number corresponding to a given logarithm is called 
its anti-logarithm. Thus, in the above example, 


antilog 278019136 = 06337436. 


Ex.2. Tind the number of digits im 415 having given log 2= 301038, 


We hayo log 4'5—]1og 9290—30 log 2 


=80 x *30103— 9:0309. 


Hence, since the characteristic of log 41° is 9, it must consist of 
10 digits. 


Ех. 3. Find approximately the 7 root of 3:598, 
log 2="30103, ^ log 3='4771913, 
= 90782184. 


having given 
log 7="8450980 and log 1197:349 


1 
$. (72x8?x99* 

L = (38:528) = | —5 2 2 
et к= (3:598) ( 105 ) 


then log m=} [2 log 7+2 log 3+3 log 2—3 log 10] 
= 5 [2 *8450980-1-2 x *4771218+-3 x *30103 3] ў 
= "0782184 nearly. 


Now, log 1197'349= 3'0782184 ; 


.*. log 1'197349= `M0782184, having characteristic 0, but manitissa 


same as that of log 1197:349, 
Hence z—1'197842 approximately. 
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Ex.4. Find to two places of decimals the value of x from the 
equation 
63752,4715 —8. 
Given log 2 = 03010300, log 3=0'4771213. [ C. U. 1938 ] 
Taking logarithms of both sides, we have 
(8—42) log 6+ (z-- 5) log 4=log 8, 
*... (3— 42) log (2 x 3)-+(e+5) log 2°=1од 2°. 
(8—42)(log 24105 3)-+(a+5) 2 log 2-3 log 2. 
©. e(—4 log 2—4 log 3+2 log 2)= —8 log 3—10 log 2. 


10105 2+3 log 3 
®="9 log 2+4 log 3 


44416689  ..., 
= 25106458711 nearly. 


Examples XI(B) 


[ Use the values : log 230103, log 8 = 4171913, 
log 7 = 8450980, when required. ] 
1. Given log 18'906 = 12765997, log 18:907 = 12766296 ; 
find log 1890'635. 


2. Given log 69714 = 48433200, log 69715 = 48433262 ; 
1 
find log (‘000697145)*. 


Given log 37601 = 45751994, log 37602 = 45752109 ; 
find the number whose logarithm is 15752086. 


el 


Given log 3 54771913, log 74008 = 48699787, 
aiff, for 1=59 ; find (09) 


Hind the number of digits in (5) 22, (669) BS, 
(iii) (640)°. 


> 


= 
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6. Extract the 5th root of 84, having given 
: log 2495805 = 6°3848559. 


1 
7. Calculate ("0020736)?, having given that 
log 41369 = 46166750. 


8. Given log 898665 = 59535977, find the value of 
IEEE 
62°5 
9. Given log 259569 = 5`4149594, find the value of 
Jn (39)5x(695)* — — }. 
(`00489)# x (3195)? x 95 


10. Solve the following equations using the value of 
log 2, log 3 ete. when required : 
(008232 422-300, G fom Ges opor 
Gü) 2"3**—100. Tg. U. 1925 ] 
(iv) 9° = 3v, 


Qvi. 3772, 


(v) 18y* - 12° =81. 
[ G. U. 1942] gres. 


(vi) (az) log a — (bi)! b plog z — log UA 
(vii) 6?-**47*5-8 гр, 1945 ] 
11. Given log 101— 90043214 
and log 1115675 = 970475354, find the value of 


Tod + (389)? + (203)2 4 ...... to 10 terms. 
12. If the number of persons bo; 


rn in any year be ath 
of the whole populat 


ion at, the commencement of the year 
and the number of those who die be goth of it, find in what 
time the population will be doubled, 


[ Given log 241 = 23320170, log 240— 2°3802112 ] 
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i ANSWERS 
1. 39766077. 2. 1'8686040. 3. 37'6018.' 4. "7400897. 


5. (i) 13. (ii) 6. (iii) 25. 6. 2425805. 7. "41369. 
8. ‘898665, 9. 259569. 10. (i) а=29`961. (ii) z=1:206. 
(iii) z=1'593. (iv) z= 9:71, у=1°71. (v) 2=2,7= +8; 


2=—2,y=+h. (vi) z= y= 1. (vii) ТТ. 11. 105675. 


12. 166'7 years nearly. 


Examples XI(C) 


[ Additional Example on Chapter ХІ] 
[ Use the values: log 2-730108, log 3= 47712, 
' log 7 — 84510, when required ] 

1. A Geometrical and a Harmonical progression have 
the same pth, gth, 7th terms of a, b,c respectively ; show 
that alb — с) log a +b(c—a) log b+ c(a — b) log c = 0. 

2. If log (2+2) +108 (z—2y-* 2) - 2 log (x-z), then z, 
y, z are in H. P. 


ay log (zy) _ 02 log (uz) _ 2a log (za), 
Gb EI: 2h qs SEU then 


2° = = 2°. 
4. Evaluate 5/19 J(3 (9). 
[ Given log 162683 = 21184 ] 


Б. Find correct to 3 places of decimals the value of 
logarithm of 40 to the base 12. 


6. Show that 
16 25 81 
10220 2+ 16 10810 15 * 12 10510 gat! logro 80^ it, 
[ б. U. 1940 ] 
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4. Prove that 
G) bene 2 log $ + log =ë; = log 2. 
(ii) log $$ + log $82 — 2 log Z —1og 9. 
8. IpQ5*t?.49:9. 79251. 932t0 fq by the help of 
logarithmic tables the value of z. [ C. U. 1941] 


9. Givenlogio z—logig J/z — 


' find z. 


logio & 
10. The logarithm of a certain number to а certain base 


is 6 and the logarithm of 8 times the number to the base 


formed by the product of the first base and 25 is 3; find 
the base. 


11. Tia =at =q” =-= an” and if G4, Goə,...Qn be 


in G. P., prove that 11, 25,...Хһ are in Н.Р. 
12. Solve the following : 
G) J5*-- J5-* —9:9. 
(ii) 188-42 = (Баа) = ват 
(iii) 422 —8.4* - 19 — 0, 
(iy) get? =5 ; 322-80, 
(v) 210:o2—1 -*1og;o (z — 13), 
1З. Te be te gete 57-22 oett fnd the value of z; 
correct to 3 places of decimals, [ О. U. 1943 ] 


14. The number of births in a certain town every year 
is 25 per thousand and the number of deaths is 90 per 
thousand of the population at the beginning of every year. 
The population in a certain year is 25000 ; find t 


he popula- 
tion 20 years afterwards. 


[ Given log 40965 = 46124180 ; log 1025= 30107239] 
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15. A shop-keeper has one maund of rice; as soon as 
he sells four seers, he mixes with the remainder four seers 
of ап inferior kind. How often must he repeat the process 
that half of the whole may be of the inferior kind. 


ANSWERS 
4. 162683. 5. 1485. 8. °03. 9. (i) 100 or rác. 
(ii) 2 or 8. 10. 12°5. 12. (i) +1189. (ii) 1994. 


(H)'5,1:999. (іу) z-132075,y-:199. (0) z=2,8. 19. 1200. 


14. 40965 nearly. 15. 7 times nearly. 


CHAPTER XII 


EXPONENTIAL AND LOGARITHMIC SERIES 
SEC. A. EXPONENTIAL 


102, The Series e. 
The infinite Ya 


145 tite tees 


п (2 Is: 
is usually denoted by the letter e and is of fundamental 
importance in mathematics. 


(i) Lo prove that e is finite and lies between 2 and 3. 


Hence, it is clear that e is greater than 2. 
Again, [3=3.2.1. 
132 9.2.1 е, > 9%. 


is 
Similarly, ира: sedi 3 etc. ` . 
Hence, pU AG st tar 

<їзї+ ++ j 


; IE. 
1.е., icy 9e S142) 5 <= 3) 


e lies between 2 and 3. 
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(ii) Zo prove that e is an incommensurable number. 


If possible, let e be commensurable and equal to m/n, 
where m and z are positive integers. 


m Da a dep л үсе 
Then, ”” i а ie + eal 
Multiplying both sides by |n, we get 
LM 1 1 
Im-1-|n [nt Z+- 1 
m\n—1= [n |2 n+l (бый +9) 


Evidently |?—1 is an integer and all the terms on the 


right sid integ pos SILERS 
right side are Integers excepi nl (n+ D(a + 2) 


т 1 а 
T NE eee oe teger. = 1) 
uu + (n- Dim +2) some integer. ( 


Each term of the left side of (1) being positive, their 


1 
sum is obviously > = ERE 


a< I 1 1 
an ntl a) (n1 T 


° 1. 
165, 5 Sc ав Е 


Thus, the left side of (1) lies between 1/(n-1) amd 1/% 
and is therefore a proper fraction ; but it has been shown 
that the left side is an integer. Hence the assumption that 
eis commensurable is wrong. Thus e cannot be a commen- 
surable number. 

Note. e being an incommensurable number, by taking a suffi- 
ciently large number of terms of the series, its value can be calculated 
to any desired order of approximation. The value of e correct to 6 places 
of decimals is found to bo 27718282, 


14 
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103. Expansion of e*, 


To prove that for all values of x 
өөө TIG to 00, + (1) 


we XS 
Саас 
И n > 1, (во that i <1}; we have by the Binomial 


Theorem, 


nz 25 
(2+1) =1+пд® 4 nelne =), аео 
n n 12 n“ 
46-3) el- ile- 3 
=1+m+ + EE ee 
Hence, when z is infinitely large, 
ale m? og? 
l+- = ve 555 
( = ау (9) 


Therefore, putting т=1 in (9), we have when ж is 


infinitely large, 


EX. AE tee + edo ©, 


Сог. 1. Since the series (1) is true for all values of x, 
therefore putting -vand —1 for z in the above Series, 


we have 
“Xj yx ox* x" 
' SS SD ERAS HOD É ki 
= Din Lod eA) 1 
‘si-— "1 2 D — 
aR itc ta +... 
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Cor. 2. We have seen aboye that when z becomes 
N 
infinitely large, the value of (1 + z) E This is usually 


expressed by this notation, 
Sale al na 
ikap = a =e; similarly, Li (1 + z) = e“, 
LN noo 7 
Note 1. The expansion of e* is known as Exponential Series. 


Note 2. The proof given above though short is not satisfactory. 
It is assumed in the course of the proof that when n is infinitely large, 


Єч) 
А 
AMA ога values of r. 
(E 1 
Sometimes it is argued that when т is infinitely large. 
1/n=0, 2/n=0, 8/n r[n 0. 
But it cannot safely be assumed that 7/72 is zero when both rand 
m become infinitely large. The above relation can, however, be proved 
by a more rigorous method but it is beyond the scope of the present 


the value of 


treatise. 

Note 8. The above exponential series has been established for 
real values of x. It should be noted that e^, when х is imaginary, has 
not the same meaning as when z is real, although in text-books on 
Higher Algebra, it is defined as equivalent to the same series as when 


æ is real, 
Alternative method of Proof. * 
n^ m т” 
Let (т) = 1+ 1+9 У ieee (3) 
л? ^ 
then f (n) = l+ + [ durs тҮ (4) 


* This proof is due to Prof. Hill and it only assumes the truth of 
the Binomial Theorem for a positive integral exponent. [ Proc. of the 
Cambridge Phil. Soc. 5, p. 415. ] - 

T The series f(m), f(n) and f(m-+n) are convergent for all values of 


m and т. 
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(m + (m + п)" == 
and f(m+n)=1+ E w TE Tmn es qe (5) 


Now, multiplying together the series (8) and (4) and 
collecting the terms of the same degree in m and z, we have 


фт) xf (a) = Е emma) a 


amine dede 
1+" T nentes 
am brem Hn ES t bear) 
cuu Е [а ntm 55 fom (m + п)" + 
=f(m +n). 


- fm) x f(n) = f(m + n) for all values of m and n. 
Similarly, 
Хт) x f(n) x f(p) 9 f(m + n) x f(p) = f(m ++ p) 
and generally, 
Хт) x (п) x fp) x ++ 


=f(m+ntpt- 
for all values of m, n, p,... 


to a finite number of factors 
to a finite number of terms) 
© (ON) 
(i) Let c be a Positive integer. 


Putting m=n=p=---=1 in (A), we have 


f(1) x (1) x /(1) x --- to z factors 
=Йї+ї+ї+ 
LIF = (a). 


to x terms). 
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(ii) Let z be any positive rational Fraction hlk, where 
h and Ё are positive integers. 


Putting m =n =p = + = i ш; 
ГА 
(2) xs 2) x ^ to k factors 
=} + P dion fig t torme): 


Ta = i x x) -f()-U(DP, since h is 
positive integer. 
hy nM Ke T 
(E) = ue ic, fla) = tr. 
Hence, for all positive values of z, Í (1) =f(a). 
(iii) Let z be negative and = — y, so that y is positive. 
Now, f(-) x flu) =f(-y +u) =70) - 1. 
1 
ПЕ) fü) 
Hence, f(x) =f(- v) E - TOF. since y is positive 
-iürv-uoyr. 
Therefore, whatever z may be, (/(1)* = /(z). 
But s n 


8 
and Д@= 1+ Vp e 


for the values д 2 
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104. Expansion of ax, 
' 
To prove that if a is any positive number, then 


2 
aif (loge a+ (loge a)?+ e (loge a)r4---- to со 


for all values of z. 
If а be any positive number and if Ё be such that 
a= е", so that &=loge a, then 


: km, °т° Еа? 


© = („Күл — ko — Sea n а” э" 

а = (ек) = е =1+ 1+ 2 Te au 
©. a =1+2 log qoid (loge a)? + --. +27 (loge a)" + +++ 
c e 2 e d, 12 Be 


Otherwise: Leta*—c'. Then y=% log. a. 


*. az=e= risa E КУУ 
С. а= е гува 


Note 1. This is known as the Exponential Series. 

Note 2. If itis required to prove this theorem, the oxpansion of 
€* in power series (Art. 103) should be first established, 

105. Illustrative Examples. 


а о р у 
Ex.1. Find the value of 5 (c+ 1) and z(e- 2) 


[2 ltet itzi a Thee 
isi i 
Putting z Lecltlka ta tipte - (1) 
. Putting g- —1, а= 1-11 lal. i: (2) 


21598 АЛ ШР 


Adding (1) and (9), and dividing this result by 2, we get 


1 1 ie, Мн} 
ale i)- 3s 
2 С е ) Sun air ait 
Subtracting (2) from (1), ana dividing the result by 2, we get 
1 


05 АЕ 
st ә) E SUIS 
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Ех. 2. Show that 


14214243, 1424374 C 
DS Pe EVE To HORS 23e [0.U.1985] 


The nth term of the series 


_1+9+9+4+-+т 
n! 


— n 1) 
2.n! 


ay ak 1 
-É 3t! @ 


By inspection, 
1st term=4.0+1, 


1 
9nd term= ill r 


From the relation (1), 


л! 
3rd term = 7 1ta ГЫ 
Coe 
4th term 3.9 1*3 í 
and so on. A 
.. By addition, the given series 


eek meet 
={+] Seana Sl EE БЕ ttaitaitapt 


Shete=ie- 
\ 
Ex. 3. Tind the value of 


tea, l+aete? lteter’? 
Choe ае Ya r i CN 


++ to оо 
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l*etzrtkxee tat 1 l-e" 


вот Je e PRE -)] 


=_ lle-1)=(e*-]=% E 


= 2 
Ex, 4. Find the coefficient of z" in the expansion of E ders ` 


“= Mem —(1—-3z-2?)e7* 


n-a 


=(1-32-+22) { ju um CS) i 


F(a a eee Ee 


+", The coefficient of z^ (n > 1) 


ciem ae йс азл) 


2 
=(=1)" ~ eT “T {+3»+» (n-1)] =(— 1)". pou ` 
° 
Ех, 5. Bapand es in ascending powers о] as far as z*, 
[ С. U. 1938 ] 


= lette 
л 21 


1 
my ct tee 
=е.е 


m —6.€, where saad ety 36 


Sef 1+4 T p Jj 
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* DA 1 E 2 
= (о), (+ ape t x) 


+ (eed, т te)" +=] 
! =efl+z+z + imr ix) 
on picking out the coefficients of the successive powers of c. 
Prove that ae — ie of 17 in the expansion of e'^ is 


1 Jr 
ere SI go | 


Ех. 6. 


2 A 
Hence, prove that т 1 ii*ei*s (pasa to co — 15е. 


We have 


TORNA 
MEN) - 0 


d д^ 
The coefficient of z* is ү "um +17 sit) 


ү : ME 
and since the coefficient of z* is also Hm ie. е [See Ez. 5 above] 


t follows. 


therefore, the second par 


Examples XII(A) 
Show that (Ec. 1-12) : 


ЕЕЕ ie 


1 ol aig Be а= 

2. sss | Ë (5*i5* Vai 
s 

8. 2= 21+ ogee 080 + loses) + 
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Oh CG гук 
4 +++ to о = =. 
4. B B at ор 
пт fg 
+ +t to о =e 
Bou (ea los: 
ЗЕРРЕ. Die 
Gb orn g аро al 
1*2,1-92-2* 14949?4 93 
IST ar AL 
\ 
a 4 


e: { ] 31551 
c? grt .2 a? 25 
9: Е Е 51 
ИЖ Т 
10 УМБАК э 
ie ачуу ш с 
31 81^ ТЇ 
i pel pil 
T ЖИЛЕ И РЗ sei 
Рт etl 
ШЕ STE Srt 
DONO 
z 1+ ЕЕЕ + д 
Tot SEHPA Y 0 4 
31^51*71 
13. 


Find the value of 


DEPT 2 23 g5 
татна) - Í+ Ri Na 


[ C. U. 1937 ] 


1 


[ G. U. 1936 ] 


[ C. U. 1984] 


(z "йыт (eye) + (ае в) s 


14. Find the value of 5; 


decimals. 


correct to four places of 


[ G. U. 1936]. 
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15. Express in terms of e 


1 ДУ Дурр заа де. 
(a) ss 1293" y To ТОЗ ) 


1 1 — 1 DD 
© т1з85 123457 
16. Sum to infinity the following series : 
9.8 , 3.4 


19,23,9.4,.... 
(бт Кай зш 


dk 2 
(a) (142) loge 24791 (loge 9* 


1+2° 
*^3] (loge 2)? + --- 
8 


А А БУР 
o infinity the series whose nth term is A 
: V! 


17. Sum t 
[ O. U. 19891] 


18. Find the coeficient of z^ in the expansion of 
alte 7 Á (j / == ; 
(0) Sam (ii) 2 


Show that the coefficient of z” in the series | 


mq (Coal у шд) E 
TUER VIRO SION ЛИН. ЖАП 


n the infinite series , 


19. 


20. Find the coefficient of т” i 
(a+br) , (a+b)? , ax bz)? |... 
о ае 


. 
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21. If an is the coefficient of z^ in the expansion of 
zm 


à 1 
ЗЯ in ascending powers of z, show that On — Gn—1 = 
=e i 


LEJ © 
Go SU O a 3 ‘ 
22. Expand 652 in а series of ascending powers of z. 


2 б H 
23. Expand 110 ascending powers of z as far as mt. 


24. Expand each of the following in ascending powers 
of x. B 


alta} 
m g? g? 2 
6» (24 +; B | 


[ (ii) The eap. — (1-r c7)? =1+ 207 +037 J 


25. Assuming that when z is imaginary 


2 3 
ж = CENTER 
e SS A SEA 
(i) Expand 4(c*” +е7*) in a series of ascending powers 
of v where ¿= 4/—1. [ G. U. 1936] 
8 6 
i) їй желу oe 
ado тл 
b z+; i +ç i + 
CUM M B 
CAST" ТЕЛЕН 


Show that a? +5? 4-63 — 3abc — 1. 


[as +bš 02 —Sabc— (a+b 4-c)(a-- ob+ o2c)(a--uo?b-Fac) ] 
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ANSWERS 
18. &^—e^. 14. “8187, 15. (a) e-ke-t—-2. (b) |o. (c) e7*. 
16. (a) Зе: (b) Зе. (c) 2e. (d) 4. 17. 5e. 18. (i) (—1)*.(n— 1)2/m 1 


(ii) (—1)"*3 (n4-3)/9"-1.5 1 20. etir 
22, зараа. Apt D 
28. 1—3z- ds? -yori dee 
24. (i) inerat. iT + т + а } 
(i) 4h, +® 0p +... 8733) "4e 
25. (i) 1— $E E ve +(=1) Gait xu 
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106. Expansion of loge (1+x). 
By the Exponential Theorem, 


2 
at= 1+vwlogaa +” (logea)? +. 
L2 


Putting 1 +z for a, we have 


` 


(1+2)У=1+у loge (La) +U {loge (1 + z)] + --- (1) ) 


By the Binomial Theorem, ¿f z be numerically less 
than 1, 


2 —1)у-9 
(egre Leyes UD s UWT DWA) a 


Tee (2) 
Hence, from (1) and @), if z be numerically less than 1, 


Lt y logs (1 +а)+ Р» a Пов, ( (L+)? +. 


т 1) 24 кат 


L8 
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Since this is an identity, CORON of y on both sides 
must be equal. 


Now, coeff. of y on the left side=log.(1+2) and that 
' on the right side 


pt Ше (2).(-9) в , (= 1.(=9).(8) 


= 9 
ТН 14 Y 
27. loge б) 45 x Hiep ey ls Ste toe o (8) 


af t be numerically less than 1. 


Note. Неге, the expansion of log, (1+2) is established under the 
assumption that z is numerically less than 1, but the expansion is also 
true, if w=1. The proof is beyond the scope of the present work. 
Thus the expansion of loge (1+x) in ascending powers of x is valid 
when —1 < x < 1. The student should note the series for log, 2, 
obtained by putting z=1 in the series (3) ; thus, 


= id үл ee 
loge 2=1- 5 +y rubr rc irr 


Cor. Since, the expansion of loge(1-- 2) holds when т is 
_ numerically less than 1, we have by putting —z for v in (3), 


2 уз i2 
loge ü-3-2-x-5- Ee toco. -« (4) 
(-1<х<41). 


107. Deductions from Logarithmic Series. 


we a хр АЕ 
еа а ES ДА 
EA Lem ra «ct ? 
loge (1-2)= -x d аа 


Ву subtraction, we get 


5 
logs (1+1) - log 172) = afet 7 Te ) 
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К, 1+2 aa? 
о, loge s (5) 
q 1 ios ш e deem 
iea loge] imt. t << 1). 
Putting ^ = for z, (m > n), so that; Dum up. 


т 


we get from (5), 
m _ofm—n, l[m-m|, 1 (an 1 
loge, ae 3 [2 МБ Н j (6) 
Putting = 1, we have 
i ofm- , 1 [т—1\° гра)" - 
loge 20 cr 8 (233) + 5 ze +} (7) 
Again, putting m=n +1, in (6), we get 
Я 


+ ГА 
loge eH = loge (n+ 1) —logen 


1 USATI LOL Ks a: 
EN 3 (2n 2* 5 (jn 1)5 T b (8) 

ed ret T І | 
Again, writing PE m [or e in loge (1 +z), we get 


log, 1 and loge mot respectively. 


1 1 и 
loge (n+ 1)— loge n= 2 —g s gg con s+ (9), 


4 il 
loge n— loge (®— 1)= = i онадан 2; (10), 
where n > 1. 
Adding (9) and (10), we get 


WS ПАШ, aly: rp 
loge (n--1) loge (n1) 9 [1 Tax F sns + =} ҮШ) 
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108. Caleulation of Logarithms. 


The series (7) is suitable for the calculation of the 
logarithms of small numbers greater than unity. 

' The series (8) is very convenient for the calculation of 
the logarithms of one of two consecutive numbers, when the 
logarithm of the other is known. Thus, putting x= 1, in (8), 

if 1 JL S) yy aby al 
g,9-291— 
аа-а (5 + praet ОЛЛО) 

—9133333 + 103704 4-1 x 00432 

+% X “00046 ++} 
= `69315, correct to 5 places. 


Similarly, loge 3 — log, 2 


="405465-:- = 40547, correct to 5 places. 
«. loge 3 = '69315 +°40547 = 1°09862, correct to 4 places. 
Proceeding in the way, logarithm to the base e of any 
“number can be found to any requisite order of approxima- 
tion. Having found loge 2, we have at once loge 4 = loge 27 
=2 loge 2 and we can hence easily find log, 5 ; and so on. 
Applying this method we can easily find, 
Р log, 10—2:80258509 approximately. 
Logarithms can also be calculated by using the series (9), 
(10) or (11) of the last article. 
From Art. 94, we know that, if N be any number 
loge N=logio N x log, 10. 


i. 1 
10820 N log ge Nx 10 
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With the help of this formula, we can convert the 
logarithm of any number in the Napierian system (é.e., in 
which the base ise) to the common system (i.e, in which 
the base is 10). 


The modulus of the common system 


1 MERDA 
~ loge 10 280258509 43429448. 


For sake of brevity, modulus is shortly denoted by u. ` 


Multiplying the series (8), (9), (10), (11) throughout by ш, 
we obtain formule adapted to the calculation of common 
logarithms, 


Thus, from (8), we have 


logio [CES 1- logro n 
© =u loga (n-- 1) – u loge n 
HAE Ty ig 1 Fen 
59 1 *3(@»+1)® *5(n «1 * ) 
where u= 48499448. 


Similarly, we can obtain formula from (9), (10) and (11). 

It should be noted however that the above formule 
are needed ѓо Һе calculation of the logarithms of prime 
numbers only ; the logarithms of composite numbers can 
be obtained by adding together the logarithms of the prime 
factors. 


Thus, we see how logarithmic tables can be constructed, 


109. Illustrative Examples. 


i 1 1 
Ex. 1. Show that loge 2-i2tsg4t'ggt 77 


Putting z—1 in the series for log. (14-2), we have 
logg,2-1—3-3—44 
-ü-3*8-2-( 704 
1 1 1 


"up REC Mo u 
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Ex. 2. Find the coefficient of z" in the expansion of log, (1+ z+ z). 


log, (1+a”+27)=log. TE = log. (1—22) —100, (1—z) 


log. (1—28) = —2* —3z* —3z? — ------ 
log. (1—z)= —z—àz*—3z?—---- 


log. (Letz?) = (z-- 32? -- 32? 4- ---) — (7? - 325 4- ---). 


If 7 із not a multiple of 3, the coefficient of a= 2; and if z is 


a multiple of 3, the coefficient= MIU ole 
LE T T 


Ex.3. Ifa and В be the roots of z —ра+@=0, show that 
loge (1+-pu-+ qz?) = (a-- B) х (828°) a? +3(a2+B%) 22-6. * 
Since a and 8 are the roots of z?^ —pz--9—0; .'. a--B—p, а8=0, 
l-4-pz-gz* —1-F(a--B) z+ aBz? = (1-- az) (1-- Ba). 
log. (1 + pz-- qz?) 
=log. (1+ ал) +106 (1+ 8x) | 
= (a2 — 3a*x* + fara — ---) - (Bx — 38? 2? -- 385 =) 


= (0+8) 0—4 (a? +8?) z? +3 (a? +83) а*—...... 
Ex 4 If y=o—-t2*+}a°— 
ub Oa E e гс. U. 
yi . U. 1981] 
Here y= log, (L+ z) 1+z= e”. m= e —1 
E y? 1° =)= SR HOD AE he 
= (ve T l=ytgp tyje 


Examples XII(B) 


Prove that (Ex. 1-8) : 


il 1 1 Tatil 1 
+ + .. = — 287 
n+l 2+1) 8 (a+ 1)° nn 


ГС. U. 1945] 


1. 


2. loge (1—a)= – 50° +204+ 42° toh 
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Ü dba уа 1(&-5) = 
(5 al lees EE EHI comet 


99 


p, Gave E teres loge = - 
P. y 


2 9 3\ = 
D. ТЫК =logs 9. 
6. as "dst =l- log 2. [ C. U. 19401 
с [sss 


123-1 ,1 2-1 
3631:*3(-15' 


+ 


toe dede 
тст "ot Ore 05 


1=82+ 90° 
SORN d 1 + d 
9. Expand logs(1—3z--9z?) and log, —— ПЕЕ Ер 


ascending powers of v, and find the coefficient of'z" in each 
case. 


s in 


T+e+em , 
10. Expand 10827 EN in ascénding powers of z. 
11. Expand log, (1+e+a* +28 +- to со) in ascend- 
ing powers of z and find the coefficient of z^, if 22 < 1, 


12. Find the relation between P and Q, if 


шуа уы H mo 
в) т i SA 


Pa ee atelier s a Ur EX 
and Q= S ие gue 


13. Expand loge (1+a+a*+2°) in ascending powers of - 
2 and find the coefficients of #°"** and a2”, 
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14. If овер be expanded in а series of 


ascending powers of т, show that the coefficient of z^ is 


1982 a e vv. 
a0 according as % is odd or even. 


Sum to infinity the following series (z< 1) (Hx. 15-18): 


РСЕ 
15. 9 2 *gt еш t 

Шз. 2 з. ЕА. AEA ЧИЕ сы, к, 
16. gz tae tae t+ 17. 19+ 98 dd aro 
пе сызыш [ C. U. 1943] 
У 8793809579 5 4786 БЕГ, 
19. Prove that 4 


ne. 2 
таа geh] 
20. If a and f are the roots of the equation ac^ + bz -F c 
= 0, show that log, (a — ba + cz?) 
—loge a + (a + B) œ — 3(a* + 8°) s? + (a? + B?) a? — --. 
21. Prove that under certain conditions (to be stated) 
ОТТЕ ЕЕ RUM MER 


loge (1 +a)*** (1-2)*7*—9 (5+ 


92. Ifa, b, саге H. P. and a > b > c, then 
e. wA T. fi ES of e 0р9 b 
(§- 2) + ай-е) s n) =юв?. 
28. If y-c- 30° + go" + iz +, show that 
1 1 1 
YEYE ans ETE д wes 


94. If O<#<1, and ify=——* express the sum to 


ЖЕ a 
infinity of z 40° +08 -—-- as a power series in y. 
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25. Show that log; (14-92 - 3z? 4- 4z? 4 ---), z° < 1, 


= Jas lcs ep dE 
=a [+ iz tact CU -) 


26. If 2° <1, expand {loge (1+<)}* in ascending powers 
of x. 


А [ Equate the cofficients of у? on both sides of (3), Art. 106 ] 


ANSWERS 


(i) e 


di. шааад ise coeff. of a= L. 12. P=Q. 
1 
p? — Bort pee . All. c7 7 
18. v+ło’ +a -iat ; coeff. of д? pra 
ane l(t. 
coeft. of. 2 ant 1) = 
К @ 
15. —š loge (1—2?). J 16. [og tlog: (1—2). 
17, 14727 tog. (1—20. 18. log. 25. yt yt AY? bene 


26, 9(3z? — 8(1--3)2? - 3(1-- 3-3) — ig 


CHAPTER хш 
INTEREST AND ANNUITIES 


SEC. A. INTEREST 


110. Introduction. 


When money islent, the borrower usually pays to the 
lender & certain sum in consideration for the use of if. 
The sum of money lent is called the Principal; the sum of 
money paid for the use of it is called the Interest and the 
sum of the principal and the interest due at any time is 
called the Amount at that time. 


The rate of interest is the sum paid for the use of 
a certain sum for a certain time ; thus, if 4as. be paid for 
the use of 1 rupee for 1 year, the rate of interest is said to 
be 4as. per rupee per year. 


The rate per cent. per annum is the sum paid as interest 
for the use of Rs. 100 for 1 year ; thus, if Rs. 3 be paid as 
interest for Rs. 100 for 1 year, the rate of interest is said 
to be 3 per cent. per annum, 


When the principal alone produces interest, if is called 
Simple Interest ; but when the interest, as soon as it becomes 
due, is added to the principal and the whole then produces 
interest, is called Compound Interest. 


The Present Worth or Present Value of and amount due 
at the end of a given period of time is that sum which 
together with its interest for the period is equal to the 
given amount. 


. Discount is the abatement made for the payment of 
money before it is due. Hence, discount is the difference 
between the amount due at the end of the given time and 
the present worth. 
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111. Simple Interest Formula. 


Let P rupees be thé principal, л the number of years for 

- which the principal is leri, 7 rupees the interest on Re. 1 
{ог 1 year. Let I rupees be the interest on Р rupees for 

n years and M rupees be the amount of P rupees in n years. 


Interest on 1rupee for 1year =r rupees. 


E. » » P rupees » э » =Pr » 
» » P » » years = Pnr ” 
I-Pnr = ==) (1) 


M=P+I=P+Por=P(1+nr). (2) 


Thus, we see that in the case of simple interest, the amount 
increases in A. P. 
Cor. If c denotes the rate per cent., then dim ; hence, 


the above formula become 


Рас, у руло}. 
=й? P [n m) 


Note. "The above formule would remain perfectly true if any other 
unit of money, say pound or shilling is substituted for rupee. 
119. Compound Interest Formula (conversion per year) 


Let Р rupees be the principal, n the number of years 
for which the principal is lent, r rupees the interest on 
Re. 1 for 1 year. Jrupees the interest on P rupees for 
n years, and M rupees the amount at the end of n years. 


Let the interest be. converted into principal at the end of 
every year. 


Interest on 1 rupee for 1 year=r rupees 
» » P rupees w > » =Pr » 
Amount of P » in 1 year=P+ Py 
or, P(1+7) rupees. 
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Amount of P rupees in 9 years 
=amount of P (1 ++) in 1 year 
=P(1+r).(l+r) = р (1+2)2. 
Amount of P rupees in 3 years 
—amount of P (1+7)? in 1 year 
-Pü*2.-)-pP(ü +), 
Amount of P rupees in z years = P (1 + 7)”, 
M-P (1+r)", - © (3) 
I-M-P-P {(1+r)"- 1} - (4 
Putting R for (1+2), so that R becomes the amount of 


1 rupee for 1 year, the above formule are sometimes written 
in the forms ; 


M=PR", E aa (ER) 
I=P (R^- 1), aoc wes (4) 
Thus, in the case of compound interest, the amount 
increases in geometrical progression, 
Cor. Ifcis the rate per cent, the formule (8) ana (4) 
“become 
с \" cM 
w 2 С А) n 


Note. To facilitate arithmetical work, it is customary to use 
logarithms in the calculation of compound interest, Thus, taking 
logarithms of both sides of (3), we have 

log M=log P+n log (14-7), 
an equation from which any one of the four quantities M, P, n, + can 
be readily obtained when the remaining three are given, 


113. Compound Interest Formula (conversion per part 
of a year). 

In the above formula we have assumed that the interest 
accruing from the use of money has been converted into 
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the principal at the end of every year ; but if the conver- 
sion of.interest takes place at the end of every gth part of 
a year, ĉe., if the interest is paid q times in a year, we 
shall have with the notation of the previous article, 


ЛЕБ 3 =amount of Re. 1 at the end of 


qth part of the year 


ДОУ; P [a+ ^)- qen P PAL S, 
ACO W 
e P (1+ :) = Ut Rs, Po c бю d year 
2 T pie 
oh ae aw - US Rs, P ce oon years 
an 
++ The total amount in z years = P (1+ z) ^ 


д, м=р (142) 
т=М-Р=Р ("а 1. 


Note 1. Thus, when the interest is paid half-yearly, quarterly, 
monthly, we cah have for the amount in n years, 
M=P (1+4r)**, M=P (1-37), м=р)" 
respectively. 


Note 2. When q is made infinitely large in tho above formula, 
we got Ë К 
pan 
Lt (2+5) =e". [ Art. 108, Cor. 2 1 


poo 
S. М=ре"". 


When д becomes indefinitely great, the intervals between the 
Payments become infinitely small; so in this case, the interest 
becomes due every moment and is conyerted into the principal 
continuously. 
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114. Present Value and Discount. 


To find the present value and discount of a given sum; 
due in a given time. 


Let V be the present value of the sum P due at the end 
of » years, 7 the interest on Re. 1 for 1 year. 


(i) If simple interest is allowed : 


Since, the sum V, put to simple interest, amounts to P 
in » years, 


P-V(-cn). [Art.111] 


The present value v=) 
72) Pnr 
e NES ЙӘ l+nr l+nr 


The discount p= PE. / 


\ 
Note. In practice the bankers and merchants invariably deduct 
the interest on the whole debt from the present time till it becomes due 
‘instead of the interest of the present worth, which is the, true discount. 
Thus, 


Я Ри 
True discount= „› and Banker's discount= 
1+ nr 


(ii) If compound interest is allowed : 
Then, P= V (1*7) - VR". [ Art. 112] 


Мике} 


Ss ya Dae 1 
since, = P=) — Pp (D^ P Ë = s 
P{(i+r)n—1}_P (Rn—1) 


25 D G+ Ra 
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115. Illustrative Examples. 
Ex.1. In how many years will a sum of money double ttself at 
5 per cent. per annum compound interest ? 
[ Given log 2= 3010300, log 3— 4771913, log 7='8450980 ]. 
Let P be the sum of money and n be the required number of years. 
Then, Р (1+т45)"%=2Р. [ Art. 112; Cor. ] 
“. (@"=з. 
«e n (log 21—1og 20)=log 2, 
or, т (log 3--log 7—1og 10—log 2)=log 2. 
Now, substituting the value of log 2, log 3, log 7 and noting that 
Tog 10—-1,* 


:8010900 _ 


we get n= 0911893 > 14'9 approximately. 


.'; The reqd. no. of years —14'2 nearly. 
Ех. 2. Find the discount of Rs. 4630. 815. due З years hence at 
5 per cent. per annum compound interest. 


By the formula of Art. 114(ii), é 


ip 
Discount= 20208 (ara) = Ih, since, T= 1557 70 Ë 


(1+25)° 
— 9261 {21°=20°}" 1. š: 
== gps =g (9261—8000) 


=6303= Rs. 630. Sas. 


Examples XIII(A) 
{ Lhe following logarithms whenever required should be used. 
log 2=:3010300 log 180=2'0123872 
log 3='4771213 log 104=9'0170333 
log 7=°8450980 log 105= 2'0211893 


log 102 = 20086002 log 106=2'0253059 ] 
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1. In what time will a sum of money treble itself at 
5 per cent. per annum compound interest ? 


2. Find in how many years Rs. 100 will become 
Rs. 1000 at 4 p.c. compound interest. Give the answer 
correct to two places of decimals, [ C. U. 1934] 


3. A man invests £30 a year in a Sayings Bank which 
pays 2% per cent. per annum on all deposits. What will 
be the total amount at the end of 20 years? [0. U. 1937] 


[ Given log 17025 — 0107239 ; log 1763862 — 2144780 ] 


4. ‘Show that а sum of money will increase more than 
100 times in 100 years at 5 per cent. compound interest. 


5. What sum of money put out,at 4 per cent. per 
annum at compound interest for 18 years will amount to 
Rs. 10000 ? 


[ Given log 493629 — 5:6934006 1 


6. A sum of £100 is put out at compound interest for 

2 years ; what is the difference in the amount according as 
the interest is paid yearly or half-yearly at 4 per cent ? 

[ Given log 1*0816 — :0240666 ; log 108243 = ‘0344008 ] 


7. Supposing the interest to be paid half-yearly, what 
would be the amount of Rs. 100000 put out for 10 years at 
10 per cent. per annum compound interest ? 


[ Given log 26532975 — 7*4937860 ] 


8. If a sum of money at a given rate of compound 
interest accumulates to m times its original value in z years, 
and to times its original value in y years, prove that 


у= logm n. 
9. If 4, B, C be the amounts at compound interest of 
a sum of money in a, b, c years respectively, prove that 
(b— c) log A+ (c— a) log B 4- (a — 0) log C=0. - 


10. How long will it take for one penny to amount to 
£1000 at 5% compound interest convertible annually ? 


11. A person borrows a sum of money, and pays off at 
the end of each year as much of the principal as he pays 
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interest for that year ; find how much he owes at the end 
of » years. 


12. Show that the difference between banker's discount 
and true discount, simple interest being reckoned, is 


Pn?r? {1 ^ nr + n?7? — Зр + --. to co} nr <1.) 


13. Show that the discount is half the harmonic mean 
between the sum due and the interest on it, whether simple 
or compound interest is reckoned. 


14. Find the present value and discount of a debt of 
Rs. 1800 due 5 years hence at 4 per cent. compound 
interest. , 

[ Given log 18— 1:2552725 ; log 147947 — 371701060 ] 


15. Find what sum will amount to £500 in 90 years at 
5 per cent., the interest being supposed to be payable every 
instant, 
[ Given c7? —'8678 ] 


ANSWERS 
1. 92'5 years. 2. 58°71 years. 8. £785. 18s. 
5. Rs. 4936. das. T'O8p. _ 6. 1s. 8d. nearly. 
7. Rs. 265329. 12as. 10. 954 years. ` 11 Pü-ry. 


14. V=Rs. 1479. Tas. бр. nearly ; D= Rs. 320. Sas, бр. nearly. 
15. £183. 185. ' 


SEC. B. ANNUITIES 


117. Definition. 


An annuity is a fixed sum of money (Interest, Rent or 
Pension) usually payable annually under certain stated 
conditions. In some cases, if is also payable at more, 
frequent intervals, say half-yearly, quarterly etc. ^ 


. any annuity is left unpaid for a number of years, it 
is said to be unpaid or forborne for that number of years 


I м 
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and the annual sums together, with the interest on each for 
the amount of the annuity. 


If an annuity is payable for a fixed number of years, 
16 is said to be an annuity certain. If an annuity is to. 
Continue forever, it is said to be a perpetual annuity or 
perpetuitaj. ә 


' Шап annuity does поб commence until after the lapse 
of a certain time, it is called а deferred. annuity. When an 
annuity is deferred for n, years, it is said to commence after 
n years and the first payment is made after (n+ 1) years. 


The present value ‘of annuity which is to continue for 
a given number of years is that sum which together with 


its interest for that time is equal to the amount of the 
annuity. ? 


Ап estate which is held fora fixed number of years is 
called a, lease-hold estate and the rent in this case is a termi- 
nable annuity, whereas a free-hold estate yields a perpetual 
annuity called the rent. The value of a free-hold estate is 
the present value of this perpetuity viz., the rent. 


118. Amount of Annuity left unpaid. 
ЬУ 


(i) То md the amount of am anmuity left unpaid for 
a, given number of years, allowing simple interest. 


Let A be the annuity, » the number of years, r the 
interest on Re. 1 for 1 year, M the amount. 


The first payment due is 4 at the end of the 1st year, 
and since if remains unpaid for (n—1) years, the amount. 
of this sum in (2— 1) years at the above rate of simple 
interest is A {1+(m—1)7t. 


The 2nd payment due is À at the end of t 
and since it remains unpaid for (n— 2) 
becomes A {1 + (m= 2) rt. 


he 2nd year, 
years, the amount. 


Similarly, the amount of 3rd payment=4 {1+ (-3)9 
and so on. - 


INTEREST AND ANNUITIES 289 


M, i.e., the whole amount due at the end of n years 
—AÍt*-(—-1)0-*A1L*(-2)7--- to n terms 
=пА+ Arí(n—-1)*(-92)4 +9+1} 
=пА+ Ат +9+--- +(%—1)} 

—nA-Fin (n—1) rA. 
(ii) To find the amount of an annuity left unpaid for 
а given number of years, allowing compound interest. 
With the same notation as before, we have 


the amount of the Ist payment =Z! (147) 
апа с C ESAE 29 


за + — —A 7)? 
and so on. 
M=A{(L+7)*4+(14r)24--+(1+7) +1} 
=A{1+(L+r)+(L47)? Tren. 


т, Ri 
Js MaA =o ACRI 


where R is the amount of 1 rupee for 1 year. 


118. Present value of an annuity. 

To find the present value of an annuity to continue for 
a given number of years, allowing compound interest. 

Let А be the annuity, R the amount of Re. 1 in 1 year, 
т the number of years and V the required present value, 

The present value of A due in 1 year is АБ! [ Art. 114] 
Ut 2 years is AR? 
ono ong 3 is AR? 
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V-AR C + AR? + ARS terres to n terms 
=AR™ (1+ВЮ%+Ю®#+ to n terms) 
2ApclzE?^. 4. ( ai |. 

ескш = ы» 
с еам аа 
л vega des xs») 


Otherwise: The amount of V in n years will be УЛ". 
[ See Art. 112 ] 
«e We must have 


dz emn 
VR'=A.—7: [See Art. 117] 


г A(R"—1)_ 4 eee) 
талт (1 =] 

Cor. By making т infinitely large in the above formula, 
the present value of a perpetual annuity is found to be 


ATA 


yvy=—=— 


lucu с 
since when n becomes infinitely large, 1/R” tends to zero. 


Note 1. IfmA is the present value of an annuity А, the annuity 
is said to be worth m years’ purchase. 


Note 2. In calculating the present value of annuities, it is always 
customary to allow compound interest. 


119. Present value of a Deferred Annuity. 


To find the present value of a deferred annuity com- 
тепсе at the end of т years amd to continue for m years, 
allowing compound interest. 


Let A be the annuity, R the amount of Re. 1 in 1 year, 
V the present value. 
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Since, the first payment is made at the end of (m+ 1) 
years [ See Art. 116 ], the second payment at the end of 
(m+2) years, and so on, the present values of the first, 
second,...... payments are respectively 


AR 1) АЕО? А) t AR- on) 


.V=sum of the present values of the different payments 
= AR O1). Ар-От+) +AR +S) +... to n terms 
=AR MDNI T poti pss... {ол terms] 

# UI Css DET | 
ее 

5 A fi Vi 1 

*ovegtul i-es) - (1 =e) | 

=the present value of annuity for (m+n) years 
— the present value of m years. 


Cor. By making т infinitely large, the present value of 
аг deferred perpetuity Lo commence after m years is given by 


AR=™ 


VERES 


120. Illustrative Examples. 


Ех. 1. ind the present value of an annuity of Rs. 300 per annum 
for 5 years at 4 per cent. 
[ Given log 1704— 0170388, log 821093— 99148385 J 
Substituting A= 900, r=r45="04, n=5 in the formula 
A 1 
od: { (1+ >)" 


Я ) [ See Art. 118 ], wo have 


100 1 30000 А 
‚ y2300: EAE сер, Fi y 41— (1704)- 5, 


16 
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Let us find the value of (1°04)-*. 
2—(1:04)-5. 
+. log x= —5 log 1:04= —5x:0170333— —'0851665 
—1:9148335 =log `821923 ; E 
1,821923. 


Hence, V (i.e., the reqd. present value) = 20900 (1— 821923) 


= 20000 ‘178077 —1335:58 nearly 


= Rs. 1935. 9as. 2'9 p. nearly. 


Ex.2. The annual rent of а free-hold estate is Rs. 1000 ; what is 
its value, allowing 4 per cent. per annum compound interest ? 


Since, the value of a free-hold estate is the present yalue of the 
perpetuity, viz. the rent [ Art. 116 J, therefore, using the formula 


Vas [ Art. 118, Cor.] and noting that here A=1000 andr = 1$52 45, 


we get the value of the estato— b =s. 25000. 
z 


Examples XIII(B) 


[ The logarithms given at the beginning of Ez. XIII(A) should be 
used whenever required. ] 


1. Find the amount of an annuity of Rs. 100 left unpaid 
for 10 years, allowing 5 per cent. per annum compound 
interest. 

[ Given log 16289 —:911893 1 


2. (i) Find the present value of an annuity of Rs. 4000, 
to continue for 25 years, allowing 5 per cent. per annum 
compound interest. 

[ Given log 2'95362= 4702675 ] 


(i) What sum should be paid for an annuity of £100 

а year to be paid for 40 years, money being supposed to be 
worth 4 per cent. per annum ? ГС. U. 1935 ] 
[ Given log 96 — 1741497, log 20835= 4:31880 ] 
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(iii) A loan of Rs. 1000 is to be paid off in 10 equal 
annual instalments. Find the yearly payment, allowing 
compound interest at 4 per cent. per annum. 

[ Given log 1°480238='170333 J 


8. A debt of Re. 1 accumulating at compound interest 
is discharged in » years by annual payment of Re. 1/m. 


y — _ log (1=m), 
Prove that n= log (1+ 7) 


where 7 is the interest on Re. 1 for 1 year. 


4. A company borrows Rs. 10000 on condition to repay 
16 with compound interest'at 5 per cent. by annual instal- 
ments of Rs. 1000 each. In how many years will the debt 
be paid off ? 


5. A person puts his whole fortune Rs. 20000 out at 
compound interest at 5 per cent. per annum and requires for 
his annual expenses Rs. 1800. If he begins to spend from 
the end of the first year and goes on spending at this rate, 
show that he will be ruined before the end of the 17th year, 


6. The annual subscription of a Mathematical Society 
payable at the beginning of each year is Rs. 10, but 
a member can compound for all his future subscriptions by 
paying at a time Rs. 200. If he is satisfied with 3 per cent, 
interest for his money, find how many years he should live 
in order that it may be worth his while to compound, 


[log 43=1-63347 ] 


7. A man aged 60 years receiving a pension of Rs, 1200 
per year wishes to commute it for a present payment. 
interest being reckoned at 4 per cent. per annum. How 
much does he receive in his expectation of life is 10 years ? 


[ log 1480238 = 6170333 ] 
8. A person bought a free-hold estate at Rs. 40000 


What should be the net annual income from t i 
money makes 5 per cent. per annum 2 ыд 
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9. If 20 years’ purchase must be paid for an annuity 
to continue a certain number of years and 26 years' purchase 
for any annuity to continue twice as long, find the rate of 
interest. 


10. Ifa, yz years’ purchase must be paid for an annuity 
to continue т, 2», 3n years respectively, show that 


а? +? = m + mz. 


ANSWERS 
1. Rs. 1257'8 nearly. 2. (i) Rs. 56371 nearly. 
(ii) £1979. 2s, 6d. nearly. (iii), Rs. 123, 4as. 8p. nearly. 
4. 142 years. 6. 30 years. 1. Rs. 9789 nearly. 


,. 8. 2000. 9. 3% p. с. 


š APPENDIX I 
PROGRESSIONS 


SEC. A. ARITHMETICAL PROGRESSION 


1. Series. 


А succession of quantities each of which is formed 
according to some fixed law is called series. The succes- 
sive terms are called the terms of the series. 

Thus, (i) 1, 3, 5 7,......, (ii) 2, 4, 8, 16,...... 
are examples of series. In (i) each term is formed by adding 2 to the 
preceding term and in (ii) each term is formed by multiplying the 
preceding term by 2. 

It is clear when the law of formation of & series is 


known, we can write down any number of terms of the 
series. 


2. Arithmetical анара), 


A series of quantities is said to be in Arithmetical 
Progression when the algebraic difference between any term 
and the preceding one is the same throughout the series; 

Thus, a, b, c, d ete. are said to be in Arithmetical 
Progression if b—a-—0c— 0 —d — c — etc. 

The algebraic difference between each term and the 
preceding is called the Common difference. р 

Thus, the series (i) 1, 3, 5, 7,... (ii) 8, —1, —5, —9 


are in Arithmetical Progression, the common difference in (i) is 2 and 
that in (ii) is— 4. . 


Note 1. For the sake of convenience, the words ‘Arithmetical 


Progression’ and ' common difference’ are shortly Soine as A. P. 
` and с, d. respectively. 
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Note 2. From the definition of an A. P., it is clear that each 
term is formed from the preceding by adding to it a constant quantity d 
viz. the common difference. So an A. P. may be called a constant 
difference series. 


3. The nth term. 


Let а be the first term and d the common difference 
ofan A.P. Then by definition 
2nd term=r+d =a+(2-1)d 
‘8rd term =a + 2d=a+(3-1) d 
4th term=a+3d=a+(4-1)d 


^ nthterm(t,) =a+(n-1)d. (1) 


Thus, we can write down any term of an A. P. when 
the first lerm and the common difference are given. 

Thus, if the first term i.e., а= 5 and the common difference 4.0., 
d=4, then the 20th term of the series. 

i.e., (492 54-(20—1) x 4—81. 

If a be the first term, d the c.d!, n the number of terms, 

and 1 the last term (¿.e., the nth term), then 
l=a+(n-1)d. Er © (9) 


Cor. When any two terms of ат A. P. are given, the series can be 
completely determined. 
Suppose, a and y are respectively the pth and qth terms of an A, P. 


Let a be the first term and d the common difference of the A. 12), 
Then, 

z=a+(p—1) d } 

й=а+(@—1)4 


These two equations can be solved for a and d and tho series is 
ihus completely determined. 


Note. Of the four things, (i) the first term (a), (ii) the common 
difference (4), (ii) the number of terms (n) and (iv) the value of the nth 


term (ta), amy three being given, we can find the fourth with the help 
of the formula (1). 


Г] 
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4. Sum of a series in A.P. 


Let.a be the first term, d the common difference, » the 
number of terms and 1 the last term of a series in A.P. 


Suppose it is required to find the sum of n terms of 
\ this series and let S, denote this sum. 


Sn=at(a+d)+(at+2d) +--+ (L7 d) +1. 
Writing the series in the reverse order, we get 
Sn=l+ (L— d) + (1—94) +--- +(а+а)+а. 
` Adding the corresponding terms, we have 
98, = (а +1) + (a-- 0) - (a -- 0) +++ to n terms 


Ss = (a+) ooo © (8) 
Since, l is the nth team. s. 02ac(n—1)d. 
Sn= 5 (2a--(n - 1) dj. S (4) 


5. Properties of A.P. 


(i) If each of the terms of am A.P. be increased or 
decreased by а constant quantity, the resulting quantities are 
in A.P. with the same common difference as before. 


_ Gi) If each of the terms of am A.P. be multiplied or 
divided by a constant quantity, the resulting quantities are 
in A.P. with a common difference equal to that of the given 


series multiplied or divided by the corresponding constant 
quantity. 


(i) ata, bte, c o, d a... 
(ii) a—«,6—2, c—a, d-t... 


(iii) ат, bx, cx, da... © (B) 
(iy) G b. [o d 
‘ 9 m m & 
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Proof: (i) The quantities are in A.P., if (b +z)— (a+ z) 


—(c+z)—(bp+ez) ie, if b- a=c-b which is true, since 
a, b, c are A.P, 


(ii) Proof is similar. 

(iii) The quantities are in A.P., if br—ar-am- bo, 
i.e., if b—a=c—b which is true since a, b, c are in A.P. 

(iv) Proof is similar, 


6. Arithmetic Mean. 


When three quantities are in A.P., the middle term is 


called the Arithmetic Mean (or shortly written as A, M.) of 
_ the other two. ; \ 


И О iy TA ато in A.B, we have m- a=b-m 
te, m=} (a + b). 

Hence, A. M. of a and b=H(a+b). i 

Therefore, the Arithmetic Mean of two given quantities is 


half their sum, Thus, the arithmetic mean of two numbers 
is their average. 


Of three terms 4, Т, 10; 7 is the A. M. betweon 4 and 10 and 
obviously, T=} (4+ 10). 


The Arithmetic mean of quantities is the sum of all 
the quantities divided by ». Thus, 


n 


A. M. of a4, аа, an= 92+: ап 
© 


= 22, 
xia 


г 


Again, when апу number оѓ quantities are in A.P., 


all the terms intermediate between the first and the last 


aro called the Arithmetic Means between these two terms. 
Thus, 1, 13, 93 are 4 А, M.'s between 3 and 3. 
To insert a given number of Arithmetic means between 
two given quantities. 1 


Let a and b be two given quantities and let m 


12 May. Mn 
be n arithmetic means between them. y 
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When n means are inserted between а and b, we shall 
have an A. P., eonsisting of (n +2) terms, of which a will be 
the first term and b the (n + 2)th term. 


Let d denote common difference. Then, 


b-a - 
b=a+(n+1)d, whence = ari 
Hence, the тода: means 201, Ma, ?®%зу...... Mn ате 2 
b-a 9(b — a), 3(b — a) n(b — a) 
fy $ ree n'a e| TA He 
oyna Gam nin Gor eer b Ore ih 


7. Ilustrative Examples. 
Ex. 1. Find the A. P. whose 5th and 8th terms are 11 and 17 
respectively. Find also its 15th term. 


Let a be the first term d the common difference. 


Then; by the question, a+4d=11, | 
a+7d=17. 


<. a=3, d=2. 
Hence, the reqd. series is 3, 5, 7, 9,............ 
and tho 15th term —a--14d4 —3-- 14 x 2— 31. 


Ех. 2; The sum of т terms of an A. P., whose common difference 
is4,is91. The sum о] 2n terms is 78. Calculate the first term. 


Let a be the first term, Then, from formula (4), 


- s (a+ (n1) arme (a-- 2n — 9). E 0 
18-3 {a+ (2n—1) 4}=n (2a-- 8n—4). MEUM 
i 78 „асас which gives n=3a — 6. =° (iii) 


Y 91^ а+2п—2 

Substituting this value of n in (i), we get 
21=(3a—6)(a+ 62— 12 — 2), 

fen, (2—9)%=1; ie, a-2— +1. 2. a-1,0r,3. 


7. From (iii), Е) or, 3, according as a=1, or, 3. 


Since, n is a positive integer, the first value is to bo rejected, and 
tho first term is 8. 
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Ех. 3. How many terms of the A. P. 
OE OE 0 E 


must be taken so that their sum may be 139? Emplain the double 
answer. 


Putting $—132, a=23, n=24—24=(—3), in formula (4), 
weget 182= 7 {5+(n—1)(-4)}. 
w+ "—921nc110—0. .". (n—10)(n—11)=0. .. n=10, or, 11. 


-. Hither 10 or 11 terms may taken and in each case the sum 
is 138. 


The existence of these two answers is explained by the fact that 
the 11th term is zero; for t,,=24+(11—1).(—})= 2y—9y=0. 
Ex. 4. Sum ton terms: 


Here, 


= 1 al 
4. By formula 48-5 { 2 2 (n=1)(- Du 


Ex.5. If the nth term of a series in A. P. is always +1, find 
the зит of n terms of the series. 

Here, t,—9n--1. .. t, (ie. first term)=3+1=4, 

and 1=1ав term (nth term) —3n--1. 

s. By formula (3), S= 5 {4+8n+1}= 5 (9n--5). 

Ex. 6. Find the series in А. P. whose sum to n terms is n (14-9). 

Let S, denote the sum ton terms and S,-, the sum to (n— 
then ¢, (nth term)=S,—S,-, 

ә =n (n4-2)— (n—1)(n4-1) 2 2n--1. 
17. The series is 3, 5, 7, 9,... 


1) terms ; 


Ех. 7. The sum of n terms of two A.P.’s are in the ratio of 
n—1 : n+l, find the ratio of their fifth terms. 


Let аз, a. be the first terms and d,, d; the common differences of 
the two series and S,, S, denote their sums up to n terms, 


ese S,=4n (2a, +(n—1) di), 
S.=4n (2a,+(n—1) da}. 
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Sh vom on 22,--(n—1)d, _ sal (a) 
Sa 269. °° Jas+(n—l)da n+l 
The ratio of the fifth terms of the two series 
La. +4d, _ 2a, +8d, 9a,--(9—1)d, 
7a.*4d, 9a, 8d, “a, +(9= =i) ds 
=9—1 from (1) by putting n=9 


=4, reqd. ratio. 


` Since, 


Ex. 8. If a, b, c be the pth, gth, rth terms respectively of an A. P., 


then a(q—7) +b (r—p) +e (p—q)=0. 
Lot z be the first term and y the common difference, 
Then, а=2+(р-1) 2 E © (i) 
һЬ=х+(0—1) y 68 Uo (ii) 
c=a+(r—1) 7 E e (iii) 
4. a-b-(p-q)y:; — b—e-(g—7) v. 
Пав pq. 
оя п 
On cross-multiplication, reqd. result follows. 


Ex.9. If 1, P i be in A.P., and (a+ b+ c у“ 0), prove that J 


bo, ea, OD aig in АР. 
a b с 
Multiply each term of the given A. P. by a+b+c. . 
d erts, atbte, erbe are in А.Р. by Art. 5. 


Subtract 1 from each term of the A. P., then 


bxc, ota, atb sre iniA. P. by Art. 5. 
ure D м С 

Ex. 10. In an A.P., prove that the sum of any two terms equidistant 
from the beginning and the end is equal to the sum of the first and 
last term. 

Let а be tho first term, ¿ the last term, d the common difference, 
the number of terms. Л 

The rth term from the beginning=a+(r—1) d. 


ШӨ me and =(n—r+1)th term from the beginning 


=а+(п-т) d. 
<. Reqd. sum=a+a+(n—1) d=a+l. 
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Ex.11. Divide 72 into three parts which are in A.P. and such that 
the product of the first two is 480. 


When in any problem 3 terms are given to be in A.P., 16 is con- 
venient to take them in the form z— y, z, x+y. 
Then, (e—y)+a+(c+y)=72; ie, 9z—'79, ie. 2=94 
and z (z—g)= 480, i.e., 94 (24—y)=480, i.e., 94—9—90. .". 0= 4. 
Hence, the reqd. parts are 20, 94, 98. 
Ex. 12. Insert 12 arithmetic means between 4 and 43. 
Let d be the common difference, 


Since, the complete series contains 14 terms in all, hence, 43 is the 
14th term of the series of which 4 is the 1st term. 


43=4413.d. .. d=3. 
The reqd. means are 7, 10, Пре 40. 
Examples (AT) 


[The answer Of each example is given at its end 
* within [ ]] 


1. What is the 14th term of an A.P. whose 5th term 
is 11 and 9th term is 7 ? [2] 


2. Find thé.common difference of an A.P. whose first 
term is 5 and the llth term 195. [2] 


3. The 10th term of a series in A.P. is 93 and 39nd 
term is 67 ; find the first and common difference. 
[5; 2] 
4. Which term of the series 9, 108, 11$, 13,...... is 
133 ? [ 94th term ] 
;9. Is —447 a term of the series 8, бед т ? [No] 
6. If the pth term of an A.P. is q and the gth term is 
p, show that the mth term is p + а= т. 
4. Find the sum of each of the following series 
(0) 5-- 17 -- 99 +41 + ------ to 90 terms, [ 2380 ] 
(ii) 20418 +16 +--+ to 19 terms. [ 108 ] 
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(iii) +++- to 9 terms. [ 7-15] 
(iv) 1-3-7- to n terms. [n (8-2n) ] 
(v) J23-4 „/9(1— /2)+ 5/9(1— 9/9) +++ to 21 terms. 
, [21 (J2— 90) ] 
(vi) 5'3 +39 +925 + -*- to 15 terms. [ 7675] 
(vii) n+(n-1)+(n— 2) ++ to n terms. [ 32 (z + 1) ] 

(viii) (w@— y) + (Qe — 3y) + (8a — 5y) + to n terms. 
[dn f — ду) n z) ] 


dee to n terms. 


[nz tn (n—3) 1] 


(х) @ +4)? +(e? +y°)+@— 9)? 9 to n terms. 
Ln (z? 4 y?) - n (n — 3) ey ] 


8. Find without assuming the summation formula, the 


sum of the series 1--4-- 7 +- to 21 terms. 
9. How many terms of the series 2, 4, 6,...... must be 
taken in order that the sum may be 420 ? . 920] 


10. How many terms of the series 27+ 24 F 9I «e 
must be taken in order that the sum may be 132 ? Explain 
the double answer. v [8 or 11] 

11. The 12th term of an A.P. is 93 and the sum of the 
first 29 terms is 484 ; find the sum of the asit 30 TUS 

[ 900 J 

12. The sum of n terms of two A.P.’s are in the ratio of 
9n-1:9n—1; find the ratio of their tenth terms. 

[ 39 : 37] 

13. The sum of n terms of two A.P.'s are in the ratio 


' of (13— 7n) : (3n +1); find the ratio of their first terms 
. and the second terms. [3:9; 24:5] 


14. If nth terms of a series is always 2n+ 3, find the 
sum up to n terms. Г n? + 4n ] 


15. Find the 10th term ofa series in A.P., whose sum to 
n terms is 3n + 4n?. [79] 
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16. If the sum of m terms of an A.P., be always to the 
sum of m terms in the ratio of m? : n? and the first term 
be unity, show that 


mth term _ 2m — 1 
nth term 95-1 
17. Ifa, b,c are in A.P., show that 

(i) b+¢,c+a, a+b are in A.P. 

(ii) b+c-—a,c+a-b a b—c are in A.P. 

(ii) 1/bc, 1/ca, 1/ab are in A.P. 

(iv) (b+c)? —a?, (c+)? — b*, (a+b)? — c? are in A.P. 

(v) a? (b+c), b? (e + a), с? (a +b) are in A.P. (Xbcz*0). 


(vi) i. 1 [1 + 2). [1 + Е) are in A.P. 


ad 1 lt Жш л ^ 
(vii) NETIC КУЛАЗЫП Jat Jb te in А.Р, 
18. If a, b?, c? are in A.P., then 


PETI 1 ë 
EEG oma arp еШ AP. 


19. bte cta, 210 sro in A.P., and (a+b+0)x%0, 
then "RE are in A.P. 
а 0с 
а b с - 
20. If Boo ccu СЕЛЬ аео A.P., then 


Ji 1 à 
a ota a+b ate in A.P. (@+b +00), 


21. It (b—c)*, (0-а)?, (4 — 2)? aro in A.P., show that 
к= gl are in АР. 
22. If a,b, c be the sums of P, d, 


7 terms respecti vi ly of 
an A.P., prove that L SALO 


pat 26-5) *(p-g)-0. 
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23. Prove that the middle term of an A.P., consisting of 
an odd number of terms is equal to half the sum of the first 
and last terms. 


24. Prove that the sum of the ¿wo middle terms of 
an A.P., consisting of an even number of terms is equal to 
the sum of the first and last terms. 


25. If i, denote the nth term of an A.P., and if 


to : t4=8 : 7; find the value of ts : ty. ` [ОБАА 
26. The sum of three numbers in A.P. is 21 and sum of 
their squares is 155 ; find the numbers. [5,7,9] 


27. The base of a right-angled triangle is 12 feet and the 
three sides are in A.P. Find the length of the hypotenuse. 


[ 15 ft. or 90 ft. ] 
28. Three numbers are in A.P. ; the, difference between 


the first and the third is 14 and the product of these two 
is 312; find the numbers. [ 26, 19, 12 or, — 19, — 19, — 26 ] 


29. The sides of a right-angled triangle are in A.P. ; 
show that they are proportional to the numbers 3, 4, 5. 


30. The sum of five numbers in A.P. is 15 and the sum 
of their squares is 55 ; find the numbers. [15:97 854955] 


[ Take the numbers as a— 2x, a —2, a, a v, a--9z ] 


91. Insert 22 arithmetic means between 1 and 70. 
, [ 4, 7, 10,...67 ] 
32. Insert 36 arithmetic means between 83 and 93. 
[ 8%, 85,...93] 


98. There are » arithmetic means between 5 and 35, such 
that the second mean : last mean = 1 : 4 ; find n. {17] 


34. Prove that the ratio of the sum of z arithmetic 
means to the sum of y arithmetic means inserted between 
any two numbers is z : y. < 


85. If pth term of an A.P. E 1/q, and qt i 
show that the sum of pq term is 3 (pq + 1). а 


256 INTERMEDIATE ALGEBRA 


36. If the sum of m terms of а series is to the sum 0 
n terms as 7? : n?, show that the mth term is to the 
nth terms as 2m — 1 : 2n — 1. 


37. Find the least value of n for which 
3+6+9+--~to т terms exceeds 1000. [26] 


38. Aman 50 years old has 8 sons born at equal intervals. 
The sum of the ages of the father and the sons is 186 years. 
.What is the age of the: eldest son, the youngest son being 
3 years old ? [ 31 years ] 


39. If 100 stons be placed in а straight line” exactly 
a yard apart, the first being one yard from the basket. 
What distance will a person go, who gathers them singly, 
returning with each to the basket ? [ 5 miles 1800 yds. ] 


40. A man undertakes to pay off a debt of Rs. 65 by 
monthly instalments ; he pays Rs. 2 in the first month and 
continually increases the instalment in every subsequent 
month by Re. 1. In what time will the debt be cleared up? 

ў [10 months ] 


41. ^A class consists of a number of boys whose ages are 
in A.P., the common difference being 4 months. If the 
youngest boy is just eight years old and the sum of the ages 
is 168 years, find the number of boys in the class. [16] 


42. (i) If the nth term of a series = b + c, show that the 
series is in A.P. Š 
_ (ü) If the sum to n terms of a series= bn? + сп, show 
that the seriés is in A.P. 
43. А series of n terms іп A.P. ; show that 


(i) if be odd, the sum of the series is n times the 
middle term. 


(ii) If n be even, the sum is equal to n times half the 
sum of two middle terms, 


2 
44. Tí зз, 52, 83 be the sums of n terms of three series in 

A.P., whose first terms are the same and whose common 

differences are in A.P., show that s4, 55, Sa are in A.P. 
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45. If s, denote the sum of z terms of an A.P., prove 
that 
qr (a —7) som + rp (r— p) sam + pa (p а) sym = 0. 


46. The sums of the fitst nı, 22, ns terms of the same 
arithmetic series are S1, S2, Ss respectively ; show that 


Ss (n ~ ng) +S? (ns =n) + $ (n =n) =0, 


у 
8. Sum of the natural numbers. 


The numbers: 1, 2, 3,... are called the natural numbers. 
(a) Sum of the first m natural numbers. 
Let sa=1+9+3+- +n 


= 248 + (n. — 1).1}, since here c.d. = 1, 
[ by formula (4)] 
s =n (aD. ... ... (8) 


(b) Sum of the first n odd natural numbers. 
Let §=1+3+5+-* tom terms 


= get (a -1)9) Е [ by formula (4) ] 
= S ‘In=n*. 
S,=n?2. бс dai (9) 
(с) Sum of the first n even natural numbers. 
Iet5,—-244-46-4--- to n terms 
=9(1+9+3+-=---- bon terms) ^ 
(Sgt D, 
p 
S, —-n(n- 1). z.. ^o (10) 
(d) Sum of the square of the first n natural numbers. 
Tet aa 123-92 -4- 85 ee cni. 


17 
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We have n? — (n — 1)? —3n? — 8n4- 1. 

Hence, putting »=1, 2. 3,...... in succession, we have 
1°-0°=3.1?-3.1+1 
9° —1°=3.92 — 3.9 +1 


n? — (n — 1)? = 3n? — 8n 4- 1. 
`, Adding n° =3 (1? +22 £n?) - (1-94 n) n 
дүк аа 
38,7n* -n+ $n (n+ 1) 
=n (n? —1)+%% (n- 1) 
=n (n 1)(n—1- 3) = 3a (n + 1)(9» + 1). 


Rc DOR D, - (D 


Sn 


(е) Sum of the cubes of the E n natural numbers. 
Let Sp=19 +98 ++, 
We have n* — (n — 1)* 2 4n? — 6n? + 4n — 1. 
Hence, putting n=1, 2, 3,... in succession, we have 
1*-0*—4.5—6.?-44-1 
94-1*=4.9° – 6.92 +49-1 
(n—1)* - (n — 9)* 24 (n - 1)? -6(n—1)* -4(n—1)- 
n* —(n—1)* 24n5— 6n* + 4m —1. 
^. Adding n* —4(1? +99 +-.-+л5)—6 (1? 4 9? +... 492) 
i *A(1T94 7 2)-5 
7485 — 6.šn (n+ 1)(Qn+ 1) + 4.4n(n+ 1) 2m. 
48, — (n* n) +з (+ 1)((2n +1) - 2n (n+ 1) 
=n" (n+ 1)2, on simplification. 


$,-[EGr*D Dr. “| (42) 
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Cor. Thus, 1?--9?----- n? =(1+9+ = +n). ; 
Note. For sake of brevity the Greek letter Z (sigma) is used before 
a letter to denote the sum of a number of terms of that type. Thus, 
1+2+3+- +n is denoted by Sn 
1.949,37 n(n + 1) is denoted by n (n + 1). 
9. Illustrative Examples. 
Ex.1. Sum to т terms the series : 
1.2--9.3 -- ----- n (n+1). 
Here, th=n (n 1) n? n. 


CS En (п+1) = Хп? +5л 
_ т (n-- 1) (2n4- 1) 
aaa 


t1) by jormula (11) and (8) 


=} (n+1)(n+2). 
Ex. 2. Sum the series : 
1+(1+2)+(1+2+3)+(1+24+3+4)+-- to n terms. 
Here t, is evidently (1+2+3+----+n)=4 (n+1)=}n?+4n. 
se Sum of the given series 3»? -- 3Zn. 


1 Br 1 2, 
m катъ guae Ee D, poet int 1), by formula (11) and (8) - 


= (n-+1)(n+9), on simplification. $ 


Ex. 3. Sum the series: 
14+34+6+10+15+--- fo n terms. 


Here the series though not in A. P. the successive difference of the 
terms (namely 2, 3, 4, 5, etc.) are in А. Р. To sum the series we should 
proceed in the following way. 


Let 5,=1+3+6+10+15+:-+#,_,+#,. 
- 
Again S= 1-3--6-F10-- --- + tn- +in-1 ls 
Now, subtracting, 0= 1+ (3—1)+ (6— 3)+ (10—6)+ -+ (ta—ta-1)— tn 
=1+2+3+4+--. to m terms — tn 
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On transposition, 
tn (nth term of the given series) = 1--9--3-4---- to n terms 
=š (n--1)—3n?--3n. 
S,—3Zn?-F3Zn 
= $n (n+1)(n+2) as in Ex. 9. 
Ex.4. Sum the series: 
1--2—3-F4--5—6--1--8— 9-4... fo (8n+1) terms, 
nth term of the series 1, 4,7,...—1--(n—1) 823n—9 
» » 2,5, 8,...=2-+(n—1) 3—9n-1 
a » 8,6; 9;...=3+(n—1) 8=8n, 
Sum of 3 terms ending at 3nth terms of the given series 
—9n—2-3n—1—8n-3n—3, 
(8n+-1)th term of the given series —3n--1. 
- Sum to 3n terms-32n— x3 
=з лал) ete. 
=3 2 3n= ən (n—1). 
+. Sum to (3n+1) terms=3n (n—1)+3n+1=3 (3n? T-9n4- 9). 
Examples (AII) 


Sum to n terms the following series : 


1. 11*2,3435-444-- $n (n + 1)(4n — 1) ] 
2. 91+3.3+4.5+--- [ tn (4n? + 9n — 1) 
3. 1. 73:5 5.7 4 7.9 4 --- [ 3» (4° + 65 — 1) ] 
4. 3.846.114 9.144 --- [3n (m + 1)(%+ 3) ] 
9. 1.9.8-.2.3.4 3.4.5  4.5,6 4 + 


n (n + 1)(n + 9)(» + 3)] 
. 1.3.5438.5.7 t 5.7.9 + --. [ n (n + 2) (95? + 45; — 1) 


6 
7. 1.3.5+9.4.6+39.5.7 +- £n (n+ 1)(n + 4)( + 5)] 
8 


„ 1334325272 4... in (4n? — 1) 
9. 92 52 +82 +... [ Zn (6n* + 3n. 1) 
(LE ag d cud Pent ыр A D) 
1. 9.1?-- 3.93 4 4,82 4. ... [ 55» (n + 1)(n.4- 2)(8z + 1) 


J 


] 


] 
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12. 1°+3°9+5°+75+--- [n° (25? — 1) ] 
13. 1+(1+3)+(1+3+5)+-::- An (n + 1)(9%-+ 1) ] 
14 ШЕ +а*+2)+(1° +9°+3°)+(174+974+374+4%)+-- 
[=з ШТ 
19 


15. n.1*(n-1).9*(n-9).3*--1.m. 
in (n. + 1)04- 2) J 


16. 3474194914 |е ш 
17. 5+6+9+14+91+--- [ in (Qn? — 8+ 31) ] 
18. 911-4 9284-53--86 4 -- [3n (822 +83» +1) 1 
19. Sum to (2n +1) terms the series 
1-9t8-4t-- [n1 
20. Find the sum of n terms of the series whose nth 
term is 6n? — 2n + 1. š (2 (Qn? + 9n + 1) 
21. Show that 1-3+5-7+-+ to n terms=(— 1) ** s, 
22. Find the sum to n terms of 8— 11-- 14 — 17 t *- 
[ —13⁄ if n even; 132 6$ if n odd ] 


28. Find the sum of 1? — 2? + 3? — 4* + --: to Qn terms. 
[ -n (9n 1) ] 
24. If Sn denote the sum of n terms of A.P., show that 
Snes 7 9Sn«a + 352.1 — Sa =Q. 


SEC. B.—GEOMETRICAL PROGRESSION 
10. Definition. 


A series of quantities are said to be in Geometrical 
Progression when the ratio of any term to the preceding 
one is the same throughout the series, 

a 


pede 


Thus, a, b, c, d,... are in Geometrical Progression if ШЕ 
а с 
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The ratio of each term to the preceding is called the 
common ratio. 


Thus, the series of the quantities 
(i) 1, 3, 4, peee (ii) 8, —1, $, —3,--- are in Geometrical 

Progression, the common ratio of (i) being $ and that of (ü) being — 4. 

Note 1. For the sake of convenience the words ‘Geometrical 
Progression’ and ‘common ratio’ are abbreviated as G.P. ana C.R. 

Note 2. From the definition of a G.P. it is clear that each term 
is formed from the preceding by multiplying it by a constant factor, 
the common ratio. - 


Note 3. It should be noted that the terms of a G.P. are in conti- 
nued proportion. š Ñ 


11. The nth term. 


.Let а be the first term and r the common ratio. Then 
by definition, 
2nd term — ar =ar?! 
9rd term = gr? = ау? 
4th term = a7? = artt 
<. nth term = api oco (GD) 


Thus, we cam wriie down any term of a G. Р. whose first 
term and common ratio are given. 

Thus, if the first term i.e., а=5 and the common ratio 7-2, then 
tho 9th term of the series ien 

ь=5.29%-1=5, 2%=5х 956 =1980. 

If a be the first term, 7 the common ratio, n the number 

of terms and J the last term (2.е., the nth term), then 
I=arn-1 ә. (2) 

Сог. When any two terms of 
completely determind. 

Suppose, z and у are respectively the pth and qth terms of a С.Р. 

Let a be the first term and 7 the common ratio of the G.P. Then 


v—ar'-,zc—ar'-!, From these two equations we can easily deter- 
mine a and 7 and hence the whole geometrical series, 


a G.P. are given, the series can be 
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42. Sum of a series in G.P. 


Теб a be the first term and z the common ratio of 
a series in С.Р. Suppose it is required to find the sum of 
т terms of this series and let Sn denote the sum. 


J. Sn=atart ат? +e tar". 
Multiplying by 7, we get 
(Sp) .r= ar tar? + + art * + ar". 
Hence, by subtraction, 
Sn- Sr .r=a— ат". ` 


Cor. If 1 be the last term of the series, then =a", 
*. Formula (3) can be written as 


Note. Tho formula (3) fails if r=1 ; for in this case the formula 
assumes the form $ which is meaningless. 


However, 85 a-- a-- a4- *:-*** to т terms=na, 


13. Geometric Mean. 


When three quantities are in G.P., the Middle one is 
called the geometric mean (G.M.) of the other two. 


If a, m. b are in G.P., we have by definition, 


m b t 2 3 = 
==. s. жу = ab, i.e. = : 
a m ‚ be, m= Jab 


Therefore, the geometric mean between two given quanti- 
ties is the square root of their product. Thus, the geometric 
mean of two quantities is the same as the mean proportional. 

Ot tho three terms 2, 4, 8; 4 is the geometric mean of 9 and 8 
and 4 is obviously equal to ,/2x8=4. 

The geometrical mean of n quantities is the nth root of 
their product. Thus 


G.M. of aj, а,,...:.. an — алар ffe ES 
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Again when any number of quantities are in G.P., all 
the terms intermediate between the first and last are called 
Geometric Means between these two terms. 


Thus, 4, 2, 8, ту are the 4 geometric means between 1 and 3. 
To insert а given number of geometric means between two 
given quantities. 


Let а and b be two given quantities and let m4, Maree. 
Mn be n geometric means between them. 


When n means are inserted between a and b, we shall 
have a G.P. consisting of (n + 9) terms of which a will be 
the first term and b the (n +2)th term. 


Let r be the common ratio ; then 


1 
bin. 
b —ar"**, whence у= (2 [oves 


, Hence the reqd. means Mı, Mo, 
ON ey e ar”, 


b asi с vss bist 
i ee eqs spp 
14. Properties of a G.P. 

(i) If all the terms of a G.P. be multiplied (or divided) 
by the same quantity, the products (or quotients) will be? 
an GP. 


(ii) The reciprocals of the terms of a G. P, are also 
in G.P. 


(ii) If each term of a G.P. be raised to th 
the resulting terms form a G. P. 
Thus. if a, b, c, d,... be in G.P., 


/ 


е same power, 


(i) am, ba, ст, da,...... are in G.P. 
а/а, bla, с/т, dlt... are in G.P. 

нуу ы лс, i 

(ii) B cs are in G.P. 


(ii) mam оо ao are in G.P. 
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The above results follow at once from the definition of 
a G.P. 4 


Thus, for (ii), 2, 2, Do will be in G.P., if 
ae Е ТЕЕ n DM be, 
Fie RE, 750 COR if Um ten if = үр 
which is true since a, b, c are in G.P. 


15. Illustrative Examples. 


Ex. 1. Ina ©. P., the sum of the first two terms is $ and the sum 
of the next two is 12. Write down the series. 


Let а be the first term and r the common ratio. 


Then, atar=3, ie, a(1-7)-$ > (1) 
апа ат? Һат? =19, ie., ar°(1+r)=12 - (2) 
7. by division, 7° =12х2=9. SS т= +3. 
From (1), when r=3, 4a=$, ` а=; 

and when r=—3, —2a=4. С. a=-3. 

; Hence, the series is either 
$, 1,3, 9, 27, yp 
or, —#, 2, —6, 18, —54,-....... : 


Ех. 2. Find the sum to n terms of the following series : 
1—4+4- += 
Here the first term (i.c.,a)=1; cr. (ie, T) —3, У 
а 1 
=í —1)"+1. = |. 
aiei) 
Ex. 3. How many terms of the series, 1+2+4+8- 
taken to make 8191 ? 
Here, a=1, +=2, Sn=8191 ; to find n. 


S, ie, 8191= 


by formula (3), 


s. 9'—81—8192—912, 


4 n=13, 
Ex.4. If a,b, c, d are in G.P., then 
a? +b*, b* +c, c? -- d? are in G.P. 
Since, a, b, c, d are in G, 193 


266 INTERMEDIATE ALGEBRA 


а Тоат 

ОЧ 7 e ë 

2 oc аз A c cud? 
ttg с" Jb GES E T Ups 


4, a+b’, b?+c?, c? -- d? aro in G.P. 
Otherwise : 
Let r denote the common ratio of the series a, b, c, d,... 
then b=ar, c—ar?,d-ar?. 
"а +? =а? +а?т? =a? (147?) ; b? c* = a? r? +а?т* =a? (1-2). ; 
c? +d’ = a?r* - a?r* =a? (14-72).7^. 
Hence, q*--b?,b?--c?, c?+d? ате in G.P. of which a? (14-7?) is 
the first term and r? the common ratio. 
Ex. 5. Sum the following series to n terms 
L4 3847415 4-00 
[ Hero the series though not in G.P., the difference of the terms are 
in G.P. ] 
Let 27 1--8- THIS + eene tuza the 
Again, S,= TASHA T HB -a cic 
7. By subtraction, 0—1--(8—1)--(7 — 3)-- (15 —7)----- (ta—tn-1) — ts. 


=(1+9--92* + 25-4... to n terms) — ta. 
S. (104902149? +... to » terms 
ч 
=з =2"-1 [ by formula (8) ] 
oe даз sS, (94-9? 9") — 
1,-9*—1 =2(1+2+- ++ to n terms) т 
= = 
Ug EE = d q-n-2(P-1)-n 
ws f= 2P—1 ‚ =2"t1—9—n. 


Ех, 6. Sum the series to n terms ^ 
4-- 44 2- 444-- 4444 4- --- 
Ssa—4[1-11--111------ to terms] 
—$[94-99--999--9999--....-. ton terms] 
=$ [(10— 1)-- (100 — 1) + (1000—1)+------ ‘to n terms] 
—$[(0--100--1000---..... to z terms) — n] 


_4[10(10°—1)_ | 40 4n 
=Í 10-1 nj-$ 00-72-22. 
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Ex. 7. Sum the series `9+`99-+-`999--------_ to п terms. 


à 9899988999 
The series 15-- 109^ 1000 ^ Te io n terms 
1 
= (1-35) + 6-3) + 6-1 to n terms 
— ын on ib ч. 
di (ote ana 


1 1 
S rese 
Ed) [ by formula (3) ] 


=n- 5 (- mJ [ On simplification ] 
Ex.8. Sum ton terms 
1--8.64-5.6? -- 7,6? +- 
[ The rth term of the series consists of the product of 2 factors : 
one the rth term of an A.P, and the other rth term ofa С.Р. Such 
a series may be termed Arithmetico-Geometrical series. ] 
(odi. (n—1) 9.6"! = (9n —1) 6", 
8, 1-:8.6-- 5.6? + (2n — 1) 671 
GS,—  1.64-9.6?----------(2n—8) 6*7? -- (25 —1) 6" 


by subtraction, 


—58„=1+9.6+9.6%-+...... ++9.6"-1— (9—1) 6" 
=1+2.6 [1+6-Е---+-- to (1—1) terms ]— (2n—1) 6" 
(=a D 
Р —148.6—5—]- —(2n—1) 6", 
К 8,3 (2n—1) 6" 826": a. = (LOn—7) 6"+7 
Ts $ 15 25 
Ex. 9. Find the sum of the series in the 10th group of 
14-(8--32)-6(8°--3+--35)4-...... 
The number of terms of the series 1, 3, 3°, . in the 10 groups 


is the sum of the series 1+2+3+-.--.. to 10 terms =? (14-10)— 55. 
Similarly, the number of terms in the 9 groups=% (1+9)=45. 


If S, denote the sum of the series 1+3+37+-3°++ to n terms. 
the sum of the series in the 10th group 


855—1 345 
785,,-84,,— ; 


, 
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Ех. 10. The sum of three terms in G.P. is 13 and their product is 
512 ; find the terms. 


When in any problem 3 terms are given to Be in G. P., it is con- 


venient to take them as 21 T, ту. 


win 


ctcdccy-'0, ieas (# +1+y)=78 зе (1) 


R 


Also, y eed 512, fe, ©°=512=8*, s.c-8. --. (9) 
From a) and (2), 2 +t1+y=an, ic, 8y?—65y+8=0. 


c. (y-8(8y-1)-0. — .. y=8 or 3, 
Thus, the terms are $ 8,8X8, ie, 1,8,64 } 
ог, 8.8, 8, 8.3. i.e., 64, 8,1 
Ex.11. Show that the Arithmetic mean of two positive unequal 
quantities a and b is greater than their geometric mean. 
The A.M. of a, b is, by Art. 6,—3(a-- 0) 
and the G.M. of a, b is, by Art. 19,— A/(ab). 
Now, ^ &(a-b) > (ab) n 
if (a+b) > 92 (ab) 
$e, if (a+b)? > 4ab 
ie, if (a+b)? — 4ab>0 
4e, if (a—b)? > 0, which is true. 
Hence the result. 
Ех. 12. If A.M. of two numbers be twice their G.M., show that the 
numbers are as 2+ 4/3 : 9 — /8. Ч 
Let z and у be two numbers. 
$(z*y-24() ie, #(g+g)°= 4 (шу). 


(t3, 
riu. d 4 4 ` 
-'. By Dividendo, pu- 0 Hg ERI Cy 


-. By Oomponendo and Dividendo, v4 


Examples (BI) 


1. The 3rd and 6th terms of a series in G.P. are 3 
and 81 respectively ; find the first term and the common 


ratio. [3,3] 
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2. Тһе 2nd and 3rd terms of a G.P. are together = 
and the next two = 916 ; determine the first term. 


[2 or 4] 

3. Sum the following series :— 
(i) 14+24+44+8+----- to 15 terms. [ 39767 ] 
(ü) 198-64--39------ to 10 terms. [ 2552 ] 
(iii) 1=3+9-32+ ------ to 9 terms. [ 4921 ] 


(iv) = -1-4 J2--- to 10 terms. 


s Бо n terms. 


lese s 


(у) vy, m— 
aty m+ 


(vi) а= ar ar? ^ ar? +--+ to n terms. " 

oe e ipt se 

\ fe. VER l 

(yii) 6 18-24 --.-.. +768. [1530 ] 

(viii) 1-9+4-8+------ to 2n terms. [311-9?"]] 

4. Find without assuming the summation formula the 
sum of 1 +3+94 +--+: to n terms. [4 (ən —1) ]` 
5. How many terms of the series 64, 32, 16; 8,...... 
must be taken so that the sum may be 1971 ° [8] 


6. Find the least value of n for which 
14+34+3°7+---+3""2 > 1000. [7] 


7. If a, b, c, d are in G.P., show that 
(i) a +b, bo, c d are in G.P. 
(ii) a? — b7, b° — c, c? — d? are in G.P. 
x eu a? +b? +o’, ab+be+cd, b? + 2 + ад? are also 


Ala FUR e 
(iv) = A r= bite? gs S L ds are in G.P. 
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(v) (z +b), (b+ c)?, (e + d)? are in G.P. 
(vi) (a — 5), (b — c)?, (c — d)? are in G.P. 
(vii) (a? + 52)7*, (b? + c?)*, (c? + d2)7* are in С.Р, 
8. (i) It a, b, c be in G.P., show that 
2 1 
a*b*c* (4 an yar 4) — a? + b? 4 c?, 


(ii) If a, b, c, d be in G.P., show that 
(b— c)* +(c—a)* +(d—b)* = (a— d). 
9. fr, y, z be the pth, qth and rth terms respectively 
of a series in G.P., show that 
29" yt- т-а], 
10. Ifa, y, z be in G.P. and p, q, > be in A.P., then 
* 017" ут? 0-а], 


11. If Sn denote Ње sum of n terms of a G.P., whose 
first; term is @ and common ratio is 7, prove that 


Sn (Ssn San) =(Ssn — Юл). 
12. If S is the sum of n terms ofa G.P., P is the 


. product of the terms, E is the sum of the reciprocals of 
the terms, prove that 


i B sy 
TEE 
13. If P be the continued product of a series of terms 
in G.P., show that * 
P* = (аЬ)", 
where a and b are first and last terms. 


14. In a G.P., prove that the product of any two terms 
equidistant from the beginning and end is constant and 
is equal to the product of the first and last terms. 


15. Prove that the product of the two middle terms of 
a G.P. consisting of an even number of terms is equal to 
the product of the first and last terms. es 
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16. Sum to terms bd 
(i) 1+4+13+40+------ [2(8"-1)-4n] 
(ii) 34549-17334 [ 9"+® + (0-9) ] 
. 17. Sum to n terms 
mol 
(i) 338 +333 +3333 + -+ [Bag = 2 1) т) 
(ü) 5+55+555 + 5555 +--+- [ $2(10"— 1) — 55] 
18. Sum to n terms 
леу, [зл 
$ ONES! 10”, 
19. Sum to terms 
(i) 1+ 8a + 52? + 7z? ++- naci 
[ 2z(1—z"*) 1-(n- E 
(@ = 7 Se 
(ii) pane 92 47,93 Freee [ п„9"+8 — 91 49] 
Los 3,4 с 9n*t — (8:9. 
(iii) 1+ 3 east ast n [ -— 9] 


20. Find the sum of the series in the 16th group of 


1 2) Ë 1 a) A. 
TEER + (8з #24 + 5; 


2008) -GY N 


21. Sum the following series to 19 terms 


Seid аза gerit [43868 ] 
[ Write the series as 0+3 1048 боо ] 


22. бит to » groups 


өз} ede diee 
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Gi) (z+) + (z2 tay y?) + (x? ау + zy? + у) + === 


[ 1 [аас 
lz-yU im Y Dy 


‚ 23. The sum of three numbers in G.P. is 38 and their 


product is 1728; find them. [ 8, 12, 18 ; or 18, 19, 8] 
24. If the sum of three numbers in G.P. be 7 and the 
sum of their squares be 91, find them. [4,9,1] 


25. Тһе product of three numbers in G.P. is 97 and 
the sum of their products in pairs is 39 ; find the numbers. 
[1,3,9] 

26. The arithmetic mean of two numbers is 15 and 
their geometric mean is 9. Find the numbers. [3 amd 97 ] 


27. Find the ratio of two numbers when their A.M. is 
to their G.M. as 5 : 8. IL 9) g atl] 


28. The A.M. of two numbers is to their G.M. as 
m:n. Show that the numbers are as 
m+ (n? —n?) : m- „(т — n). 
29. Show that the square of the A.M. of two quantities 


is equal to the A.M. of the A.M. and G.M. of the squares 
of the same quantities. 


30. If A be the A.M. and G be the G.M. between two 
numbers, show that the numbers are given by 
At „4+ @)(А4— G). 
31. Insert 
(i) 3 geometric means between 4 and 324. 


[ +12, 36, +108 ] 


(ii) 6 geometric means between 56 and — 45. 
[ 738,14, -7,$, -5, 4] 


geometric mean inserted 


3215 ei 1 1 
Maa) e] 


32. Find the sum of the n 
between a and b. 


м, 
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33. If one G.M. (G) and two A.M.’s (p, q) ате inserted 
between two given quantities, prove that 


—(8p — a)(9q — p). 


34. If one A.M. (4) and two С.М. (p, q) are inserted 
between two given numbers, show that  . 


DE 
q D» 


35. If a, b,c be in G.P. and z, у be A.M.’s between 
a, b and b, c respectively, show that 


Gn Gane db. 
2 Уу (0 3 
36. Show that the arithmetic mean of the roots of 
2° —Qax+b2=0 is the geometric mean of the roots of 
c? — 9br + a? = 0 and vice versa. 


a-cbz b-cz ctdmz. о. 


97. Ша EX Cath <, then 2 b, с, d are 


in G.P. 


38. (i) Show that the pth, qth, 7th terms of a G. P. 
are in G.P., if p, q, 7 be in A.P. 


(i) If the pth, gth, rth and sth terms ofan A.P. be 
in G.P., then p-q, q—7, 77s will bein GP. | , 


39. Show that the ratio of the sums of n terms of two 
geometrical series having the same common уо is the 
ratio of their mth terms. 


40. If Sn represent the sum of n terms of a given G.P., 
find the sum of 


SiS S, [= г-у) 


where a = 1st term, 
T = common ratio ] 


18 
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16. Sum of an Infinite Geometric Series.” 


Denoting the sum of n terms of the geometric series 
а, ат, ar? ,...... by Sa, we have from Art. 19, 


Now, when risa proper fraction positive or negative, 
nn 
T . 
the absolute value of 7” and consequently of ет will 
p" 
decrease ; as n Increases ; moreover, the value of 12. can be 


made as small as we please by sufficiently increasing the 
value of n. 


Hence, when r is numerically less than unity, the value 


of 5» may be made to approach the value -2 


as nearly as 
7 —у 88 nearly ai 


we please by making т large enough. 


More shortly, when. — 1 < r < + 1, 


a-tartqr?--- ann ntes as n — co 
This fact is expressed by saying that the sum of ba 
infinite number of terms (or the sum to infinity) of the 


series when 7 is numerically less than unity, is i 


SET Ves (5) 


provided y is numerically less than unity. 


* A series in wHich every term (however large its original number 
may be) is followed by another term, is called an infinite Series, 
Although there is a last term for a finite Series, an infinite Series has 
no last term. 
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Note. The discussion of the infinite geometric series when the 
common ratio is not numerically less than unity is beyond the Scope 
of this elementary treatise. 


17. Recurring Decimal. 


A recurring decimal is an example of an infinite geo- 
metric series. Thus, 
3 3 3 
1010: 10° 
which is an infinite G.P., whose first term is ү% and common ratio Yo. 


d again ВЛОШ 8 102.71 


(i) 8—:9999:- to co= кс 


i-i10 i10 9^3 
t 1,[894, 94 94 1 
*124— 194949494... 21l,[94,924 94 |. 
(ii) *124— 194942494--- to оо dot lo o et to oo} 


š sea 94 
=J tan infinite G.P., whose first term is Кя and 


common ratio? S 


10? 
d. 34H05 1, 24 100. 1, 94 99--94 
10 1—1/10* 10 1000" 99 ~ 10° 990° 990 
.193 194—1 
= 990 -990 


The reason for the Arithmetical rule for converting a 
recurring decimal into a vulgar fraction is now obvious, 


Ex. Convert '886 into a vulgar fraction, 


Let S="836363636--- 
10S=8'36363636--- 
and 1000S=836'36363636--- 
Hence, on subtraction (1000—10) S — 836 — 8, 
_ 836-8 E 836— 8 


18. Illustrative Examples. 


Ex.1. Sum to infinity : 
$-44+3-Yot to оо, 
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Here, first term (i.e., a)=% ; common ratio (i.e. 7)= —8 which is 
numerically less than unity, 


«e By formula (5), 


Ex.2. Sum to infinity : 

1+2а+ 3а? 44а? + ----. + to co (a? < 1). 
L It is an Arithmetico-Geometrical series 1 MET 
Let S denote the reqd. sum. 
s. S8=1-+2a+Ša2 +á4a5 +... to со. 


Now, multiplying both sides by the common ratio of the G.P. part 
Sa-a-2a* 3a? d- to co 


By subtraction, 
S(1-a)=1+a+a?+a°+-- to со 


1 
== by formula (5). 
y 1 


cp S= ü= 2): 
Ех. 3. Find the G.P., whose sum to infinity is 3} and whose second 
term is 3. 
Let a be the first term and + the common ratio, 
Then, by formula (5), tet aie е (D 
Also, ar=%, 
From (1), a= (1—7) ; substituting this value of a in (2), 


ЭЁ (1—0) т 4, i.e., r rt 5-0, 


ke, (r-i e 3-3 falto sd. 
SS r—š=+. .. 7r=t+y5=¢ or}. 
As both the values of » are less than unity, both are admissible. 
af = zu = 
Also, from (2), ud where r= 5 
25 yd 
= where r= 5 


Hence, the series is 
4+4-Етр-®-- to со; or афа 2+... to co, 
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Examples (ВП) 
Find the sum of the following series [ Ha. 7-23 ] :— 


1. 1+3+34 +$ to о, [2] 
2. 9-6+4—- to e. 158 ] 
3. ttt tee to œ. [33] 
ксы ый m [255] 
4. J3* ats 73t to e. 9 
Teen 
5. donne tup Ee to e. [9+ J2] 
G Вела рн to œ. [921] 
т. (J31)*1*(4/2—1)9- too, [4(4+8,/9)] 
8. (2+ /3)+1+(9— J3)9 e- toc. [4(5+38,/8)] 
9. 9—'9402— 1002+ +--+ to ©, [1] 
Эа ol s 
10, SA tA tx snn [32] 
Bv loai a д 9 
11. АСТЫ ox bdo to co [18] 
@ м ХАА ЗЕЕ E COREY 
12. Panter ae эр) а уал to [5:1] 
т c^ 
do Еду К oto 9 [2201 [ite] 


1 92 Оса х 
14. Show that pp a (Le 25, + 5) + =} 
c UEM 
Q =P 
15. The sum of an infinite G.P. is 2 and the sum of the 
first two terms is $. Find the series, 
[1+3+32+oee 8-84 8-0] 


278 INTERMEDIATE ALGEBRA 


16. The sum of an infinite G.P. is 2 and the 2nd term 


is — $ ; find the series. [3-$*2—---] 
17. The sum of an infinite G.P. is 5j and the sum wot 
their squares is 45у. Find the common ratio. [Des 


18. Sum to infinity 
l+3z+ 5a? + Tg? +e to œ (-1 < z < 1). 
[(1 +z) (1 — z) ] 
19. Find the sum of the series 
1—-6at9a*-18a*4- toe (-1<a<1) 
[(1— 3a) - (1 2)? ] 


20. Find by the method of summing an infinite geometric 
Series the values of 


(i) 3, (ü) 157. LG) $, (ü) бук] 
21. Explain the apparent paradox that the sum of an 


infinite number of terms of a G.P. is a finite quantity. 


22. In an infinite G.P. each term is equal to three times 
the sum of all the terms which follow i$ and the sum of the 
first two terms is 15. Find the sum to infinity of the 
Series. [16] 


23. The sum of an infinite number of terms of a G.P. 
is 2 and the sum of their cubes is is. Find the series, ` 


[E b de] 


24. Suppose a body moves eternally in this manner 
viz, 20 miles in the first minute, 19 miles in the second, 
182g miles in the third and so on. Find the outmost 
distance it can reach. [ 400 miles ] 


. 25. The diameter of a tree trunk at a certain date is 
10 inches ; Show that if it increases 4 inch in the following 
year and if the increase in each year is тоб of that in the 
preceding year, the tree will never be 5 ft. thick. 
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26. If з Ье the sum of an infinite number of terms of 
а G.P. and с be the sum of the squares of the terms, then 


where a is the first term and z the common ratio. 


97. ЛЕ s is the sum to infinity of a G.P., whose first 
term is а and S; is the sum to n terms of the above series, 


then 
stb-t) 


98. Ify=ata2 +m? +e too (0 < z < 2), 


thenz-y-y^*y 5-6 to œ. 
SEC. C. HARMONIC PROGRESSIONS 


19. Definition. 


First Definition. A series of quantities is said to be in 
Harmonical Progression when their reciprocals are in arith 
metical progression. Thus, corresponding to every har- 
monic series there are arithmetic series. 


А ; yy 2 аз 
Tho quantities a, b, с, d,... are in НР, жср »- ате 


їп А.Р. М 


"Second Definition. Three quantities are said to be in 
Harmonical Progression, if the ratio of the first to the third 
is equal to the ratio of the difference between the first and 
the second to the difference between the second and the third. 


Thus, e d)carein НУР is 2 =2—2 


c b-c 
Any number of quantities are said to be in Harmonical 


Progression when every three consecutive terms are in 
Harmonical Progression. 


Note 1. The word ‘Harmonical Progression’ is abbreviated as 
AP. 
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Note 2. 


That the above {шо definitions are identical can be seen 
as follows. 


If a, b, c are in H.P., then 27 Ë 


a 


are in A.P., then 


ab b PU Ee [mer 


E +, 2 .a-b 
€ b—c 


b 


Again, if a, b, c aro in H.P., then 2 z 


cuc 
b — 
С. a(b—c)=c (a— à). 
Now, dividing every term by abc, we get 
ab ae ао be, 
abc abc abc abc 
or, Е 
с 
1 
а 


a 
b 
1 ü 
2 arein A.P. 


Note 3. It should be noted that no general formula (as in the 


case of A.P. or G.P.) can be found for she sum of any number of 
quantities in H.P. 


20. Harmonic Mean, А 


If three quantities are in Harmonical Progression, the 


middle one is said to be the Harmonic mean between the 
other two, 


Thus, if a, b, c are in H.P., then b is the Harmonie mean between 
a and c. 


When a, b, c are in H.P., then 1, 1 5 re in A.P. 


E ah 
don EL Ыш UNE 
I D E CE ES 
21,1 Late 
Ux бу тата Gc 
з peA, 
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To insert a given number of Harmonic means between two 
given quantities. 


Let a and b be two given quantities, n being the number 
of means to be inserted. If 74, m%o,...... Mn be the n har- 
monic means, then 

ge Wee 


TAT Я 
=. -3 C3: — — are in A.P. 
G Mz Me Mn b 


of which I is the (n + 2)th term and 1 is the first term. 


: 


If d be the c. d. of the series, then, 


i. MEC ES 
92 t (n. 1) d, ERG d (n Dab 
Hence, the arithmetic means are 
1, a-b 1, a-b.. 1, ма), 
a (nib a (n+1)ab 'à (w+1)ab 


The required harmonie means, being the reciprocals of 
these arithmetic means, are 
(n+ ар (n+ Пар... (m+ l)ab. 
arnb 2a+(n-1)b na b 


91. Relation among the Three means. 


Iet 4, G, H denote the Arithmetie, Geometric and 
Harmonic means between G and b. Then, we haye from 
Arts. 9, 9 and 20, 


Jub (1), 
G= Jab (2), 
b 
H hs = (3), 
acco 2ab . , _ na 
AH. — 21 rl b= G 


G is the geometric mean between A and Н. 
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ihe 


wh 


auy two positive and unequal quantities 
order of magnitude, 


Ex: 1. The dth term of an H.P. $ 


nth 


are i 


metic series ; then since 4th and 7th terms o; 
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Thus, 


the geometric mean of any two quantities is also 
geomet 


ric mean of their arithmetic and harmonic means. 
: T =. 
Again, A-G- [5 (o ep-g Уа) 
=š (Va- JB? 
ieh is always positive, 


if a and b are positive and unequal. 
6 A42 


if a and b are positive and unequal. 


Again since, AH =G? and BS @ Oh eres 
` 

C 42 G> Z. 

Thus, the Arithmetit, Geometric and Harmonic means of 

are in descending 


22. Illustrative Examples, 


3 and 7th term is 1; find the 
term of the H.P. 


Let a be the first term and d the c.d. of the corresponding arith- 


f the A.P, aro 3 and $. 
S. $=a+3d---(1) J 
#=a-+64--.(9) 


Ue nth term of the A.P.=$+(n-1) gaint ga ti, 


6 

h P=. 

nth term of the Н.Р andi 

Ex.2. Find the 10th term of the series 
Vrat beu | 


Since, the reciprocal of the terms of the series viz, $, 10, 35, 6..., 
n A.P. of which the 1st term is $ and c.d. i. 
“+ 10th term of A,p, +0. #={+25=10, 


+", 10th term of HELP. 
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Ex. 3. Insert 3 Н.М. between 4 and 2. 

Let d denote the c.d. of the corresponding A.P. 

Then, $= 5th term of the А.Р. of which { is the first term. 
i-ir4d. v. 4deà-d-d4 U. d=rs. 

.". The corresponding A.M.'s are 3-- Ts, 4+ ть 4-Б Pay 66 To Ys Үр. 


Hence, the reqd. H.M.'s are 3⁄2, АЁ, 34, ùe., 91, 28, 27. 


Ех, 4. Ifa, b, c are in H.P., prove that 
Ea es a+b Gp p ERR. 

Here, 1, i , 1 are in A.P. 

нне uan. (alae вы 


atb+to, atbte, 
b 
quantity atb+e. ] 


a 


atbte_4 acb*c ү, a-Fbtc soin A.P., 
a П b c 


b+c cta, at? aro in AP. 


Vp uc 


UR b, © arain H.P. 
DFe cta a+b 


an be in H.P., prove that 


Ex. 5. If ai, s 
a,05-- 505 + Fa),- a =(n—1) aan. 
1,1,.1 groin A.P. 
Here, б Шз ara n abe 
Let d be the common difference, 
а-а 
Thon, — ed, il, aG, = CACHE з. Ó 
ЕА abe rode sd — 
Similarly, Gaia i0, ааа= 
2-2-2 1.6. a, a = 
A un à 3 
f a d фе, n= a = 0—4, 


Adding, Za a = 79. M e - (ly 
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А, + E. МИШ кут чш 
Since, a, 8 the nth term of the Ap a 3-(n— 1) d. 
(n—1) GE eem 2. auna an c (2) 
аһ a, ауа d ER 


From (1) and (2), the Zeqd. result follows, 


Examples (C) 


1. Find the 14th term of the series Bid з [3] 


2. The 7th term 
is шз. What is the 90 


3. The 8rd term 
is 1. Find the Series, 


of an Н.Р. is 35 and the 12th term 
th term ? [zs] 


of an H.P. is ir and the 7th term 
Bis, Тї, 4,...... 1 


4. Find the nth term of the series 
4 49 Ads 5 + ees 80 


5. If the 7Wh term of an H.P. is n and the 


nth term 


is m, then rth term will be = 


6. Insert 

(i) 4 H.M. between 1 and 30. [ 182, 29, so. i] 

(ii) 6 H.M. between 3 and ms [Фук AnS] 
7. There are n harmonic means between 1 and 4 such 

that the 1st mean : last mean =1 : 8 : find n. е dest 

8. Ife, у, гате in H.P., prove that 

E ies ls STe 

(i) = suma ssp: $4y—àre in Н.Р. 

(ii) — 2 —, у 


UNE bo А 
DLE Саг 
ат +b ay+b ав+ь®%теїп H.P. 


nac MTS 1 1l я 1 1 ү 
(iii) 2 Уй) 7 cL Du are in H.P. 


9. Ifa,b,c are in A.P., prove that 


DOAR са а : 4 
alb +c) ble +a) c(a + p) Will be in H.P. 
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10. (i) If a, b, c in H.P., prove that 
(а) be, ca, ab axe in A.P. (b) alb X c), ble + a), cla + b) 
are in А:Р. (c) (b+c—a)*, (cta—5)*, (a b—c)3 - are 
in A.P. 
(ii) It a?, b?, c? be in A.P., prove that 
р+с, с+а, а +0 will be in H.P. 
11. (i) Prove that a, b, c are in A. P., G. P. or Н.Р. 
according as 


Elem 
(i) Show that шз — = Ju b or c according as a, b, c 


are in A.P., G.P. or H. P. 

12. Show that b? > = < ac according as a, b, c are in 
A.P., G.P. or H.P. 

18. Ifa, b,c ате the pth, gth and rth terms of and H.P., 


.show that 


bc(q = т)  ca(r — p) + ab(p — a) = 0. 


14. pÉcs.EK-v. £- ; and а, b, c be in A.P., show 
am by 


that c, y, z aro in Н.Р. 
15. If T4, 2o, Ta, v, are in H.P., prove that 


тушө тоз + Ugly = 32104. Г Pat. 1921 ] 
16. Ifa, Б, c be in H.P., show that 
а: (a — b)= (a +c): (a — c). [ Pat. 1923 ] 
17. ш? y e are in H.P.; m° y?, z? are also 
ye ec xy 
in H.P. 
18. Ifbo,ca, ab are in H.P., 


DAT seb 1 
alg +2) [L 1) fl. ds are in A.P. 
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19. The A.M. of two numbers exceeds the G.M. by $ 
and the G.M. exceeds the H.M. by $. Find the numbers. 
[ 12 and 3] 
20. If сү, Gs be the A.M’s, hy, ho the H.M.s and 
91:92 the G.M.’s between a and b, show that 


аза = аз = gi go == ab. 


Pals | Weta, JEL Cees Hn be the harmonie means between 
a and b, show that 
Hita Hi +b = o. š 
Hi-a Hrb т 


22. 1f А be the arithmetic mean and Н the harmonic 
mean between two quantities a and b, show that 
a=4 B-A A 


a-H*'b-H-H 
28. If A.M. between a and b is equal to m times the 
H.M., then will a: b= Jm+ J(m — 1): Ym- J(m=1). 


24. If G.M. between a and b is equal to m times the 
H.M., then will a : b=m+ (m? —1) : m— Nm? = 1). 


.25. If H is the H.M. between a and b, it is also the 
Н.М. between z and y, where z is the H.M. between G and 
Н and y the H.M. between b and Н. 


26. If three positive numbers a, b, c be in H.P., then 
(0 а®+6° > орз. [ P. U. 1947 ] 
(ii) а -- c? > 20°. 2 [ P. U. 1938] 
(i) a” +c" > 95" (n being a positive integer ). 


27. If a, b, c bein A.P., l, m, n be in Н.Р, and al, bm, 
ст be in G.P., show that a:b: c— 1/n : l/m : 1/1. 

28. If a*=b"=c* and a, b, c are in G.P., then a, y, z 
are in Н.Р, 


29. Ifz,y,z be in A.P. and Y, 2,2 be in H.P., then 
2, т, y are in G.P. 
/ 


PROGRESSIONS 287 


30. If z is the A.M. between y and 2, y be the G.M. 
between z and m, then will z be the H.M. between x and y. 


31. If. (b+c), (cca) (a+b) be ia H. P. show that 
a?, b?, c* are in A.P. 
32. Ifa, b, c, d be in A.P., then 
bcd, cda, dab, abc are in H.P. 
33. Ifa, b, c, d are positive numbers. then 
at+d=> ог < bt+e 
according as a, b, c, d are in A.P., G.P. or Н.Р. 
b3-c*-a* c? +а? - аё +b? -c 
94. Tf o dca - даб 
prove that b+ c- a, cta—b,atb-c are in Н.Р. 
85. If Ду, 4з, As....An are in A. P. and Hy, He,...Hn 
are in H. P., show that 
ApH» (Ha — Hy) + AqHa (Hy — Hy) + ArHy (Hy— Hy) =0 


(where p, q, т are each less than т). 


2 
are in A.P., 


SUPPLEMENT TO THE APPENDIX T 


THE CONCEPT OF THE CONVERGENCE AND 
DIVERGENCE OF THE INFINITE SERIES 


23. Definitions. Ап expression in which the successive 
terms are prepared according to some definite law is called 
a Series, ç 


Ex.1. The Arithmetic series : 

(i) + (a- B) -(a-- 98) 3---- (a (n — 1)8y 4 --- 
(i) 1--2--3-4- -nH 
Ex. 2. The Geometric Series : 

(i) a-Far-Far*4-----ar +; 

(ii) Lt ptr? topig.. 


Ex. 8, The Harmonie series : 
1 1 


1 1 
OTe fete авт tee UE 


(Gü) 2 kgs. 


Ex. 4. The Arithmetico-Geometric series : 
G) 1--22-- 92? -Hng 
(ü) 1439+ 5274-4 (2n —1)? g-i 


If a series terminates at some pre-assigned term, 


it is called 
a finite series. 


Ех. б. 14+3+5+---+(2n—-1), 


Ех. 6. 14+3492+-.3%1, 


Ех. 7. 1— 


wlm 
n 
[= 
l 
un 
4 
+ 
— 
l 
Ін 
== 
т 


a 
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(yer 
(2n—1) 


Ex 8. 1- $4 


Bam sete ЕЕ 
2 n 


If the number of terms of a series is unlimited, it is called an 
infinite series. 

Ex. 10. 1?--2?-3?-F----n?-c-- 

Ex. 11. 1+rtg’ te tHe" tte 

° 
ab uon H 

Ex. 12. ltgatyat Dos rine - 

Ex. 18. 1-9z--5r? ++ (080—1) a+- 

Note 1. In the above series, т the symbol for the number of 
terms is evidently a positive integer. 

Note 2. We usually denote a series of positive, terms by witta 
tust tunt; anda series of alternately positive and negative 
terms by wy — Ua tus Tus +; (1) 7* ua 

24. For the Arithmetic series, 


143454 (90-1) +, 


the sum to n terms is n?, which is a function of n.. 


For the Geometric series, 1+ 2 +o? + ta ++, the 


d n 


sum to % terms is 1m which is also a function of m. 
Ü / 


For the Arithmetico-Geometric series, 
` 


S=1+2w +38? +e bum" + e, 


Sn (the sum to 2 terms) = 1 + 9z +30? +- + ng” t 


ЕКА = –-ъ- 92° – eem 1) rt — л” 
Ает. bes) 8ъ=(1+т+ж° +- 71) - na 
" 1-2" 
EE = пх", 


J 1-2% nz" SES 
терро) which is also а function of n. 


19 
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But for the Harmonie series, 1+ 2 + I qh Soo dE 1 ЕЗ? 
1 


Sn=1+ 5+ g ane 2 =the sum to n terms, cannot be 


expressed in a simpler form ; and yet this sum Sn (which 


evidently depends on т) must be considered as a function 
of n. ` 


Let the sum of n terms of the series, Ua Fate + ttin 


Iu [дә Sn ty + dis + nn +n. Then, S, shall also be a 
function of n. 


Now let 2 => œ (n tend to infinity). Then, 
(i) Sn may > a finite and definite value S ; 
(ii) S, may > œ ; 
(iii) S, may > — =; 

(iv) Sn may not tend to a finite limit or £o + œ or to 
=œ. In this case as л — co through two different sets of 
values of л, 5, > two different limits. 


In case (2), we say that the original series is convergent. 
In cases (i?) and (iii), it is called divergent 


3 and in case 
(iv), the series is called oscillatory. 


Ex. 14. Show that the Geometric Series il+} +a; +. 


al 
.. Vased E 
is Convergent, 


reat 
So c crise Е 
real gr 9n-i! Which > 2, ag 70 co, for 
: ) 
instance, 
к PILAR LK iU 1 
8,,22 31972-1535 Sama зоа ran etc., which 


become nearer and nearer to, 2, a 


8 n increases. 
Convergent. 


The series is 
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Ex. 15. Show that the Arithmetic series, 1+24+3++---+n+--- is 
divergent. 


Here, S,» (n+1)=3 (n° +n) which > со, as п оо. .'. The 
series is divergent. 

Ех. 16. Show that the Geometric series, 1-1+1-14 —::5, is 
oscillatory. 


Let m=a positive integer. Then 
S557 (1- 1)-- (1— 1)-- (1—1) +--- to m groups 
=0+0+0+--- to m terms 
=0. tee - (1) 
But Some, =1+(—1+1)+(—1+1)+(-1+1)+-+ to om groups. 
on setting aside the first term 1, 
=1+(0+0+0+--- to m terms)=1. . (2) 


Thus, for the given series, Si— 0, when n=2m, an even, positive 
integer ; and S, —> 1, when n=2m+1, an odd positive integer. ~. The 
series is oscillatory. 


25. Def. (a) An infinite series is said to be convergent, 
when the sum of the first terms tends to a finite limit as 
n tends to infinity. 


(b) An infinite series is said to be divergent, when the 
sum of the first % terms tends to + © or — © as n tends 
' to infinity. А 
(с) An infinite series is said to be oseillatory, when 
the sum of the first n terms Sn does not tend to a finite 


limit or бо + °° orto — ©. 


In this case as n tends to © through different sets of 
values of n, Sn — different limits. If the limits are finite, 
the series is said to oscillate finitely and if the limits are 
infinite with different signs, the series is said to oscillate 
infinitely or Oscillatory divergent. 
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Ех. 17. Show that the Geometric Series, 1--2--9? +... 9n-1 L... 
is divergent. 


n 
Here, 8, 5 = (p) which > со, as л> co. .'. The given 


series is divergent. 


Ех. 18. Show that the Geometric series, 1—9--93—93.L... 
T (—9)-3----- is oscillatory divergent. 


1—(—2)?" 1-92" 


Here Sım= 


T=(=2) в 2 S, as m- co, 
—(—9)2m+1 2m41 D 
and S,,,-1-(7297** 1-9 


1=(—2) Br крет: 
ce S, ——600, $4 >o, 


+’. The given series is oscillatory divergent. 


26. The Geometric Series. 
Тһе. Geometrie series is 
I3acardar? kanami]... 
"=a (1 +r+r? $73 +... ft + te), ... (1) 
Hence, to test the Geometric series (1) for convergence, 
we need only consider the auxiliary series, 
SSltrtr tro euni... c ( } 
for the series X —aS, when X and S are convergent. 


Now, S, = sum to n terms of (2) 


—lcrkTU уз... лыры Пе 
р = 
When —1 < + < 1, the limit ofr”, ав m > co, shall > 0. 
Hence, the limit of 


Sn (as n > œ) > == лет. 
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Hence, S, and therefore X, is convergent when — 1<7< 1. 
In fact, $2; and ® — a/(1—7), when —1 < r < 1.--- (8) 


= у {Oe 
When 7 > 1, == = == p+ ©,asn—>, for the 
limit of 7” > œ, when r > land »— œ, So the series 5, 
and therefore X, is divergent when т > 1. 


—_ Y 
When r < - 1, ==? + œ if n be odd, and >- ©, 
when m is even, for (1-7) > 0 here, and —7571— — о, 
Lgs — + c, where m is a positive integer and r < — 1, 
(aga r= — 92). Hence, S, and therefore Z, now oscillatory 


divergent, i.e. > oscillates infinitely. 


When r= +1, Sn=1+1+1: to n terms=”, which 
эо, as m-9. Hence, S, and therefore X, is now 


divergent. 
When r= —1-Sn=1-1+1-1+ =e 


Som=(1-1)+(1-1)+(1-1) += to m groups=0 ; 
m= a, positive integer ; and 


нЕ) (Лл ss (e il sah) Bo to m pairs 
of brackets 


=] ; m=a positive integer. 
Thus, Sn=0, when x is an even positive integer, 
and Sn=1, when » is an odd positive integer. 
So, S oscillates between 0 and 1. 
X oscillates between 0 and a. 


Hence, S, and therefore X, oscillates finitely. 
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27. Test for convergence of non-summable series. 


When the sum to z terms of a series cannot be expressed 
as a, simple function of n, we should apply methods, other 
than those discussed above, to investigate the convergence, 
or otherwise, of a given series. A few of these methods are 
discussed in the two following sections. 


Section A—Series of positive terms 


28. Тһеогет 1. An infinite series in which all the 


terms are positive is divergent if each term is greater than . 


some finite quantily, however small. 
(Note. Tho case of serios of all negative term follows easily from 
that of a series of all positive terms, For, let 
S c ty tag — ug — eg oe 


S= Urt Uat tig He ць 


Then, S'=-5S. .'. 8, is convergent if Sis convergent; 5' із ` 


divergent ; if S is divergent ; and S' is oscillatory if S is oscillatory, ] 


Let each term of the given series be > a > 0, Then, 
Sn (the sum to n terms of the given series) > na, ag 
n>, howeyer small а may be, provided a > 0. Hence, 
the given series is divergent. 


29. Two important principles. 


I. If we add a finite number of terms to a given series, 


(or remove a finite number of terms from the given series), . 


the property of convergence, or otherwise, of the given 
Series 18 not altered. 


[ For the sum of these extra terms (added to or sub- 
tracted from the given series) is a finite quantity. ] 
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IT. If a series of positive terms be convergent, ¿hem a meu 
series obtained by changing the sigm of some or all of ihem 
shall also be convergent. 

[ The sum is evidently the greatest numerically when 
all the terms are of the same sign. Hence, the result 
follows. ] 

30. Theorem Il. An infinite series of positive terms 
is convergent if from and after some fixed term, the ratio 
of each term to the preceding is less than some positive 
quantity which is itself less than unity, (D’ Alembert’s 


Ratio Test ). 
Let us denote the series starting from the fixed term by : 
S=u, tUg +13 tug to 
Here, 0< 72 <r<10< FA <r<1,0 <<<, 
where is the given positive number < unity. Then, 


ш UÙ uÙ 
Суын. -) 
"by Uy ur 


1 Us Wa , Wg Ug U ü 
EXTA [: + 9 4 “8.29 p ATS, ee] 
шу Ug Uy Ug lo Uy 


S-1u; (1 + 


<u, [rr +s], : 


which is convergent, for; 0 < т < 1, here. Hence, the given 
series is convergent. 


Ex. 19. Discuss the convergence of 
Sz1- 20480? 4- Az? ttnet (n 2)z" --- when ш> 0. 


n+l 

u n+l 

Неге ——=—— %>2, as noo. 
Un n 


Henco, the series will be convergent when 0 < z < 1. When 
gel, S=1+2+3+4+- tnt, for which S, (the sum to n terms 
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=4n(n+1)> оо, as поо. .'. The series is divergent when z—1. 
Also, when z > 1, S—1--2z--3z?-F 4? +... nn... 

> 142434440 te, 
which is a divergent series, as shown above. 


=. S is divergent when z > 1. 


Note. Here, eer TE y, which will be > 0 and < 1, when 


n+1 n 7 
0 < A" @< 1; DEOS RES 


Moreoyer,(n--1) z < n. .. zn (1-а). 


no n> g p when0 <z<1. 


Suppose, z=. Then, n>9. This means that 1,0710 (35)? 
Uri 


=9 (ro) =u, ; and 0 <% 
wio 


<10 <“ ст ; and so on. 
шуу 


So, the terms do not begin to decrease until after the 10th term. 


31. Theorem Ш. An infinite series of positive terms 
is divergent if from and after some fixed term, the ratio of 
each term to the preceding term is greater than or equal to 
unity. (D' Alembert's Ratio Test ). Ay 

Let the series starting from the fixed term be: 

S=, +e tg ts dug ter, Then, 
Ц lio у Us Lo | 
c — 39.72. ... 
Bc [ш Ue Uy 
2ш. [1 +7 r2 +], where r 21; 
and this series is divergent. Hence, the given Series is 
divergent. 

32. Theorem IV. Jf there are two infinite series of 
positive terms, and if the ratio of the corresponding terms in 
the two series is always finite, then the two series are both 
convergent or both divergent. ( Comparison Test ) 


\ 
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[ Note. А series of positive terms cannot oscillate, for S, the sum 
to n terms continually increases as z increases as n increases. ] 
Let = Жаз bbs Fugt, 
E=v, Va tvs +0, +, 
where 0<a< n 2 Бес: cS e (d) 
Then, 0 < av, < ty; 0 < avs < ws ; 0 < avs «as ; 
0 < av, < wu, ; etc. й 
s. 0 < ао +®а tus to, +) (и, + the ug tua t nn). 
ОО 5957 Guo 25 cco (BJ) 
Again, from (1), 0< u, «bv, 0 < us < vs ; 
O< ug < bus ; 0 < ba < bv, ; etc. 
O < (u, us FUs us + e). 
<b (СЯ +0. tvs FO. + рээ} 
0<8 < bs. I 2 os (8) 
From (2) and (3, “. O<a< 8< b. e (4) 
Hence, if S be convergent, X is convergent ; aud a SN 
be divergent, N is also divergent ; and conversely. 


Section B—Series of alternately positive and 


negative terms 


33. Theorem V. (I) An infinite series im which the 
terms are alternately positive and negative is conver- 
gent if cach term 4s less than the preceding term, and if the 
nth term > 0,asn > е. 

(II) [Jf the absolute value of the nth term >l, 
a finite quantity, as m — ©, the series shall be oscillatory. ] 
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Part I. Let the series Бе: u= ua Жиз ш. + <, 
Taking 2 =9%= an even positive integer, Я 
Som — (0. — ш) + (из = u.) + (us — ug) 

to (m groups) 

Ed). cx (ут >u, > Us > uy 
Also, Som =u; — (и — из) + (ws — и) * (us — Uz) +o 

to (m 1) groups ] — ¿sm 

Suc 0). 


Trom (1), we see that Som increases continually as 


m increases. From (2), we see that Som <u, .. The limit 
of Som — a definite number L <. 7 (8) 

Moreover, 8254, = S, + Games) Soa (@ 
where toms; — 0, as m — о, “+ Somya > Sam — L, 
as m— 9». .. The given series is convergent, and the 
sum is Г. 


Part Il. From (8), Sem > D, as m > о, 
7 From (4), Semi, > L+l,asm— ©, 


for, in this case, toms, > l,as m — co, Hence, the given 
series oscillates between (2) and (T, + I). 


Ex.20. Discuss the convergence of 1-343-424-... (1). 
1 1 
+ Here, и „= "ECTS sci and toms, КОТ? О, as m—>oo, 
Also, 4,71 > u=} > Us—$ > u, =š, eto, 
“`+ Tho given series is convergent. 
Note. We have, log. (1 +а)=а—4ш° 105—104. ted (9), 


which is convergent when -1< 5 < 1, for the corresponding 

Series of positive terms, w+ hn? Hiri let... with z > 0, is conver- 

gent when 0< z — 1, ag is obvious from the fact that, when 
1 
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0 <<= <1, ctàiz'tja?bdzi4e < ара раза. which is 
a G. P. of common ratio z, with 0 < z < 1, and is Convergent for 
0 —< z 1. 

Patting z=1 in (2), we get 

lg39-1-4t4—-4R-- C - © (3), 

where the series on the right i$ convergent by this Ex. 20. Hence, 
(3) is a real equality. Thus, the series (2) is convergent for —1<z < 1. 

Ех. 21. Discuss the convergence of 3—2--$— $4- =u 

Него, w=} > t=} > u,=š > u =Ë > ++ 


2m-4-9 


But Wamti =o 171, as m— со, ox: (4) 


Moreover, Sam=(}—3)+(5—4)+($—$)+-+ to m groups 
=(1-4)+($-4)+ (3 —3)+---to m groups 
— log, 2, as m — co, by the note to Ex. 20, above. ^ . (5). 


Hence, the given series oscillates between (log, 9) and (1+-log, 9). 


34. The discussion of the convergence of the Pseudo- 


Ee ee Л! 1 à 
Harmonic series, 1+ gp g»* got cho ++ `" is beyond 


our scope ; and it forms the basis of the Tests for conver- 


gence in Higher Algebra. 


APPENDIX II 


THE GRAPHS OF | z | , z" (1 a positive integer). 
l/z, l[z?, log, z and az 


1. Graphs of x". (All the graphs are drawn for points 
near the origin.) 

We shall here consider three different cases : 

(A) n=an odd positive integer ; 

(B) n=an even positive integer, including the graph of 

= | z | (absolute value of z) and the case of z — 9p/(2q + 1),. 

where p is a finite positive integer and q is a very large: 
positive integer. 

(©) n= -1, n= – 2. 

Case (A) Graphs of у=", where n=1, 8, 5, (2m +1), 
where m is a large positive integer. 

For the graph of у=, we tabulate the values of z and: 
yas: 


| 
| 
a| 


z |-4|-3 21-110 | 1/2 | 3 | 4 
m 


y|-4|-8]-2]-1] 0 | 1.2 " 


For the graph of y=2°, we exhibit the following: 
tabulation : 


a | -r6 | -r4 [=1%|-1| -os| -06| -04| 


y |-41|-27 | -13| -1| -0'5 | -02 | —0'06| 
- t 


n | l { 1 | 
о | os |ою6|ов} 1 |12|1a| vc 


о | сос |02 |05| 1 [v [25 |е 
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For the graph of y =z°, we prepare our table as follows : 


А | -r4|-r8|-r2|-1|-os | —0'6 | -04 


у | -54| —3"7 | -25| -1|-os |=0'08 |—0'01 


[o] o4 | 06 [ess | 1 | r2 [vs | raj 


о | œo1 | 005 [os| 1 | 25 [sv | sa 


For the graph of y=2°"**, where m is a large positive 
integer, we shall not prepare any table, but shall take 
recourse to the method of limits. 

We exhibit the graphs for the above equations in the 
following figure (Fig. 5), where the scale is 0"5 to the unit. 
y2x?, у=х°. (Scale 


D 


Fig. 5. Graphs of у=х, 
unit = 05) 

It is clear from the figure that y=% represents the 
straight line BA. Moreover, each of the curves, у= 2°, 
y-—25, y 5 z?"*t (п = а positive integer), goes through each 
of the 3 points, B(-1, —1), O(0,0) and A(1,1) The 
figure also shows that each of the curves, y—2?, y=a°, 
у=т?'?*® (m= positive integer > 1), touches the z-axis at 
the origin and also crosses it there ; (such a point is called 
a point of inflexion on the curve). i 

The above curves lie only in the 1st and 3rd quadrants, 
tho portions in the 3rd quadrant being obtained from those 
in the 156 quadrant by taking their images first in the z-axis 
and then is the y-axis, (or in the reverse order), 


As regards thé graph of y=a°™** ; where m is a large 


positive integer, we note that as m increases from 0 through 
1, 2, etc., the part of the curve in (C 1 < z < 1), approaches 
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more and more closely to the part RQ of the a-axis, the 
part BR of the line z— —1 and the part QA of the line 
a=1; also, the parts of the curve in(-° < z < — 1) and 
(1 < z <) does so more and more closely to the part 
SB of the line z— —1 and the part AP of the line z— 1, 
respectively. i 1 

Hence, when m is very large (i.e., m — œ, m= integer), 
the curve, y—2^"** cannot be differentiated from the 
broken line SBROQAP. 

Case (B) Graphs of y=2*, y=a*, yz?" (m=a large 
positive integer). 

The graph of у= | z | =the absolule value of x is given 
for it has a relation to the graphs of у= c?" (m = а positive 
integer) very similar to what y-: has in respect of the 
graphs of y=x"""** (m = а positive integer). 

A note on the graphs of y=a*?"?2*1), where р, q are 
positive integers, is given in order to show what the graph of 
y=a" shall become as n — 0, where n=a positive proper 
fraction with an even numerator and an odd denominator. 


The tabulation for y= |æ] is as follows : 


z | -4| -3| -2| -1| ofa fafs a 


з |е [аа а [о [1 [а [за 


That for у= z is as : 


B m | -18 | -16| -14| =12 | =i] -o's | =0'6 | —0'4 


y (e| sa| se] o | va | 3 | oe | oa | oa 


Toa] 0 | 0:2 [оа [св [ов | ü |r2| r« ЕЕ 2 


0:04 | о | оо: [оз [оло 1 | «| zo |26 | s] 4 
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That for у= z^ is shown below аз: 


в | iy | -12| -1| -08| -06| -o'a | 0 [os 


7 | зв | 23 |1 | 04 | 01i | 003 | 0 05 


06 |0:8| 1 [т [т | 
01|04| 1 |e1|ss| 


For the graph of 4-727", where m is a large positive 
integer, we shall not prepare any table, but shall take recourse 
to the method of limits. 

For the gragh of у= 12220243), where р, q are positive 
integers, we shall add a note in the proper place. 

We exhibit the graphs. for the above equations in the 
following figure (Fig. 6), where the scale is 05 to the unit. 

Fig.6. Graphs of у= |x |, y=x2, y2 x^. (Scale: 
unit —0'"5) 

. It is clear from the figure that y= |z | represents the 
broken line BOA lying in the first and second quadrants. 
Moreover, each of the curves, у= 2°, y=a*, y-c^", 
(m = а positive integer), goes through each of the 3 points. 
B (-1, 1), O (0, 0) and 4 (1, 1). The figure also shows that 
each of the curves, y—2^, y—2^, y 72", (m =a positive 
integer > 1), touches the z-axis at the origin. 

The above curves, is wholly above the a-axis in the first 
and second quadrants, the portions in the second quadrant 
being obtained from those in the first quadrant by a single 
image in the positive part of the y-axis. 


As regards the gragh of y-—2z?", where m is a large 
positive integer, we note that as m increases through 1, 2, 


etc., the part of the curve in (— 1 < z < 1) approaches moro 
and more closely to the part BR of the line = —1, the 
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| part RQ of the a-axis and the part QA of the line z=1. 
Also, the parts of the curve in (— 9 < z< — 1) and 
(<< so) approach more and more closely to the part 
SB of the line z— —1, and the part АР of the line z=1, 
respectively. Hence, when m is very large (фе, m — =, 
m integer) the curve, y=x"”, cannot be differentiated 
from the broken line SBROQAP. ⁄ 


20 : 
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Note. The reader would do well to draw the graphs of у=2?2/°, 
0= 201°. Then, the graph of y-—2??/?4*9, where Dp, q are positivo 
integers and g is very large, would be found to be not distinguishable 
from the broken lines (OML, OMN). 

When n=0 (absolutely), the graph of y =! is the same 
as that of y=g° or of y=1, provided we take y=1, when 
€ —0, to be a point on the graph ; and is the line NML. 


Саве (0) Graphs of y= 1» у= 1. 


Бог the graphs оѓ у = T we add the following table : 


e| —4 | =з | -25 | -2 | 2x7 | -1'25 | ЕТ 

2 | -025 | -033| -o4 | -os | -06 | =o | -1 
-08 | —06 | -05 | —о4 | -033 | —o'25 
-1:25 | —гт | =2 | -25 | - | -4 


ps sun 2 |25 |58 Е 


v] 4 [з jos] 2 [x7 [125| 1 | os [os [0:5 [ora oso | vas 


For the graph of у= 2 we have : 


z | -4 | -8 | .—95 | -9 | Liet | EE | oF 
y |00 | оз] o» | оз | oa | es [a 


E -o6| -os| os | ов | оз | 3 [295 


16 [ag | 4 | « | s | ve | a Е 


тет | 2 | 26 | $ [|4 


оч | os | оз | o1 | оов 
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We exhibit the graphs for the above equations in the 
following figure (Fig. 7), where the scale is 0" 5 to the unit. 
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Fig. 7. Graphs of y= 1, y-i. (Scale : unit=0"'5) 


It is well-known that the graph of у= 1 (i.e of vy = 1), 


ls а rectangular (or equilateral) hyperbola to which the 
z-axis and also the y-axis are asymptotes. This curve 
lies in the first and third quadrants, the part PBQ in the 
third quadrant being the image of the part RAS in the 
first quadrant with respect to the line у= — 0. It is also 
symmetrical about the line y=. The points А (1, 1) and 
B(-1, —1) are the vertices of the hyperbola, and are 
nearest to the origin. There is a discontinuity in the 
graph as z — 0, (or, y — 0). 


The curves, y= = and y = cut one another at 4 (1, 1), 
The graph of y= ES lies in the first and second quadrants, 


It is symmetrical about the y-axis (i.c., the line, z = 0). 
The part CDE of the curve in the second quadrant is the 
image of Ње part GAF in the first quadrant taken with 
respect to the positive side of the y-axis. The c-axis, is an 
asymptote to this curve at both sides ; but only the positive 
side of the y-axis is the second asymptote. The points 


A (1,1) and D(-1,1) are two important points on the 
curve. It is to be noted that points on the graphs of 


1 1 
у= = become non-existent as z — 0, (or y — 0). 


2. Graphs of y log, a, y —logiot ; у=е", y — 107, 
The graphs of the Logarithmic function, y=loga v, for 


different values of a, where a > 0, a = 0, a*l, až c, each. 
consists of a single infinite branch. 
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The graphs of the Exponential function, y=a", for 
different values of a where a>0, a0, a#1, az c, 
each consists of a single infinite branch. 

It is to be noted that a(le£:2) = z and loga (а) =a, so that 
the logarithmic and the exponential functions are inverse 
to one another. 

For simplicity, we shall draw the graphs only of 

1 = log, y-—logiot; y=", y=10"; and that also for 
points not far from the origin, (¿e., in the neighbourhood 
or vicinity of the origin). 

The necessary tabulations are exhibited below :— 


(ü) For the graph of y=logex ; e=2°71828.. 


2 | 0:05 | 0:08 | 014 | o2 |037 > 1e | TUN 1 E 


| -3 | -25| =a |-r5| -1 |-es 


2:98 | 9:72 — | ssa | vor | sos | sas 


ОШ 2 | 1 | v8 aa | v5 


(ii) For the graph of y — 108102. 
z | со | 005 |о1 | о | os | 3| 2 з [«|5 
‚| | =a | 212 |-1| -09| -08| 0 [0з | ous |00 |o 


(iii) For the gragh of y= ° ; e—9'11898.. 
в | -8 ПЕ -2|-rs| - pum 0 | 0:5 


y | 0°05 | оов | си | Supe ol | 1 | 165 


o's | 1 | 1'2 | r8 | 14 | rs 


9:93 | 9'79 — e | 3:82 | 3:67 | gos | £48 
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(iv) For the graph of y = 107, 
Í 


CN 2 


=13|-1| -06| -0'3| о |os| oss | ors | o7 


y.| оо | соз [or | o| os | 12] s | |= 


We exhibit the graphs for the aboye equations in the 
following figure (Fig. 8), where the scale is 0"5 to the unit. 


Fig. 8. Graphs of y-log.x, y=logiox; y=e%, у= 10*. 
(Seale : unit= 0^5) 


It is clear from the figure that the graph of y —e* is the 
image of that of y =logev in the line y=@. Also the graph 
of y = 10“ is the image of that of y=log,)@ with respect to 
the same line y = z. 


The negative side of the y-axis is an asymptote to each 
of y=loge z and y —1og4 o t. The negative side of the z-axis 
is, similarly, an asymptote of each of y =e” and y = 10°. 


Moreover, as z > ©, y also — ©, for each of the above 
four curves. : 


The common point of y—log,z and y=log,o@ is the 
point А (1, 0) ; and that for the curves y — c? and у= 10* is 
the point B (0, 1). 


The graphs of y —loge т and y —logio v are wholly to the 
right of the y-axis ; while those of y=e* and y=10" are 
wholly above the x-axis. 


For the curve, у =", the slope at B(0, 1) is 45°, the 
curve being steeper to the right of B and more level to the 
left. For the curve y=logez, the slope at А(1, 0) is also 45°, 
the curve heing steeper to the left of A and more level 
to the right. 
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Fig. 8 
Here, QAP is the graph of y=logex, CAD is that of 
y=logio 2; SBR is that of = and HBF that of y= 10°. 


FIVE-FIGURE LOGARITHMIC TABLE 
Explanation of the Table. 


The table gives the common logarithms of all numbers 
from 1 to 10000, i.e., those which consist of 4 digits or less. 
The tabulated quantities are the mantisse only, correct 
to five places, with the decimal point dropped. The charac- 
teristic is to be supplied according to the rule given in 
Art. 98. The main body of the table gives logarithms 
(mantissa part) of numbers of 3 digits and the mean- 
difference table at the side supplies the increment in the 
mantissa due to the fourth digit. This increment, is 
written, im order to save space, giving the significant digits 
only, which are to be supplied with the necessary number of 
zeros to make up 5 places (here the table being a five-figure 
table). Thus 00094 will be written as 24 only in the 
difference table. As an example, to find log 2'697, we 
notice from the table, that the mantissa for log 269 is 
“49975, and along the same row, the difference table gives 
115 under the heading 7. This means that for 7 in the 
fourth place of the number (i.e., for the number or 2697) the 
jncrement in the mantissa will be ‘00115. Hence log 2697 
will have its mantissa 49975 + (00115 = '43090. Again, 
log 2'697 has the same mantissa, but its characteristic is 0, 
Thus log 2697 = 043090. 
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UNIVERSITY QUESTIONS 


I. A. & I. Se. Examination Questions 
CALCUTTA 


1962 


1. (a) What is meant by the modulus of 2 com lex number ? 
Prove that the modulus of the product of two ess numbers 
is equal to the product of their moduli. 


(b) If 2+2, and z, z, are both real, w 
complex numbers and 2 and =, are their conju; 
2 and z, are both real, or, z,=2, 


2. (a) Solve 


here z and z, nre two 
gates, show that either, 


(b) If z is a real quantity, provo that the expression eri 
2—8 


6. 
3. (a) Find the number of combinations of n different things taken 
T at a time, 


(b) A committee of 6 is to be chosen from 10 men and 7 women 
so as to contain at least 3 men and 2 women. In how many different 
ways can this be done if two particular women refuse to Serve on the 
same committee ? 


can haye all numerical values except such as lie between 9 and 


4. (a) Prove that in the expansion of (1--2)", where a isa positiva ` 
integer, the coefficients of terms equidistant from the beginning and 
end are equal, 

(b) The second, third and fourth terms in the expansion of (z-+- p)" 


in descending powers of z (n being a positive integer) are 240, 720 and 
1080 respectively ; find z, y and n. 


5. (a) Show that log, 1$—2 log,o £--log o ўй; —1og,o 2. 
(b) If P, Q, R be the pth, qth and rth terms of a geometrical 
progression, prove that 
(a-r) log P+ (r— y) log Q-- (p q) log R= 0. 


6. (a) Write down the expansion ot log.(1--2) in a series of ascend- 
ing powers of x. Is the expansion valid fo: 


r all values of z ? 
Find the coefficient of z" in the expansion of log,(1—92z--z?) in 
ascending powers of z, given |z|< 1. 


E i T al 

(b) Prove that artza 

i 1 D 

+= ka Б, 
2.52 — 89:59-—4.51^ 

¢ i M 


* to infinity 


d 2 Wes, 


*** to infinity. 
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